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Abstract 

In this article the concept of the beat wave accelerator is studied 
with emphasis put on the plasma physics. An important effect is 
the relativistic nature of the electrons oscillating in the electric field 
of the beat wave. Various instabilities are presented which could 
limit the overall efficiency of the accelerating process, these include 
the modulational instabilities of Langmur waves due to both rel
ativistic and ponderomotive nonlinearities. In the later the ions 
become important for the saturation of the Langmuir wave. 
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Introduction 

The study of generating beat waves in plasmas has been going on for more than 
ten years, with the first experiments being done in 1971 (Stansfield, Nodwell 
and Meyer (1971)). Kaufmann et. al., (1972) andRosenbluth et. al. , (1973) 
considered theoretically the generation of Langmuir waves in Tokomaks by beat
ing two laser beams whose frequency difference matched the plasma frequency. 
The aim was to heat the plasma with the resultant plasma wave, which de
cayed by collisional damping or Landau damping. The problem naturally arose 
in the study of Laser fusion with Stimulated Raman and Brillouin scattering. 
The production of very high energy electrons was a result. In an article by Lin 
and Dawson (1974) describing the generation of fast particles in laser plasma 
experiments the concept of beat wave generation was discussed. Modification 
experiments in the ionosphere (Wong et. al., 1978) have also used the beat 
wave concept to create large amplitude plasma waves with a full theory being 
developed for production of ion sound waves by Fried et. al., (1979). Recently 
the idea for using such a plasma process as an alternative method of high energy 
acceleration has been proposed by Tajima and Dawson (1979), Joshi et. al., 
(1981) and Ruth and Chao (1982) and is now commonly called the laser beat 
wave accelerator (Lawson (1983)). 

The beat wave accelerator depends on the generation of a large amplitude 
plasma mode with a phase velocity close to the velocity of light. The genera
tion of such a plasma mode is possible by beating together two laser beams of 
frequencies and wavenumbers (w1 ,k_1 ) and (w2 ,k_2 ) such that the beat wave has 
w = w1 - w2 and k - k_1 - k_2 • The process is related to stimulation forward 
Raman scattering which can be considered as the single pump treatment. The 
general equations describing the beat wave mechanism and stimulated Raman 
scattering are therefore the same. 

The plasma mode generated by the beat process grows linearly at first 
whereas it grows exponentially from noise in the Raman process, these two pro
cesses will therefore compete with each other if the Raman process is sufficiently 
fast. The saturation level of the plasma mode will, however, he determined by 
nonlinear processes which have still to be fully investigated. 

Similar nonlinear saturation processes will operate in both the beat wave 
process and the Raman process. The Raman process, however, can be detri
mental to the operation of the beat wave accelerator since in the Raman proces~ 
different modes can be excited resulting in laser light being scattered out of the 
interaction region. The beat wave process is intrinsically non-linear because of 
the large amplitude waves involved. There are nonlinear problems associated 
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with the laser beams as well as the large amplitude plasma wave. A study of 
the beat wave accelerator will therefore involve the development of nonlinear 
methods in both analytic and computational treatments. 

Model and derivation of the nonlinear Equations 

The beat wave accelerator concept using laser beams to generate large am
plitude Langmuir waves in a plasma is very similar to the four wave Raman 
forward scattering in an under-dense plasma. Stimulated Raman scattering 
is normally considered as a three wave process where the incident transverse 
(laser beam) decays into another transverse wave and a Langmuir wave. The 
beat wave accelerator relies on two laser beams beating together in a plasma, 
producing a beat disturbance at the local plasma frequency/ In an under-dense 
plasma where W0 ~ wpe,Wo is the laser frequency and Wpe is the plasma fre
quency, the forward Raman scattering becomes important. For phase match
ing the wavenumber kt of the Langmuir mode is much smaller than the laser 
wavenumber kt <t: k0 , under these conditions we must consider an up-shifted 
or anti-Stokes transverse component as well as the down shifted Stokes com
ponent, since both can be considered to be resonant with the initial laser wave 
and the Langmuir wave. The instability then becomes a "four wave" process 
·with the incident laser beam (wo,ko) decaying into a Stokes wave (w1,.k_1 ) and 
an anti-Stokes wave (w2 ,k.2 ) together with a density disturbance at (wt,kt). To 
describe this effect we will consider the coupling process to conserve momentum 
exactly and energy only approximately with the relations 

In writing these relations we assume there is a frequency mismatch in the 
system, this allows coupling to both the upper and lower sidebands. 

