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Abstract. Various static spin-correlation functions and the weights of the spin excitations, or collective
normal-modes, in the van Hove response function, observed in neutron scattering experiments, are calcu-
lated as a function of temperature for a model quantum-spin chain. The spins interact through an isotropic
Heisenberg exchange that extends to nearest neighbour spins. In our model, spins of magnitude 1=2 form a
dimerized chain with alternating exchange interactions. We explore the static and dynamic properties for
ferromagnetic and antiferromagnetic exchange interactions. Results for the various properties are shown to
be exact in the limit of a large temperature, and we argue the results are very good at small temperatures.
The results are also exact in the limit of strong dimerization, i.e. non-interacting coupled pairs of spins.

PACS. 75.10.Jm Quantized spin models

1 Introduction

Recent experimental progress in the investigation of low-
lying excitations in one-dimensional spin-1/2 Heisenberg
chains has lead to renewed interest in theoretical approa-
ches to model systems. Special attention is given to sys-
tems where, either through a spin-Peierls transition, as in
the compounds CuGeO3 [1] and NaV2O5 [2], or through
an instrinsic structural asymmetry, as in CuWO4 [3] and
(VO)2P2O7 [4], the e�ective intra-chain antiferromagnetic
interactions alternate in strength. The materials can show
no magnetic order at all (CuGeO3), or, due to inter-chain
coupling, long-range antiferromagnetic order (CuWO4).
In the absence of magnetic order, the ground state of an
isolated chain is well described by a \dimer state", which
consists of adjacent pairs of spins coupled into singlets.
The dimer state has total spin zero, and a gap to low-lying
excitations, because of the energy required to excite a sin-
glet dimer to a triplet. Assuming that such local excita-
tions acquire dispersion by hopping from one dimer to the
next, a quantitative account of the well-de�ned magnon
peak observed in neutron-scattering can be given [5,6].
This picture provides an appealing intuitive interpreta-
tion of the energy gap at the centre of the Brillouin zone
and of the three-fold degeneracy of the excitations, and
is exact in the limit of strong dimerization. Conventional
spin-wave theory, applied to the paramagnetic state where
expectation values of products of spin operators display a
full rotational symmetry, cannot readily account for these
features.

Neither the spin-wave nor the dimer theory addresses
the observed continuum component of the spectrum. This
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has been interpreted as a two-magnon continuum, or alter-
natively as a two-soliton continuum [7]. In the dimerized
chain, a soliton may be envisioned as a single unpaired
spin separating segments of singlet pairs. However, these
solitons are subject to a con�ning e�ective potential [8],
and are always bound in pairs; in this picture, a magnon
is a triplet two-soliton bound state. Thus, a two-soliton
continuum is possible only in the case of a spin-Peierls
chain, and requires a generalization of the model consid-
ered here, to include the phonon coupling responsible for
spontaneous dimerization. An exception is the limit of a
regular (undimerized) chain, such as KCuF3 [9], in which
the con�ning potential vanishes, the solitons unbind and
the magnon peak is replaced by a two-soliton continuum.
A full understanding of the excitation spectrum of dimer-
ized chains might be revealed with a combination of tech-
niques, including �eld theories and numerical simulations.
A review completed in 1981 of various theories on this
subject is found in Ref. [10].

Apart from the dimerized antiferromagnetic chain, one
may also consider its ferromagnetic counterpart, and also
a \mixed" chain where the couplings alternate in sign as
well as magnitude. These cases are less well studied, and
existing candidate mixed-chain materials [11,12] are or-
ganic compounds, for which crystals suitable for inelastic
neutron scattering studies are not available. Past theoret-
ical work on the mixed chain [13] has concentrated on the
connection with the S = 1 \Haldane gap" system.

The theory presented in this paper treats a dimerized
chain of Heisenberg spins S = 1=2 with full rotational
symmetry and no long-range magnetic order. It can be
applied for an arbitrary strength of the dimerization, is,
unlike spin-wave theory, correct in the limit of isolated
dimers, and the expected results are recovered in the limit
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of a regular chain. It does not address the continuum part
of the spectrum. We show that our results are good in an
interval of temperatures of interest in the interpretation
of available experimental data. In the limit of an in�nite
temperature no approximation in the results remains.

