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Task Is to solve

Ax = b

whereA is large and sparse anmdis alsosparse
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Negative result
Sparsity in right-hand side

Entries of the inverse

Sparse null space bases
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Duff, Erisman, Gear, and Reid (1988) showed that foriamducible
sparse matrix, itswerse is dense

This effectively means thélbe solution toAx = b will be densg however
sparse is.

So the question is: how can we exploit sparsity in the rigini¢hside?
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One of the proofs for showing an inverse is dense is to lookeat t
factorization

A=LU

and the subsequent solution4f = b using these triangular factors by
solving

Ly=10>
followed by

Ux =y.
Assuming irreducibility, the solution thy = b will have a nonzero entry
In the last entry of) so that the solution af/x = y will be dense.

Thus the negative result depends on irreducibility and ercthupled
solution using forward elimination and back substitution

It is by avoiding these that we can exploit the right-hand sparsity.
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The prior theorem only holds for irreducible matrices, aradl ldnd
McKinnon (2005) exploit this in the context of tlsamplex method in

linear programming

Linear programming matricesre oftervery reducibleand they use this to
obtain sparse solutions calling thigper-sparsity

We will not discuss this application in the present talk botiethat, even
for an irreducible matrix, the factors are not normally ceeasd solving
for just L or U can preserve sparsity in the right-hand sides.
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We note that the sparse right-hand side whose entyyis in thelast
positionwill yield a sparse solutioof the same pattern for solution layy
sparse lower triangular matrix

0
k 9
X

Similarly, a sparse right-hand side whose only entry is @¥itlst position
will yield a sparse solutioof the same pattern for solution by any sparse

upper triangulamatrix.

We now characterize the relationship between a sparsgti@nfactor
anda right-hand side with a single entkmowing that the pattern for a
more general sparse right-hand side can be obtained froar@ogtion.
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Forforward eliminationfill-in in the right-hand side only occurs after the
first nonzero and then only within the pattern of the factor.

0

Similarly, for back substitutioffill-in in the right-hand side only occurs
before the last nonzero and then only within the pattern efalator.
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We will characterize the exploitation of right-hand sidagxy using the
elimination treaewhich is fundamentally associated with the symbolic
factorization of a sparse symmetric matrix.

It Is aspanning tree for the graph of the matrix factors

We will use this tree in defining the operations and data tleatequire for
our sparse solutions.
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Generate columns df one at a time in sequence.

At stagek the structure of columh of L is the union of the structure of
columnk of A with previous columns of. whoseFIRSTnonzero is in
row k.
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Elimination Tree

Generation of elimination tree

Each node corresponds to a column of the matrix/factor. \ieigge the
structure ofL (A = LDL"') at the same time as the elimination tree.

forkfromlton do.....

Generate structure of coluninof L from symbolic sum of columns from
1 to £ — 1 which have theirirst nonzero entry in rovk.

Draw edges in graph between nddand the nodes corresponding to
columns just used above.

Note that if there are no entries before the diagonal in ko will be a
leaf node.

Note also that the complexity of this algorithm is
O(n)+ O (1)
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ASSEMBLY TREE

In practice, we use amssembly treeather than the elimination tree. In the
elimination tree there is only one elimination at each ned®ereas there
can be many in the assembly tree, corresponding to a blockaiisp
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For forward elimination(that is solving withL) we traverse the treieom
the node corresponding to the nonzero entry to the Wbother nodes,
the solution is zero. We show this in the figure by colouringemon this

pathblue

We note that this is all of the tree that need be used when congpine
solution vector.

ASSEMBLY TREE
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For back substitutiorfthat is solving withU (L1)) we traverse the tree
from the root to the leaves

Again no operations will be performed until the node with tlemzero
entry is encountered. At this point the subtree of which ighike root
node will be all that is used to compute the sparse solutictove\We
Illustrate this for a subtree by colouring the nothése

ASSEMBLY TREE
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Additionally, if we are only seeking a specific entry of théugmn, we can
stop the substitution as soon as that component is compUied. we can
reduce even more the part of the tree used for computing trsep
solution. We illustrate that part of the tree may be requing@olouring
the nodedlue

ASSEMBLY TREE
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We will examine two cases where these observations can beitexp

The computation ofntries of the inversef the matrix
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We will examine two cases where these observations can beitexp
The computation ofntries of the inversef the matrix

See following talk from~rancois-Henry Rouet
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@ Rutherford Appleton Laboratory EXpIOIta‘tlon Of Sparse rlght-hand Sldes

We will examine two cases where these observations can beitexp
The computation ofntries of the inversef the matrix

See following talk from~rancois-Henry Rouet
and

The computation ofiull space bases
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We need to solvelx = LUx = O
As L is unit triangular, we havéet(L) # 0, and so

Uxr =0

If null-pivots are detected;th pivot) when factorizing the matrix, then

Ox;+ Ozrxo =0
o ol %[ ol Ugoxa =10
TTU% x, We can set:; = 1, so that we have
U .
| 0l to solve U1z = —Uy;, to yield

x = (x1,1,0) as a null-space vector.
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If the entry;; Is set to 1 during the factorization, then solving the system

U:C:ej

for each such yields the same solution.