The plasma model we use to analyse the problem is the relativistic two fluid 
equations together with Maxwell's equations and Poisson's equations. The use 
of a relativistic treatment is necessary when we come to examine the longitudinal 
beat wave which is driven to very large amplitudes such that the quiver velocity 
in the longitudinal electric field approaches the velocity of light. We will show 
later that the relativistic corrections ultimately saturate the growth of the beat 
wave. 

Starting from the equations: 

8n · ( ) a/ + \7. nj'Qj - 0 (1) 
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and j == i, e, we obtain the following equations for a plane polarized elec
tromagnetic wave ET and a electrostatic density perturbation 8n. 
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where Vei is the electron ion collision frequency. The left hand side of equa
tion (7) contains the relativistic correction term and is important whenever the 
quiver velocity in the longitudinal field approaches c, the quiver velocity in the 
transverse fields is always much less than c for the case considered. 

Beat Wave Generation 

The equation describing the generation of a longitudinal beat wave produced 
by two high frequency transverse waves is obtained from equation (7). Assuming 
that the wave fields (electromagnetic and electrostatic) are given by products 
of a slowly varying amplitude, (on the time scale of the pump frequency) times 
the plane wave determined by the linear dispersion relation. The transverse 
waves E are represented by: 
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ET = re { Ej(~, t) exp i (kj·~- Wjt)}; j = 0, 1, 2, 

and the density perturbation 8n by: 8n = Re { N(~, t) exp i (1ft.~- wlt)} 

Using the small amplitude approximation and neglecting damping, relativis
tic effect~, pump depletion and other non-linear processes the equation for the 
longitudinal plasma wave becomes 

(8) 

Letting N /no = A( t )Ei<f>t we find the longitudinal plasma wave grows linearly 
in time with 

(9) 

In this approximation the wave amplitude would grow until A( t) 1 ie. 
when the electron quiver velocity in the longitudinal wave equal c. The ampli
tude, however, will saturate well before reaching this level by pump depletion 
and non-linear effects such as the relativistic correction to the plasma frequency. 
If we include the relativistic effects the equation for the density perturbation 
can be written as: 

(10) 

If we include spatial variation as well as temporal variation the equation 
becomes a driven non-linear Schrodinger equation. From equation (10) we find 
that the wave amplitude saturates at 

(11) 

which was first derived by Rosenbluth and Liu (1972). 

For the parameters given in the Ruth and Chao design model and also in 
the first RAL study report Lawson (1983) (see Table 1) the wave is found to 
saturate well before the wave breaking limit, at a value given by: 

(12) 
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therefore wave breaking as a thermalization process is not a problem in this 
model. This saturation level for the Langmuir field sets the upper limit for 
the effective peak accelerating field to be l.8GV /m. Although other processes 
such as the modulational instability and filamentation of the Langmuir wave 
due to the relativistic effect must be taken into account. These will produce a 
broadening in frequency and the creation of spikes in space and the formation 
of solitons. 

To describe the modulational instability we write the density disturbance 8n 
as the sum of a pump wave and two other components the Stokes and anti-Stokes 
waves 8n = Re {No( x, t) exp i (&,.~- W 0 i) + N1,2(~, t) exp i (k1 , 2 .~- w1,2t)} where 
Nj(~, t) is determined by the non-linear interaction. Using a perturbation pro
cedure on equation (7) and neglecting pondermotive force effects we obtain the 
following equations for these waves: 

(! + /t) N1 = ir [1 No 1
2 N1+ I N1 1

2 N1+ I N2 1
2 N1 + N'!,N2 * e-i(<51 H 2 )t] 

(13) 

where '"'(l = Ve;/2, is the linear damping rate, r = 1
3
6 ~ is the coupling 

coefficient and 81,2 = W 0 - w1,2 is the frequency mismatch. A fuller derivation 
of these equations '"ill be presented in a future publication. Solving these 
equations for N = a constant and assuming the amplitudes N 1 e161t and n;e-i62 t 

vary ass exp( -iwt) results in the following dispersion relation for n 0 ~ Nt, N2 

