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GMRES preconditioned by a perturbed LDL*
decomposition with static pivoting

M. Arioli, I. S. Duff, S. Gratton, and
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Outline

Multifrontal

Static pivoting

GMRES and Flexible GMRES

Flexible GMRES: a roundoff error analysis

GMRES right preconditioned: a roundoff error analysis

Numerical experiments
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ASSEMBLY TREE

M ultifrontal method

AT EACH NODE

F F
11 12
T

F 12 F 22

Fhy «— Fypo — FLFMF
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Choose x as 1 x 1 pivot if |z| > u|y]
where |y| is the largest in column.
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@ Rutherford Appleton Laboratory PIVOtlng (2 >< 2)

For the indefinite case, we can choose 2 x 2 pivot where we require

—1
Ir1 X9 \y\

To I3 H

=g

where again |y| and |z| are the largest in their columns.
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If we assume that & — 1 pivots are chosen but |z | < u|y| :
we can either take the RISK and use it or

the pivot and then send to the parent a larger Schur complement.
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7
7
7
.

.

If we assume that & — 1 pivots are chosen but |z | < u|y| :
we can either take the RISK and use it or

the pivot and then send to the parent a larger Schur complement.

This can cause more work and storage
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An ALTERNATIVE i1s to use Static Pivoting, by replacing x;. by
T+ T

and CONTINUE.
This 1s even more important in the case of parallel implementation
where static data structures are often preferred
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An ALTERNATIVE i1s to use Static Pivoting, by replacing x;. by

T+ T
and CONTINUE.
Several codes use (or have an option for) this device:
SuperLU (Demmel and Li)

PARDISO (Girtner and Schenk)
MAS7 (Duff and Pralet)
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An ALTERNATIVE i1s to use Static Pivoting, by replacing x;. by
T+ T

and CONTINUE.
We thus have factorized

A+ E=LDLY =M

where |E| < 71

The three codes then have an Iterative Refinement option.
IR will converge if p(M~1E) < 1

NAO7, Dundee, 2007 — p.8/27




ccccccccccccccccccccccccccccccccccc

uwr Rutherford Appleton Laboratory

Roundoff error 1

The computed Land D in floating-point arithmetic satisty

( A+ SA+TE =M
16A]] < c(n)el||L]|D||L1]]]
L[] <1

_/\

The perturbation 0 A must have a norm smaller than 7, in order to not
dominate the global error.
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The perturbation 0 A must have a norm smaller than 7, in order to not
dominate the global error.

A sufficient condition for thisis | n e||[ |L||D||LT||| < 7

NAO7, Dundee, 2007 — p.9/27
S



ccccccccccccccccccccccccccccccccccc

uwr Rutherford Appleton Laboratory

Roundoff error 1

The computed Land D in floating-point arithmetic satisty

( A+ SA+TE =M
16A]] < c(n)el||L]|D||L1]]]
L[] <1

_/\

The perturbation 0 A must have a norm smaller than 7, in order to not
dominate the global error.

A sufficient condition for thisis | n e||[ |L||D||LT||| < 7

AL AL A 2
[ILIDIILY ||~ 2 =e< 2
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Choosing 7

Increase 7 = 1ncrease stability of decomposition
Decrease 7 = better approximation of the original matrix, reduces || E||

Trade-off
~ ¢ = big growth in preconditioning matrix M

~ 1 = huge error || E]|.

Conventional wisdom 1s to choose

7= 0(Ve)
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Choosing 7

Increase 7 = 1ncrease stability of decomposition

Decrease 7 = better approximation of the original matrix, reduces || E||

Trade-off

~ ¢ = big growth in preconditioning matrix M

~ 1 = huge error || E]|.