In the elimination tree this corre-
sponds tovisiting the nodesin the
subtreerooted at node.

No operation is performed for the ......................... =
nodes that are not in this subtree. At each node, substitutions with

the factors of the front are per-
formed.
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Results for null space basis

Matrix

Order

Factors to be loaded (Mbyte

Entries | Defic | Min no sp sp
Size
Box-cave_16x10x3| 2675 15953 270 7 19 8
Box-cave 16x10x3| 4419 26129 456 18 64 24
Box-cave_16x10x3| 14454 89185 | 1653 | 170 | 1261 208
Box-cave_16x10x3| 33627 | 212883 | 4056 | 803 | 9622 901

Results from thesis of Mila Slavova. Computation of nullcpa

Min size A lower bound on the cost.

Nno sp using solve

Sp using tree
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What to partition The nodes of the tree that correspond to the nodes
containing the requested diagonal entries.

The cost The total size of the factors loaded; the nodes that areedisn
different epochs. We have to load the necessary factorasttdmce but
want to reduce the number of times they are loaded.

ObservationAssume a node is visited in A epochs
We have to load the factors at nodat least once.

Therefore () — 1) x w(v) is the extra cost is incurred, whetigv) is the
size of the factors of the node
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HypergraphH = (V, N) is defined as a set of nod¥sand a set of netd/. Every netis a
subset of nodes.

Costc(n;) is associated with net;.
Vertex partition IT = {V1, ..., Vk }.
Connectivity A(n;) is the number of partitions in which; has nodes.

Objective Minimize

cutsize(Il) = Z (A(ns) — 1)e(ng) .

n; EN

Constraint Satisfy a balance on the size of the partitions.

This problem idNP-hard
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10 nodes, 4 nets.
Partitioned into 4 parts:{4,5},
{7,10}, {3,8,9}, and{1, 2,6},

)\(nl) = 2 )\(TLQ) =3
Anz) =3 A(ng) =2

cutsize(Il) =
c(ny) + 2¢(n2) + 2¢(nsz) + c(ny)
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@ Rutherford Appleton Laboratory Hypergraph mOdeI for |nverse entrles

See following talk fromf-rancois-Henry Rouet
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There is a node for each requested entry.
There is a net for each node.

A net is a superset of all the nets associated with nodes thareestors of the node
with which it is associated (ie; = n; U n;, for each: that is an ancestor gj).

The cost of a net is the sum of the sizes of the subtree of therfamoted at the
corresponding net minus the costs of the nets in the sameesubt
We havec(ns)=w(1) + w( 2) + w(3), andc(n4)=w(4), and hence

c(nia) =3 er w(i) — c(nz) — c(na).
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First solveUxz = ez andUxz = ey

Second solve forUz = ey4 I\!ets_S and4 are cut. The cut-
size is
part cost c(n3) + c(ny) = Zf}:l w(i).
1 Z?:l w(7)
2md | S w(i) 4+ Yty w(i)
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Results for null space basis

Factors to be loaded (Mbyte)

Matrix Order | Entries | Defic no sp Using sparsity
Min Po Pr | HG
Box-cave_16x10x3| 2675 15953 270 7 19 8 8 8
Box-cave 16x10x3| 4419 26129 456 18 64 24 21 19
Box-cave_16x10x3| 14454 89185 | 1653 | 170 | 1261 | 208 | 201 | 196
Box-cave _16x10x3| 33627 | 212883 | 4056 | 803 | 9622 | 901 | 884 | 998

Results from thesis of Mila Slavova. Computation of nullcpa

Min size A lower bound on the cost.

no sp lgnore the sparsity.

Nat Natural order.

Po/Pr Postorder/preorder.

HG: Hypergraph partitioning using PaToH

with an allowable imbalance ratio 6f01.

[T Catalytirek and Aykanat,’99]
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Conclusions

We have shown that considerable gains can be obtained for the

computation of sparse null space bases by only using théreepart
of the tree.

Simple partitioning schemes can avoid significant relogaimatrix
factors.
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