(w- 81 + i!t) (w + 82 + i!t)- (81 + 82) I<= 0 

where]{= r I No 1
2 

Solving this equation we obtain the following threshold for instability: 

I< = - [ ,; + ~ 2] I~ 

(14) 
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where .6. = 81 + 82 ie. we have instability only when .6. = 0. However, from 
the definitions of 81 and 82 we find that: 

.6. ~ - I kMoD 1
2 

Vfe 

Wo 

and so .6. is a negative definite, kMoD = ko=fk1 ,2 is the modulation wavenum
ber. The growth rate resulting from (14) can be expressed as: 

where "-s =~~,and the threshold can be expressed as 
y2 Wo 

3 2 lit 
-vVtfnmec > --
16 4w0 

(15) 

where Wt = ~eo I Et 1
2

• This threshold is much less than amplitude lev
els reached in most laboratory experiments. The Langmuir modulational in
stability (Bingham and Lashmore-Davies (1979)) due to pondermotive effects 

2 

becomes important for ~ > .R~ which is a much smaller threshold than 
nmeC Wo c 

the relativistic value. However, the pondermotive effects involve the ion motion 
and so time scales for this process to occur will be the ion time scales "' 1/wpi, 
where Wpi is the ion plasma frequency, which is much longer than the time for 
the relativistic effects to occur. For short time scales the relativistic term can be 
the dominant one. Modulational type instabilities indicate the onset of strong 
Langmuir turbulence with the generations of a broad frequency spectrum and 
cavity formation. Parametric three wave decay processes are forbidden when 

the condition ke>.DE < (me/mi)t is satisfied (Bingham and Lashmore-Davies 
(1979)). For the parameters considered in the Ruth and Chao design this con
dition is satisfied. 

So far we have only considered the Langmuir modulational instability, fil
amentation and self-modulation of electromagnetic waves and the oscillating 
two stream instability where the nonlinear coupling term is due to low fre
quency ponderomotive force can also occur. In this section we will consider 
self-modulation of relativistic Langmuir waves, which arise in the beat wave 
accelerator scheme, due to weak relativisitic as well as the nonlinear coupling 
of the wave with ion modes. 

The nonlinear frequency shift produced by the relativistic mass correction is 
well known in the study of large amplitude plasma waves. This term is respon
sible for the relativistic de-tuning and saturation of the wave in the beat wave 
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accelerator. Other terms such as coupling to low frequency ion modes could 
also contribute to de-tuning and thus saturation of the wave. These nonlinear 

. frequency shifts can also be responsible for the modulational instability of the 
wave which leads eventually to frequency broadening and the development of 
strong turbulence, and thus limiting the usefulness of the scheme for particle 
acceleration. 

Starting from the fluid equations and Maxwell's equations (1) - (5) the 
equation describing the 1-D Langmuir wave field E in the weak relativistic limit 
v;sc/ c2 ~ 1 including low frequency density perturbations is given by 

( a
2 2 ( 8n~) 2 a2 ) E 3 2 v;sc E -+w 1+- +3v - =--w -at2 pe n

0 
Te ax2 8 pe c2 

(16) 

where 8n~ is a low frequency density perturbation and Vosc( = eiEI/mew) is 
the electron quiver velocity in the high Langmuir field E. 

Using the equation E = Ao exp i(kox- W 0 t) to describe the high frequency 
field and the W.K.B approximation with gt ---+ ;T - iwo, I ;T I~ Wo and :x ---+ 

;x + iko we obtain the envelope equation for the slowly varying wave amplitude 
Ao 

(17) 

where v9 = 3k0 Vfefwo and v~ = 3v}e/wo are the group velocity and group 
velocity dispersion of the Langmuir wave respectively. 

The equation for the low frequency density perturbation in the fluid approx
imation is given by 

(a2 a2) 2 a2 2 l Eo Wo 2 

a 2 - CS a 2 8ne = --. -2-a 2 I Ao I t x 2m,wpe x 
(18) 

where C 8 is the ion sound speed. Equations (17) and (18) represent gener
alised Zakharov (1972) equations. Note that the relativistic nonlinearity oper
ates on time scales of the order of c/voscWpe which can be of the order of electron 
plasma time scales whereas the low frequency density response operates on ion
plasma periods which is much longer than the electron plasma period. This 
means that these two effects will set in at different times. 