Conventional wisdom 1s to choose

7= 0(Ve)

In real life p(M 1 E) > 1
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Right preconditioned GM RES and Flexible
@ Rutherford Appleton Laboratory GM RES

procedure [x] = right_Prec_GMRES(A,M,b)

while [[7g [| > p([[b]| + [|A]| [[zgl])

EL=k+ 1;
zp = M_lvk;w = Azp;
fore =1,...,kdo
T._ . .

hi,k =v; w;

w=w — h; pv;;
end for;
hpyt k= lHwll
V41 = w/hp i ks
Vk: = [’Ul,. . .,Uk];

Hip =1{hij1<i<j+1;1<5<k5
Y = argming [[Be1 — Hiyll;

end while ;
end procedure.

xo = M_lb,ro =b— Axpgand 8 = ||rg]]|

T — IO + M_lvkyk andrk =b— Amk;

procedure [x] =FGMRES(A, M ; ,b)
—1

xg = My "borg =b— Azgand 3 = ||rg]]
while [|rg || > w(l|o|] + [|A]] [lzg[])
k=k+1;
zp, = Mk_lfuk;w = Azp;
fore = 1,..., kdo
_ T, .
hile = vi ws
w=w — h; v
end for;
hpt1 k= lwll;
V41 :w/hk—|—1,k;
Zk) = [Zl, .. .,Zk];vk = [’Ul, e ,'l)k];
Hy ={hi j1<i<jt1;1<5<k’
Y = argming ||Be; — Hiyll;
Tl = XQ —|— Zk}yk andrk =b— Amk;
end while ;

end procedure.
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Q.
4 Rutherford Appleton Laboratory ROU ndoff er I Or FG M R ES

Theorem 1.

Omin(Hi) > c7(k,1)e||Hg|| + O(e*) Vk,

‘gk‘ <1—e¢e, VEk,

(where sj are the sines computed during the Givens algorithm)
and

2.12(n + 1)e < 0.01 and 18.53zn:k(C*) < 0.1 Vk

A

dk, k<n
such that, Vk > /Ac we have

1o — Azl < ex(n, k)e (1Bl + 11| 1Zo]l + |41l |1 Z&]| 1]} + O(?).
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Q.
4 Rutherford Appleton Laboratory ROU ndoff er I Or FG M R ES

Moreover, if M; = M, V1,
p=L13|[Wil| + ca(k, De|[M|[[| Zx]| <1 Vk <k,

where

Wi =Mz — 01,..., M2, — 5],

we have:

16— Azy|| < e(n, k)ve(|[b]] + [|AlZoll + [|A[ | Ze]| [|M (z1, — Z0)]]) + O(e?)

Giraud and Langou, Bjorck and Paige, and generalise Paige, RozloZnik, and Strako$
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Q.. Roundoff error EGMRES

Theorem 2
Under the Hypotheses of Theorem 1, and

c(n)el |IL| DI L] ]| <7

c(n, k)yellAll | Ze]| <1 Vk <k

max{|[M Y|, || Zk]|} < £

we have
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Q.. Roundoff error EGMRES

Theorem 2
Under the Hypotheses of Theorem 1, and

c(n)el |IL| DI L] ]| <7

c(n, k)yellAll | Ze]| <1 Vk <k

max{|[M Y|, || Zk]|} < £

we have
16 — Az || < 2ue(||b]] + ||Al| ([|Zo]| + [|Z&]) + O(?).
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.orian Roundoff error right preconditioned
-wr Rutherford Appleton Laboratory G M R ES

Theorem 3

We assume of applying Iterative Refinement for solving M (Z}, — Zo) = Vi at
last step.