In the following section we de�ne the model and de-
scribe the method of closing the in�nite hierarchy of equa-
tions of motion for the spin operators. Thereafter, in sec-
tions 3 and 4, one �nds our expressions for the static spin-
correlation functions, the wave-vector dependent isother-
mal susceptibility, and the spectral weights of the spin
excitations in the van Hove response function observed in
neutron scattering experiments. Results for these quanti-
ties are found in sections 5 and 6; �rst a collection of ana-
lytic results valid at the two extremes of the temperature
and, secondly, extensive results at intermediate tempera-
tures obtained by numerical analysis. Our conclusions are
gathered in section 7.

2 Model and equations of motion

Quantum-spin operators placed at lattice sites in a chain
interact by a Heisenberg exchange mechanism of alternat-
ing strength J and �J . It is convenient to employ two
spin operators, S and T, of equal magnitude 1/2, placed
at alternate sites in the chain. The Hamiltonian of the
dimerized chain is,

H = J
X
l

fSl �Tl+1 + � Sl+1 �Tl+1g (1)

where l = 0;�1; � � �. We will consider also a regular Heisen-
berg chain whose Hamiltonian is obtained from (1) by set-
ting � = 1.

To study the dynamic and static properties of the
model we construct the equation of motion for the spin
ladder operators S+ = Sx + iSy, and T+. This is the �rst
equation of an in�nite hierarchy of equations for the time
development. We close the set of equations at the second
level, following a scheme used by Kondo and Yamaji [14]
in their study of a regular chain, with � = 1.

In constructing the equations one uses hS�i = 0, since
there is no long-range magnetic order. The model is iso-
tropic in the spin space, so hSxSyi = hSySzi = hSzSxi =
0, and hS�a S

�
b i is independent of the Cartesian label. Fur-

thermore, hS+
a S

�

b i = hS�a S
+
b i = 2hSzaS

z
b i.

Following a standard prescription [14,15] an expres-
sion for the van Hove response function S(q; !) is obtained
from the approximate equations of motion. This expres-
sion contains a number of correlation functions as param-
eters. Through a Fourier transform over the Brillouin zone
these correlation functions are recovered from S(q; !), and
their values are thus determined by a self-consistency con-
dition. At a temperature large compared to jJ j, solutions
for the correlation functions are found by analytic meth-
ods. A numerical method is used to determine the self-
consistent solutions at an arbitrary temperature, T , which
can be checked against the analytic results for T � jJ j. A
few analytic results have also been obtained for T � jJ j
and for correlation functions of large spatial index.

3 Self-consistent equations

The spin operators S and T in (1) have a magnitude
1/2. In the equations of motion for S+ and T+ we use
(S+)2 = (S�)2 = 0 and (Sz)2 = 1=4, and the correspond-
ing identities for T. The equations of motion, obtained
by closure at the second level, contain three correlation
functions,

A1 = hSzl T
z
l+1i; A01 = A�1 = hSzl T

z
l i;

and
A2 = hSzl S

z
l+1i = hT z

l T
z
l+1i: (2)

For � = 1 one has A1 = A01. A fourth thermodynamic
variable, denoted by �, arises in the mechanism chosen to
close the hierarchy of equations, e.g.,

Szl S
z
l+1T

+
l+1 � �hSzl S

z
l+1iT

+
l+1

= �A2T
+
l+1 (3)

The introduction of the variable � is essential for the suc-
cess of our approach. Without this variable, the self-con/-
sistency equations would overde�ne the correlation func-
tions [16,17].

It is interesting to enquire if the closure of the equa-
tions of motion we adopt can be successfully applied to
spins S > 1=2. We have concluded that closure at the sec-
ond level, used here, applied to S > 1=2 is not robust and
entails a larger degree of approximation than found in our
case of S = 1=2. This view is reached by consideration of
terms in the second equation of motion that are zero for
S = 1=2, e.g. (S+)2S�. To reach the same situation for
S = 1, say, one needs (S+)3S� and this may �rst occur at
the third level in the hierarchy of equations of motion. So,
to achieve the level of approximation we have for S = 1=2
with spins of a larger magnitude one must close the hier-
archy at the third or higher level.