Another regime exists when the ion response is treated using kinetic the
ory (Bingham et al 1988). This regime is important when &=-TT.· ~ P XiJe in 

m, e 
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this regime the low frequency mode is an ion quasi-mode where the density 
perturbation is not a normal mode of the system. 

Equation (17) can be analysed for stability of a constant amplitude high 
frequency pump against modulations at (n, ks) in three regimes: 

1. The quasi-static or hydrodynamic regime. 

2. The relativistic regime. 

3. The kinetic regime. 

In the quasi-static or hydrodynamic regime we use the approximation %t22 ~ 
k8 c8 to express 8n~ in terms of Et which is now given by 

(19) 

In the kinetic regime the expression for 8n~ is given in terms of the electron 
and ion susceptibilities (Bingham et al 1988) by 

where Xe(xi) are the electron (ion) susceptibility given by 

~i = ~' and Z is the plasma dispersion function. 
2keVTj 

(20) 

(21) 

We now consider stability of a constant amplitude high frequency pump 
against modulations at (n, ks) where n ~ Wo. Assuming as before the pump 
wave Ao = Re{Ao + A1(7j;1) + A2(7j;2)} where Ao is a constant and A1 and A2 
are the stokes and anti-stokes sidebands which vary as ei.P with 'lj; = (nt =t= ksx) 
equation (17) can be linearised to obtain the usual dispersion relation. 

(22) 

where the coefficient ck for the three cases is given by 



From equation (22) we find that the real part of n is given by 

which is the frequency of the low-frequency quasi-mode. 

The threshold for self-modulation is given by 

I 1
2 _ 1 k~v~ 

A --
o - 2 ck 

and the maximum growth rate occurs for 

and is given by 

For the weakly relativistic case the growth rate is given by 

9 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

for a wavenumber ks(REL) = -
4
1 ~~and for the kinetic regime the maximum 

VTe C 

growth rate 

(31) 

for the wavenumber ks(KIN) = -
6
1 ~~. This is much larger than the modu-

VT e VTe 

lational wavenumber for relativistic self-modulation by a factor of about c /vTe, 
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it could be even larger than the pump wavenumber ko = wpejc. This would 
result in both forward and backward propagating waves which would be more 
easily damped by Landau damping than the original pump wave and would 
produce strong electron acceleration and heating in both directions. Simula
tions by Lin and Tsintzadze (1976) of relativistic plasma waves demonstrate 
such as an effect when ion motion is included. The effect of modulational type 
instabilities on the saturation of plasma beat waves has been demonstrated by 
Mora et al (1988). This is easily seen by including the driving term due to two 
high frequency pump waves on the left hand side of equation (17) resulting in 
the equation for the beat wave including both relativistic and low frequency 
density perturbations given by 

where a 1a 2 are the normalised quiver velocities of the high frequency pump 
fields E 1 and E 2 given by a 1 2 = ~. From the time dependent part of 

' mew1,2c 

equation (32) we find in the linear approximation the wave amplitude grows 
according to A 0 (t) = A 0 (o) + n 0 a 1 a 2wpetj4 (Rosenbluth and Lui 1972). The 
frequency shift causes the wave to saturate at a value given by 

(33) 

which reduces to the Rosenbluth and Liu (1972) limit when we only consider 
relativistic nonlinearities. Vie can see easily from equation (33) that the role of 
the nonlinear frequency shift due to both relativistic nonlinearities and the low 
frequency density perturbation is to lower the saturation level for the waves. 
These extra nonlinearities may also explain why the beat wave experiment at 
the Rutherford Appleton Laboratory saturated at very low values less than 1%. 
The ponderomotive force nonlinearity above predicts a saturation level lower 

1 

than the relativistic saturation level by a factor ( r~~) 3 . This, however, is only 

true if v;sc < v}e i.e the perturbation expansion breaks down if this is not the 
case. The modulational instability due to ion density fluctuations in the strong 
wave limit has been studied by Mora et al (1988). 

