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Abstract

The strength of the Yukawa coupling of the leptons and quarks with the Higgs
boson is uniquely determined by the Higgs mechanism for generating masses in the
Standard Model. The top-Higgs coupling can be measured directly in the process
e+e− → tt̄H. This process therefore provides a fundamental test of the Higgs
mechanism. Extending earlier analyses carried out in the Born approximation, we
have determined the cross section for this process including QCD corrections, which
turn out to be important.
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1. The masses of the fundamental particles are generated in the Higgs mechanism [1] by
interactions with the non-zero Higgs field in the ground state. Within the Standard Model,
the Yukawa couplings of the leptons and quarks with the Higgs particle are therefore
uniquely determined by the particle masses:

gffH = mf/v (1)

with v = (
√

2GF )−1/2 ≈ 246 GeV. The measurement of these couplings provides a funda-
mental experimental test of the Higgs mechanism sui generis.

Several methods have been proposed in the literature to test Yukawa couplings of
the Higgs boson [2]. In the present note we focus on the top–Higgs Yukawa coupling.
Since the mass of the top quark is maximal within the fermion multiplets of the Standard
Model, the ttH coupling ranks among the most interesting predictions of the Higgs mech-
anism. This coupling can be indirectly tested by measuring the Hγγ and Hgg couplings,
which are mediated by virtual top-quark loops [3, 4]. If the Higgs boson is very heavy,
the decay mode H → tt̄ can be exploited [5]. On the other hand, if the Higgs boson is
light, MH ∼ 100–200 GeV, the radiation of Higgs bosons off top quarks lends itself as a
basic mechanism for measuring the ttH coupling. The prospects of operating e+e− linear
colliders at high luminosities1 [6] render the radiation process [7, 8]

e+e− → tt̄H (2)

a suitable instrument to carry out this measurement.

While for small top masses the top-quark pairs would have been generated at lower
energies by photon exchange [7] and the Higgs bosons would have been radiated exclu-
sively off the top quarks, the Z exchange [8] at high energies gives rise to an additional
small contribution from Higgs-strahlung. QCD corrections to this process have recently
been discussed in Ref. [9], where the Higgs mass has been assumed small with respect to
the top-quark mass and the total energy. Rescattering corrections, which are potentially
important at non-asymptotic energies, are not properly taken account of by the fragmen-
tation method used in Ref. [9]. In the present analysis we have performed a complete
calculation of the QCD radiative corrections to order αs that is applicable to all kine-
matical configurations. For high energies, in agreement with the earlier estimates [9], the
corrections are negative. At modest energies, however, the corrections are positive and
large, and they increase the cross section significantly.

2. The generic set of lowest-order diagrams for the radiation of Higgs bosons off top
quarks and Higgs-strahlung in e+e− annihilation is shown in Fig. 1a. The QCD cor-
rections can be classified as virtual top-quark self-energy corrections, ttγ, ttZ and ttH

vertex corrections, box rescattering corrections and real-gluon radiation, see Fig. 1b. The

1In TESLA designs, integrated luminosities of
∫
L = 0.3 ab−1 and 0.5 ab−1 per year are planned at

c.m. energies
√
s = 0.5 TeV and 0.8 TeV, respectively.

1



total cross section can be split into three parts: the cross section corresponding to Higgs
radiation off the top quarks (σ1, σ2), Higgs-strahlung off the Z-boson line (σ3, σ4), and
the interference between these mechanisms (σ5, σ6). Each of the contributions has been
divided into two parts, generated by the vector couplings of γ and Z to the top pair,
and by the axial-vector coupling of the Z. These contributions are different, owing to
chirality-breaking mass terms and scalar vertices. In a notation parallel to Ref. [8], but
slightly modified, the total cross section may be written in the form

σ(e+e− → tt̄H(g)) =

NC

σ0

4π

{
(v̂2
e + â2

e)

(1−M2
Z/s)

2

g2
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4π

(
v̂2
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4π
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+
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}
. (3)

The ttH Yukawa coupling gttH , see Eq. (1), and the ZZH coupling gZZH = MZ/v are
set off explicitly.2 The electric charges are defined as Qe = −1 and Qt = +2/3; v̂e,t
and âe,t are the vector and axial-vector charges of electron and top quark, normalized as
v̂ = (2I3L − 4Qs2

W )/(4cWsW ) and â = 2I3L/(4cWsW ), with I3L = ±1/2 being the weak
isospin of the left-handed fermions [as usual, s2