Our model possesses the obvious property that it is
unchanged with the transformation

�! 1=�; J ! �J;

A1 ! A01; A01 ! A1; A2 ! A2: (4)

This transformation is nothing but an inversion of the
lattice around a site and a rescaling of the exchange inter-
actions. We can express this invariance in a more general
form by An = A0

�n for odd integer n, and An = A�n for
even n. Note that the index n, unlike l in the Hamilto-
nian (1), counts the total number of bonds between any
two spins in the chain. Under the transformation, we �nd
� ! �, cf. (14).

The normal-mode frequencies, and the transcendental
equations for A1; A

0

1; A2, and � are couched in terms of

the following quantities. Let ~An = �An, and,

f =
1

2
+ 2� ~A01 + 2� ~A2;

g =
1

2
�+ 2 ~A1 + 2 ~A2;

� = 2�( ~A1 � ~A01);
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and,

h =
1

2
(1 + �2) + 4� ~A2: (5)

De�ning,

C = J2
p
(�g + f)2 + 2�gf(cos q � 1)� (� sin q)2; (6)

where q is a wave vector in units of the inverse of the dis-
tance between two neighbouring S, or T, the four normal-
mode frequencies satisfy,

!2
a;b = J2(h+ 2�( ~A1 + ~A01) cos q)� C; (7)

Quantities with an index a have to be evaluated using +C,
and with an index b using �C. For q = 0 we �nd !a 6= 0,
and !b = 0. With � = 1 the modes cross at q = �, and
the physically relevant mode is !b for 0 < q < � and !a
for � < q < 2�, recovering the result for the regular chain
[14] in a doubled Brillouin zone, cf. Figs. 1 and 5. In the
limit � = 0 one �nds !a = 1 and !b = 0, which follow
from the results A01 = A2 = 0 and A1 = �1=4. For a small
value of � we �nd,

!a ' J(1 + 2� ~A1 cos q): (8)

Next we consider the transcendental equations that fol-
low by calculating any two-spin correlation function from
the approximate equations of motion. For a temperature
T , expressed by � = 1=kBT , we �nd

An =
1

4�

2�Z
0

dq

C
f !�1a coth(�!a=2)Ga(q)

� !�1b coth(�!b=2)Gb(q)g: (9)

For n = 0; 2; 4; � � �, Ga;b(q) read

Ga;b(q) = � J3 cos
nq

2
f(�C=J2)(A1 + �A01)

+ �g(A1 cos q + �A01)

+ f(A1 + �A01 cos q)g; (10)

and for n = �1;�3; � � �, they read

Ga;b(q) = J3 cos
(n� 1)q

2
f(�C=J2)A1

+ f(A1 + �A01) +�(A1 cos q + �A01)g

+ J3 cos
(n+ 1)q

2
f(�C=J2)�A01

+ �g(A1 + �A01)��(A1 + �A01 cos q)g; (11)

where, again, indices a and b refer to the sign of C. Setting
n = 0 and n = 2 in (10), and n = �1 in (11), and thereby
recovering A0, A2, A1, and A01, respectively, we obtain
the four equations that are solved self-consistently. For
completeness we give Ga;b for A1 and A01 from (11) in a
simpler form as

GA1

a;b(q) = J3 f(�C=J2)(A1 + �A01 cos q)

+ �A01� sin2 q

+ (A1 + �A01)(�g cos q + f)g (12)

for A1, and

G
A0

1

a;b(q) = J3 f(�C=J2)(�A01 +A1 cos q)

� A1� sin2 q

+ (A1 + �A01)(�g + f cos q)g (13)

for A01. One more relation arising from the symmetry of
our model is,

A01 � �A1 +4�fA1A
0

1(�� 1) +A2(�A
0

1 �A1)g = 0: (14)

We derive this by requiring An for n even to be an in-
variant under the transformation in (4), and we deduce
� ! �.