The self-modulational instability of electromagnetic waves due to relativistic 
effects has been described by Max, Arons and Langdon (1974). In this paper 
they described self-modulation due to a single electromagnetic wave. In the beat 
wave accelerator where there are two electromagnetic waves the theory has been 
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developed by McKinstrie and Bingham (1989), in fact the theory considers an 
arbitary number of finite-amplitude waves. 

Saturation by particle trapping can also contribute to the final level of the 
Langmuir wave field. Coffey (1971) has shown that the amplitude of the Lang
muir wave saturates at a level given by: 

where (3 = 3v}e/v~h· For the Ruth and Chao model the wave saturates at 
the level 8n/n ~ 0.8, for a plasma temperature of 10eV, which is much higher 
than that· determined by relativistic effects. In determining the saturation due 
to particle trapping the plasma temperature must be determined. The plasma 
temperature can change due to non-linear heating by the large amplitude Lang
muu wave. 

Stimulated Raman Scattering 

One of the drawbacks in the beat wave accelerator scheme is the fact that the 
high powered laser beams can under-go non-linear scattering processes which 
result in some of the laser energy being scattered out of the interaction zone. 
Stimulated Raman scattering is one such non-linear process, as mentioned be
fore the beat wave process is a special case of stimulated Raman forward scat
tering. To describe stimulated Raman scattering, we can use the same set of 
equations (6) and (7), however, instead of dealing with two pump waves we 
will consider only one pump and two high frequency scattered waves. 'Vhen 
the frequency of the plasma is much less than the laser frequency we need to 
consider coupling to both upper and lower sidebands, this inherently produces a 
frequency mismatch in the system with the result that the low frequency being 
determined by the laser parameters. As before we assume that the waves can 
be described by a linear phase times a slowly varying amplitude in space and 
time, 

ET0,1,2 =Re { Eo,1,2(~, t) exp i (ko,l,2·~- Wot)} 

8n = Re { N(~, t) exp i(k.t.,r.)} 

where ETa represents the pump wave and En, ET2 are the Stokes and anti
Stokes waves respectively. The density perturbation is assumed to be a driven 
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response, its frequency of oscillation will be determined from the dispersion 
relation. 

Expanding the distribution function for the transverse waves about their 
linear values we obtain the following reduced equations for the Stokes and anti
Stokes waves: 

(34) 

( a a ) ( ) . E N -16 t at+ :!Z.2· a;!;_+ IT El ;I;.., t = -ZCT 0 * e 1 (35) 

where v1, v2 are the group velocities, eT = 
4 

e
2 

is the coupling coefficient 
meeowo 

and 81 2 = Wo- W1 2 is the frequency mismatch with 81 ~ lft.v0 - c2
2
k

2 

' ' Wo 

The equation for the density perturbation is given by: 

(36) 

h C noe
2 k~ • th 1" ffi • d d • 1 w ere = -2- 2- 1s e coup mg coe Clent an /t represents amp1ng co -

mewo 

lisional or Landau damping. Introducing the new amplitudes a 1 = Eiei61 t and 
a 2 = E 2ei62 t and assuming ah a 2 and N vary as exp( iwt), we obtain the follow
ing dispersion relation for 1ft ~ & from equations (16, (17) and (18). 

[( k · )2 r2] [ 2 2 2 k2 · ] 1 r2 2 v;sc O 
W - ~·:!Z.o + Z/T - u W - Wpe - VTe t + ZW/e - 2u Wpe ---;;2 = (37) 

where Vosc is the quiver velocity in the pump field, 8 = -2c
2

ki. 
Wo 

This dispersion relation (37) is well known and has been solved for a number 
of different cases (Nishikawa (1968), Bingham and Lashmore-Davies (1976)). 
For ktii:!Z.o we have forward scatter, with the short wavelength pump wave being 
modulated by the long wavelength electrostatic wave resulting in the generation 
of high frequency transverse sidebands and bunching of the plasma particles. 
This is the single pump analogue of the beat wave process the growth rate and 
threshold obtained from equation (37) are given by: 

(38) 
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2 
Vosc S Wo -= /T-
c2 w2 

pe 

(39) 

The plasma wave frequency is given by the real part of w 1e. R ew = 

kl (1- ~) t c ~ klc ie. the same as in the beat process. 