Under the Hypotheses of Theorem 1 and| ¢(n)e k(M) < 1

A

k. k<n
such that, Vk > /Ac we have
10— Azl < a(n, k)é‘{ 1011 + [LAI [|zol| + [[AI | Zx ]| || M (Z1, — Zo)|| +

_|_
JAM Y| | DILT|[1M (25 — Zo)] } +0(e?).
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% Rutherford ADPlEtO” Laboratory M A57 teStS

n nnz || nnz(L)+nnz(D) | Fact. time
CONT_201 80595 | 239596 9106766 9.0 sec
CONT_300 || 180895 | 562496 22535492 | 28.8 sec

MAS’7 without static pivot
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% Rutherford Appleton Laboratory M A57 teStS

n nnz || nnz(L)+nnz(D) | Fact. time
CONT_201 80595 | 239596 9106766 9.0 sec
CONT_300 || 180895 | 562496 22535492 | 28.8 sec

MAS’7 without static pivot

nnz(L)+nnz(D)+ | Fact. time | # static pivots
FGMRES (#it)

CONT_201 5563735 (6) 3.1 sec 277867
CONT_300 127523377 (8) 8.9 sec 60585

MAS7 with static pivot 7 = 10~°
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% Rutherford Appleton Laboratory M A57 teStS

n nnz || nnz(L)+nnz(D) | Fact. time
CONT_201 80595 | 239596 9106766 9.0 sec
CONT_300 || 180895 | 562496 22535492 | 28.8 sec

MAS’7 without static pivot

nnz(L)+nnz(D)+ | Fact. time | # static pivots
FGMRES (#it)

CONT_201 5563735 (6) 3.1 sec 277867
CONT_300 127523377 (8) 8.9 sec 60585

MAS7 with static pivot 7 = 10~°

IR does not converge!
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Numerical experiments

o CONT300 Test example

w | | | —+—FGMRES 1=10"°
= : & —©&— FGMRES 1= 107%
+ '}‘» A —%— FGMRES 1=10""
%10‘5 “i\ig\ﬁe“e“ﬂ”h“ +FGMREST:10_3
< ‘\‘:““ '--ee====e=e==, —E—FGMRESTZIO_S
- “‘\*-'5\‘ —%— FGMRES T = 10
= \\\m-‘,‘ —<— FGMRES 1=10"°
% 107} “"“\ l\; —>— FGMRES 1= 10719
- »X“ § | —v— FGMRES 1=10""
= ‘\ oW —A— FGMRES 1= 101
= L T W —#— FGMRES 1 = 10 3
£ 107} \\‘ £ N —%— FGMRES 1= 101
‘g P ¥ b
2

1072 . . . . . .

5 10 15 20 25 30 35

Number of iterations

FGMRES on CONT-300 test example
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Norm of the residual scaled by || A || ||x]| + ||b]]
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Numerical experiments

CONT300 Test example

15 20
Number of iterations

25

35

—+— RGMRES 1=10"3
—6— RGMRES 1=10"4
—%— RGMRES 1= 10"
—%— RGMRES 1=10"°
—&— RGMRES 1=10"'
—<4&— RGMRES 1=10"8
—<— RGMRES 1=10"°
—p>— RGMRES 1= 1010
—%— RGMRES 1=10"11
—A— RGMRES 1 = 1012
—#*— RGMRES 1= 10713
—+%— RGMRES 1= 104

GMRES on CONT-300 test example
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GMRES on CONT300

20
10 T T T :
—©o— Residual/(eps(|| A | [IXI| + [[bI])
T
[ ILI DI L]
y=1"!
10157 |
10107 |
105 1 \\\\\Hi 1 \\\\\Hi 1 \\\\\Hi 1 \\\\\Hi 1 \\\\\Hi 1 \\\\\Hi 1 \\\\\Hi 1 \\\\\Hi 1
10° 10° 10 10° 10° 10" 10" 10" 10" 10"
-1
T

GMRES on CONT-300 test example
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IR with static pivoting is very sensitive to 7 and not robust
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@ Rutherford Appleton Laboratory Su mmar y

IR with static pivoting is very sensitive to 7 and not robust
GMRES is also sensitive and not robust
FGMRES 1is robust and less sensitive (see roundoff analysis)

Gains from restarting. Makes GMRES more robust, saves storage in
FGMRES ( but not really needed)

NAO7, Dundee, 2007 — p.20/27
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