4 Observable quantities

The quantity observed by inelastic neutron scattering is
the van Hove response, a function of wave vector and fre-
quency,

S(q; !) =
1

2�

1Z
�1

dt exp(�i!t)�

X
m;m0

eiq(m
0
�m)hS+

m(0)S
�

m0(t)i; (15)

where m and m0 range over every site in the chain. At
this point it is important to note that we assume a regu-
lar spacing throughout the whole lattice in spite of an al-
ternating exchange interaction. This is in agreement with
the very small observed lattice distortion, e.g., in CuGeO3,
but not necessarily true for structurally dimerized materi-
als, an example of which is (VO)2P2O7. However, only q-
dependent quantities derived from (15) will be a�ected by
a lattice distortion, and expressions for observable quan-
tities like (16) and (18) will be more complicated. Real-
space correlation functions remain una�ected by a lattice
distortion.

Since the normal modes are undamped, at the level
of approximation we employ, they make contributions to
the van Hove response that have a dependence on fre-
quency given by �(!�!a) and �(!�!b). The two � func-
tions for the creation events, �(! � !a;b) are, apart from
the detailed-balance factor 1 + n(!), accompanied by the
spectral-weight functions, given per spin,

Fa;b(q) = �J3 Fa;b
�C!a;b

(1� cos
q

2
); (16)

where

Fa;b(q) = (A1 + �A01)(�C=J
2 + �g � f � 2f cos

q

2
)

+2�(A1 � �A01) cos
q

2
(1 + cos

q

2
)

�2A1(�g � f)(1 + cos
q

2
): (17)
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Again, quantities with an index a involve +C, quantities
with an index b involve �C. Finally, we can derive the
wave-vector dependent susceptibility �(q) per spin from
the relation

�(q) =

1Z
�1

d!

!
S(q; !) =

1Z
0

d!

!

S(q; !)

1 + n(!)

=
Fa

!a
+
Fb

!b
: (18)

The absence of the usual factor 2 in the right-hand side of
the �rst equality in (18) stems from the fact that we give
the susceptibility for correlations hSzSziq , which are half
the value of hS+S�iq , used in (15) and (16).

Results obtained from our model by setting � = 0
are easy to derive. It can be shown that the foregoing
expressions evaluated for � = 0 reproduce those results.
Also, setting � = 1 we recover all expressions provided for
the regular chain as given in [14]. The authors of [14] did
not consider the spectral weights (16), the susceptibility
(18), nor the dimerized chain.

5 Analytic results

First we give the static susceptibility in terms of the cor-
relation functions An for arbitrary temperature. We �nd
for q = 0,

�(0) =
�4A1

J
(�+ 4 ~A01 + 4 ~A2)�

f(�� 4 ~A01 + 4 ~A2)(1� 4� ~A1 + 4� ~A2)

�64� ~A1
~A01g

�1; (19)

and for q = �,

�(�) =
�4A1(�� 4 ~A01 + 4 ~A2)

J(�� 4 ~A01 + 4 ~A2)(1� 4� ~A1 + 4� ~A2)
: (20)

In the limit T � jJ j, the leading-order terms in an ex-
pansion of A1; A

0

1 and A2 in terms of �J are found to
be,

A1 =
�1

16
�J; A01 =

��

16
�J;

and
A2 =

�

64
(�J)2: (21)

These results are identical to results obtained by an inde-
pendent calculation of the correlation functions that uses
an expansion of exp(��H), e.g.,

A1 = ��J

�
1

3
S(S + 1)

�2

: (22)

For � we �nd from (14) and (21) the value � = 1 in this
limit. Equally, the susceptibility � can be derived. It be-
comes independent of the wave-vector and approaches the
well-known result

� =
1

4
� =

S(S + 1)

3
�: (23)

On the low temperature-side, analytic results can be
derived for � = 1, and they coincide with those given
in Ref. [14]. For arbitrary �, the leading order behaviour
for large n can be derived from (9), (10), and (11). In all
cases these show at non-zero temperature an exponential
decay, with a correlation length which diverges as T ! 0.
For the pure ferromagnet (J < 0; � > 0) at T = 0, we
�nd An = 1=12 for all n 6= 0, as expected for a satu-
rated ferromagnetic ground state. In all other cases, at
T = 0, we �nd An / 1=n2 for large n, i.e. an algebraic de-
cay of correlations. This may be compared with the exact
result [18, p. 160] for the regular Heisenberg antiferromag-
net (J > 0; � = 1), namely An / (lnn)1=2=n. In this case
our theory correctly shows algebraic decay of correlations
in the ground state, but under-estimates the strength of
short-range correlations.