W = 1− c2
W = sin2 θW = 0.23]; σ0 denotes

the standard electromagnetic µ-pair cross section, σ0 = 4πα2/3s, and NC = 3 is the colour
factor of the top quarks. The value of the electromagnetic coupling is taken at α = 1/128.
The coefficients σi(i = 1, . . . , 6) can be decomposed into Born contributions σ0

i and QCD
corrections δi:

σi = σ0
i

[
1 +

αs

π
δi

]
, i = 1, . . . , 6, (4)

where we choose µ2
R = s for the renormalization scale3 of the QCD coupling αs. The total

c.m. energy is denoted by
√
s, and MZ = 91.187 GeV and Mt = 174 GeV [10] are the

masses of the Z boson and the top quark, respectively.

The QCD radiative corrections have been calculated in the standard way. The Feyn-
man diagrams and the amplitudes for the virtual corrections have been generated with
FeynArts [11]. They have been evaluated by applying the standard techniques for one-loop
calculations, as described in Ref. [12, 13]. Ultraviolet divergences have been consistently
regularized in D = 4−2ε dimensions, with γ5 treated naively. Note that the renormaliza-
tion of the ttH vertex is connected to the renormalization of the top-quark mass, which
is defined on shell (see Refs. [4, 13, 14] for details). The algebraic part of the virtual
corrections has also been checked by using FeynCalc [15]. The infrared divergences en-
countered in the virtual corrections and in the cross section for real-gluon emission, have

2In the analysis below, v is calculated from the electroweak input data via v = MZcW sW/
√
πα.

3The scale is fixed only to logarithmic accuracy. Different choices of scales can readily be implemented
in the definition of the QCD corrections in Eq. (4).
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been regularized in two ways, by using dimensional regularization and by introducing an
infinitesimal gluon mass; both ways led to identical results after adding the contributions
from virtual gluon exchange and real-gluon emission. A second, completely independent
calculation of the QCD corrections to the total cross section was based on the evaluation
of all relevant cut diagrams of the photon and Z-boson self-energies in two-loop order,
generalizing the method applied to tt̄(g) intermediate states in Ref. [16]. The results of
the two approaches are in numerical agreement. Finally, we have performed a mutual
comparison of partial results with the authors of Ref. [17]; agreement was found between
the calculations.

3. The integrated Born coefficients σ0
i and the QCD corrections δi are too complex to

be recorded analytically.4 [The corresponding Fortran program is available from DESY
[18].] In this letter, we restrict ourselves to the discussion of the basic numerical results
for the total cross section. To characterize the relative size of the contributions σ0

i , the
Born coefficients are shown in Fig. 2a as functions of the Higgs mass for a total energy√
s = 1 TeV. The corresponding QCD corrections δi are shown in Fig. 2b; in the sub-

sequent evaluation of the cross section, the QCD coupling is evaluated at the two-loop
level, normalized to αs(M

2
Z) = 0.119 [19].

The size of the QCD corrections is large at modest energies. This is a consequence of
the rescattering diagrams, which are generated by the gluon exchange between the final-
state top quarks near the tt̄ threshold. This Coulomb singularity leads to corrections of
the form αs/β at the tt̄ threshold where the top-quark velocity β vanishes in the tt̄ rest
frame, giving rise to a K factor of the form

Kthr → 1 +
αs
π

64

9

πMt√
(
√
s−MH)2 − 4M2

t

. (5)

The pole in β is regularized by the vanishing three-particle phase space for β → 0, when
the integration for the total cross section is performed. This effect can be isolated by
studying the corrections to the Higgs energy spectrum. For reduced Higgs energies, which
shift the tt̄ pairs away from the threshold in tt̄H final states, the corrections are gradually
reduced. Restricting the Higgs energy to 90% of its kinematically allowed limit, the K
factor is reduced from 1.5 to 1.3 for

√
s = 500 GeV and a Higgs mass of MH = 120 GeV.

Since the QCD corrections are dominated by the virtual corrections and soft-gluon ra-
diation, the Higgs and top quark energy and angular distributions are hardly changed,
leading to a simple rescaling of the Born cross section by an approximately uniform K
factor.