This "four-wave" modulational instability results in the broadening of the 
laser frequency and generation of broad-band plasma oscillations. 

For the parameters used in the Ruth and Chao model1 ~ 2.5 x 1011 sec-1 , hAs En :::::: 

10frHRESHOLD where hASER is the laser intensity. 

For 1ft ..l ka we have a purely growing instability with a standing longitu
dinal wave set up whose wavenumber is perpendicular to the laser propagation 
direction resulting in the break-up of the beam into filaments with a growth 
rate 1 = ~~ and threshold ;t~~. For the parameters given in the Ruth and 

Chao design 1 ~ 2.5 x 1011 sec-1 ,ILASER ~ 9frHRESHOLD· 

The above processes are "four-wave" modulational type instabilities result
ing when 1ft is either parallel or perpendicular to ka, for intermediate cases 
where &.ka = keko cos B, () =f 0, 1r /2, the process becomes a three wave resonant 
side-scatter instability with the following resonance condition for forward side 
scattering: 

l 

(k 2 2 () _ 2WpeWo) 2 kt = ko COS () -
0 

COS 
2 c 

l 

This results in a scattering angle Bs ~ sin-1 e::e) 2 with a growth rate 

1 ~ ~~ and threshold ~ and threshold ~ :::::: "~2<"f... This corresponds to a 
,f2 c c c wpe 

scattering angle Bs ~5°, growth rate 1:::::: 2.5 x 1011sec-1 and a threshold leYel 
lrHRESHOLD ~ hAsEn/1000 for the Ruth and Chao model. This instability re
sults in the laser light being scattering out of the interaction column and poses 
a serious threat to the laser beat-wave scheme. Other instabilities associated 
with the laser beams are the filamentation and self-focusing instabilities (Bing
ham and Lashmore-Davies (1976), Max et al (1974)) these cause the incident 
plane wave to break up into a number of filaments of higher laser intensity. 
The laser intensity used in the Ruth and Chao design is 16 times the thresh
old intensity and the growth length is of the order of 5cm. A summary of the 
different types of instabilities can be found in Table 1. The parameters used to 
prepare table 1 correspond to those used in the design study (Lawson (1983)). 
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The three wave forward Raman process is the most serious instability since it 
has the fastest growth rate. For laser pulse lengths greater than about 50 psec 
the loss of energy from the laser through this process becomes the dominant 
loss process, with the light being scattered at an angle of 5° out of the main 
beam. The four wave processes are not quite so serious, however, over a long 
propagation path frequency broadening due to these processes could become a 
serious problem, also the possibility of large radial electric fields being set up by 
the perpendicularly standing Langmuir wave could disrupt the electron beam. 
The filamentation process is also seen to be important for propagation lengths 
greater than 5cm. This process will amplify any spatial non-uniformities on the 
laser beam. 

Conclusion 

In this report we have discussed some of the plasma physics problems asso
ciated with the beat wave accelerator. We have shown that an important effect 
is the frequency shift , due to the relativistic mass correction of the Langmuir 
wave. This relativistic term determines the saturation level of Langmuir wave 
(8njn = 0.15), tlus limits the effective peak accelerating field Ez to 1.8GVjm, 
it also contributes to frequency broadening and cavity formation (breaking the 
beam up into smaller wavepackets ). The different type of instabilities associ
ated with the large amplitude Langmuir wave and the laser beams have been 
discussed and are shown to lead to important effects which require further in
vestigation. 
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Table 1. 

Summary of growth rates and thresholds for the various laser-plasma in
teractions. The plasma and laser parameters used are given in Table 1, they 
correspond to those used in the design study (Lawson (1983)). 

Beat-Wave process 

3-Wave Forward Raman 

Threshold 

W/m 

Scattering 3.3 x 1012 

4-Wave Forward Raman 
Scattering (kJ _l ~ 3.6 x 1014 

4-Wave Forward Raman 
Scattering (kJ _l ~ 3.6 x 1014 

Filamentation 2 X 1014 

Growth rates 
s-1 

4.3 X 109 

2.5 X 1011 

2.5 X 1011 

5cm 
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