6 Numerical results

For an arbitrary temperature, equations (9), (10), (12),
(13), and (14) are solved numerically. We discuss the nu-
merical results in three representative cases. In each case,
we give an example of the normal-mode dispersion rela-
tions, the spectral weights, and the wave-vector depen-
dent susceptibility (Figs. 1, 3, 5). Owing to our choice of
the length scale and the fact that we have two spins per
unit cell, the normal modes !a;b have a period of 2� and
are symmetric around q = �, whereas the spectral weights
Fa;b and the susceptibility �(q) have a period of 4� and are
symmetric around q = 2�. The temperature dependence
of the correlation functions and static susceptibilities for a
range of 0 < T < 3J appear in Figs. 2, 4, 6. Note, that the
correlation functions are multiplied by a factor of 4 in the
plots, in accordance with the practice of normalizing the
same-site correlation function A0 = S(S + 1)=3 = 1=4 to
the value of 1, and that kB = 1 in all plots. We only con-
sider cases with j�j < 1, as the parameter space j�j > 1
can be mapped to j�j < 1 by use of the transformation
(4).

Common to all temperature-dependent plots (Figs. 2,
4, 6) is the observation that already for T � J , the cor-
relation functions and the susceptibility agree well with
their analytic high-temperature expansions. At low tem-
peratures, one can distinguish clearly between antiferro-
magnetic correlations showing a maximum at T � 0:3J
(Fig. 2 and A01 in Fig. 4), and ferromagnetic correlations
reaching their highest values at T = 0 (Fig. 6 and A1 in
Fig. 4). This feature has already been observed in Ref.
[14], and seems to be characteristic to our results. The
plots of the normal modes and spectral weights reveal the
nature of the local order as expected from the respective
signs of J and �. These quantities are plotted at temper-
atures T � jJ j, in order to reveal their structure more
clearly. We observe, that varying the temperature on an
energy scale of �J has a minor inuence on the plotted
quantities, i.e. the relevant energy scale for the temper-
ature dependence of the observed quantities seems to be
the larger of J and �J , which in our case is always J .
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Fig. 1. Normal modes !a;b (symmetric around q = �) and
respective spectral weights Fa;b for J = 1 and � = 0:9 at
T � jJ j. Solid lines are !a and Fa, dashed lines are !b and
Fb. Also given is the wave-vector dependent susceptibility �(q)
(dash-dotted line) as de�ned in (18).

Fig. 2. Correlation functions 4jA1j (upper solid line), 4A2

(lower solid line), and 4jA0

1j (dashed line), and q = 0 suscepti-
bility (dash-dotted line) for J = 1 and � = 0:9.

Figs. 1 and 2 refer to the \pure" antiferromagnetic
chain, i.e., a chain with J > 0 and � > 0. From Fig. 1,
the behaviour in the limit � ! 1 can be seen as the nor-
mal modes become degenerate at q = � and the spectral
weights select the relevant mode for q < � and q > �,
respectively. The susceptibility peaks at q = 2�, i.e., the
antiferromagnetic point. The contribution to the scatter-
ing at that point comes from the gapped branch !a. The
approximations made in our theory do not allow the lower
branch !b to have a gap at q = 0, i.e. the lower branch is
reminiscent of a Goldstone mode. In consequence, the sus-
ceptibility does not decay exponentially at very low tem-
peratures, but remains �nite (Fig. 2). The sum of the spec-
tral weights Fa+Fb, i.e. the integrated neutron-scattering
intensity, has a �nite slope at q = 0 and agrees qualita-
tively with experiments performed at low temperatures
[1, Fig. 10]. Looking at Fig. 1, at higher temperatures the

Fig. 3. Temperature dependence of the spectrum. Top to bot-
tom: T = 0, T = 0:3J , T = J . Given are normal modes !a;b

(symmetric around q = �) and respective spectral weights Fa;b

for J = 1 and � = �0:5. Solid lines are !a and Fa, dashed lines
are !b and Fb. Also given is the wave-vector dependent sus-
ceptibility �(q) (dash-dotted line).

displayed quantities are smaller and show less dispersion,
and no radical new e�ects emerge.