At high energies the rescattering corrections become less important, and the positive
contributions from gluon emission are overwhelmed by the negative Higgs-vertex cor-
rections, as nicely demonstrated for asymptotic energies in Ref. [9]. For the dominant

4The Dalitz densities are given at the Born level analytically in Ref. [8]. Note that the Higgs couplings
to fermions gffH are defined with a minus sign in Ref. [8].
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mechanism of Higgs radiation off the top quarks, the reduction of the cross section can
be estimated semi-quantitatively in the limit M2

H � M2
t � s. Since the radiation of

a low-mass Higgs boson is in general separated by a large space-time distance from the
top production process, the cross section can crudely be estimated by the product of the
probability for producing a top-quark pair with the probability for the splitting process
t → t + H. The QCD correction for top-pair production in high-energy e+e− annihi-
lation [20] is given by the well-known coefficient +αs/π. The QCD correction to the
Htt vertex can easily be obtained in the low Higgs-mass limit by the logarithmic mass
derivative of the top self-energy [3, 4, 21], leading to −2αs/π. Adding up the coefficients
+1− 2× 2 = −3, these crude estimates suggest a K factor

Kas ≈ 1− 3
αs

π
(6)

in the high-energy limit of the Higgs radiation process; in numeris the K factor is there-
fore predicted to be K ' 0.92 in the TeV range.

Finally, in Fig. 3 we present the cross sections σ(e+e− → tt̄H +X) for three e+e− en-
ergy values

√
s = 500 GeV, 1 TeV and 2 TeV, as a function of the Higgs mass, in Born ap-

proximation and including QCD corrections.5 Since the Higgs radiation off the top quarks
is by far the dominant subprocess, the cross sections depend approximately quadratically
on the ttH Yukawa coupling so that the experimental sensitivity to the coupling is very
high. This is apparent from Table 1 where the contributions from top-quark radiation
(σtt), Z radiation (σZZ), and the interference term (σtZ) are shown separately. While the
phase-space suppression gradually disappears for rising energy, the lower part of the in-
termediate Higgs mass range is experimentally accessible already at high-luminosity e+e−

colliders for
√
s = 500 GeV; for

√
s = 1 TeV the entire intermediate Higgs mass range can

be covered. For a typical size σ ∼ 1 fb of the cross section for the process e+e− → tt̄HX,
about 103 events are generated when an integrated luminosity

∫
L ∼ 103 fb−1 is reached

within two to three years of running [6]. This should provide a sufficiently large sample
for detailed experimental studies of this process [22].

4. It is straightforward to generalize the present analysis [23]. Within the Standard Model,
the calculation of the Higgs energy spectrum and Higgs–top correlations are required ex-
perimentally. In the context of supersymmetric extensions of the Standard Model a new
calculational element is introduced by the pair production of scalar and pseudoscalar
Higgs bosons [8], while mixing effects in the scalar Higgs sector merely increase the com-
plexity of the analysis presented in this note.
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√
s MH [GeV] σtt [fb] σZZ [fb] σtZ [fb] σ [fb] K =

σNLO

σLO

100 1.56 2.97× 10−3 1.18× 10−2 1.58 1.35

500 GeV 140 8.85× 10−2 8.34× 10−5 6.76× 10−4 8.93× 10−2 2.01

180 – – – – –

100 2.47 9.53× 10−2 6.15× 10−2 2.62 0.95

1 TeV 140 1.64 8.79× 10−2 4.97× 10−2 1.78 0.95

180 1.13 7.88× 10−2 3.91× 10−2 1.24 0.96

100 7.68× 10−1 7.91× 10−2 2.72× 10−2 8.74× 10−1 0.90

2 TeV 140 5.82× 10−1 7.81× 10−2 2.57× 10−2 6.86× 10−1 0.90

180 4.60× 10−1 7.68× 10−2 2.41× 10−2 5.61× 10−1 0.89

Table 1: The total cross section for the process e+e− → tt̄H+X including QCD radiative
corrections, split into contributions from Higgs radiation off the top quark (σtt), off the Z
boson (σZZ), and the interference term (σtZ), for electroweak parameters as specified in
the text. Also shown is the value of the K factor.
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Figure 1: Generic diagrams contributing to the process e+e− → tt̄H(g) at (a) lowest and
(b) next-to-leading order. The NLO set must be supplemented by the well-known QCD
corrections to Z∗ → tt̄, which are not depicted explicitly.
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Figure 2: (a) The vector and axial-vector contributions σ0
i (i = 1, . . . , 6) of Higgs radiation

off top quarks, off the Z boson, and the interference term in Born approximation; and (b)
the QCD radiative corrections of these terms to order αs.
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Figure 3: The total cross section for the process e+e− → tt̄H+X, including QCD radiative
corrections, for three collider energies as a function of the Higgs mass (full curves). The
Born approximation (dotted curves) is shown for comparison.
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Figure 4: The K factor for the process e+e− → tt̄H + X for three collider energies as a
function of the Higgs mass.
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