The next case (Figs. 3, 4) is a \mixed" chain of anti-
ferromagnetic bonds alternating with ferromagnetic bonds
(J > 0; � < 0). The maximum in the susceptibility �(q)
at q = � and q = 3�, indicates a locally ordered two-
up-two-down spin pattern. Note that the spectral weight
for !b vanishes at q = 0 and q = 2� and mimics the
q-dependence of �(q). In Fig. 3, we have also given repre-
sentative plots of the spectra for three di�erent temper-
atures (increasing form top to bottom). With increasing
temperature the susceptibility becomes independent of q
and approaches its high-temperature value of �=4 over the
whole range of the Brillouin zone.

Finally, a pure ferromagnetic chain (J < 0; � > 0) is
given in Figs. 5 and 6. As expected for a ferromagnetically
ordered chain at T = 0, the correlation functions A1; A

0

1,
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Fig. 4. Correlation functions 4jA1j (upper solid line), 4jA2j
(lower solid line), and 4A0

1 (dashed line), and q = 0 suscepti-
bility (dash-dotted line) for J = 1 and � = �0:5.

Fig. 5. Normal modes !a;b (symmetric around q = �) and
respective spectral weights Fa;b for J = �1 and � = 0:9 at
T � jJ j. Solid lines are !a and Fa, dashed lines are !b and
Fb. Also given is the wave-vector dependent susceptibility �(q)
(dash-dotted line).

Fig. 6. Correlation functions 4A1 (upper solid line), 4A2 (lower
solid line), and 4A0

1 (dashed line), and q = 0 susceptibility
(dash-dotted line) for J = �1 and � = 0:9.

and A2 take the value of 1/12, irrespective of the coupling
constants J and �. This result can also be derived analyt-
ically from our equations. Consequently, the susceptibility
diverges at q = 0 for small T as 1=T .

7 Conclusions

Our theoretical approach to the dimerized chain provides
useful results for quantities observed in neutron scattering
experiments. In addition, we provide a number of analytic
expressions for various quantities shown to be correct for
certain points in the parameter space of J , �, and T . It
must be emphasized, that a priori the quality of our the-
ory does not depend on the size and sign of �, and we
demonstrate it is exact for � = 0. We provide expressions
for observable quantities like the van Hove response and
the susceptibility in terms of the correlation functions A1,
A01, and A2, and the model parameters J and � at arbi-
trary temperatures, and our theory therefore enables the
interpretation of experiments in a straightforward man-
ner.

For the case of an antiferromagnetic chain, in our the-
ory a gapless branch, is always present for any non-zero �,
although there is no weight in it at the points of high sym-
metry in the Brillouin zone. We obtain correct results for
this case for high temperatures and for � = 0. At low
temperatures, the decay of correlations with increasing
distance compare well with exact results. The integrated
neutron-scattering intensity can be �tted to experimental
results in order to derive information about the exchange
constants J and �.

The results given for mixed S = 1=2 chains (Fig. 3,
4) cannot easily be compared to experimental data, as no
such materials have been studied by neutron scattering
techniques yet. However, organic compounds exhibiting
alternating antiferromagnetic and ferromagnetic exchange
do exist [12], and it may be possible to obtain them in
su�cient quality for neutron scattering experiments in the
near future. We predict quite striking changes in the van
Hove response as the temperature is increased.

For the ferromagnetic chain we believe our excitation
spectrum to be accurate over the whole temperature range,
as no gap can be expected in this case [10]. Our theory
correctly shows a long-range ordered state at T = 0. To
the best of our knowledge, there are no experiments per-
formed yet on ferromagnetic alternating chains.

Finally, we would like to remark that low-temperature
properties of one-dimensional systems are generally dif-
�cult to investigate experimentally, as there will always
be signatures of higher-dimensional interactions below a
�nite temperature. Given the increasing number of com-
pounds found by ingenious manufacturing and the pro-
gress in experimental skills, one can be con�dent that
many more experimental results on low-dimensional mag-
netic materials will emerge in the future.

One of us (SWL) worked on the study while a guest of Dr. K. N.
Trohidou at the National Centre for Scienti�c Research, \De-
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mokritos", with �nancial support from the EU through the
contract ERBFMB1CT961209.
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