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Abstract
We propose an explanation for the anomalous compressibility maximum in
amorphous silica based on rigidity arguments. The model considers the fact
that a network structure will be rigidly compressed in the high-pressure limit,
and rigidly taut in the negative pressure limit, but flexible and hence softer
at intermediate pressures. We validate the plausibility of this explanation by
the analysis of molecular dynamics simulations. In fact this model is quite
general, and will apply to any network solid, crystalline or amorphous; there
are experimental indications that support this prediction. In contrast to other
ideas concerning the compressibility maximum in amorphous silica, the model
presented here does not invoke the existence of polyamorphic phase transitions
in the glass phase.

1. Introduction
Most materials get stiffer under pressure, due to the increased compaction of the constituent
atoms. It is therefore interesting that some materials, including amorphous silica, actually get
softer on compression; in the case of amorphous silica, there is a maximum in compressibility
from experiment at a pressure of around 2 GPa [1]. This phenomenon remains unexplained. In
this paper we use molecular dynamics simulations to confirm a surprisingly simple hypothesis
concerning the origin of the compressibility maximum in amorphous silica, that the origin
of the compressibility maximum arises from the flexibility of the network at around 2 GPa,
compared to when it is compacted at high pressure or extended at low pressure. Unlike previous
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interpretations based on properties of the amorphous state (discussed below) the flexibility
hypothesis is equally valid for crystalline networks, such as zeolites and other silicates, as well
as amorphous solids, and we believe will have wide applicability to studies of many classes of
materials at high pressure.
The hypothesis presented in this paper rests on the fact that amorphous silica is primarily
composed of an infinite network of corner-linked SiO4 tetrahedra. At the limit of high pressure,
the tetrahedra are compacted together, and the forces are such that the tetrahedra will deform
and eventually bonds will be broken and reformed [2]. These are high-energy processes, and
hence the compressibility in this limit will be reduced. Now consider the opposite limit,
namely a large negative pressure leading to an expansion of the material. In this limit, the
network of tetrahedra will be stretched taut, and any changes in volume will require stretching
of the covalent Si–O bonds. Once again, this is a relatively high-energy process, and the
compressibility will be reduced. In the intermediate pressure range (around ambient pressure)
volume changes can be accommodated through buckling of the tetrahedral network without
deformations of the tetrahedra. We know from previous simulation work [2–6] that at ambient
pressure there is a high degree of network flexibility that is accessible to thermal fluctuations;
these thermal fluctuations are called ‘Floppy Modes’ in the context of glasses or ‘Rigid Unit
Modes’ (RUMs) in the context of crystalline materials. Buckling of the network when there is
a high degree of inherent flexibility is a low-energy process, and hence the compressibility will
be higher in this pressure range. These various extreme cases are illustrated in cartoon form in
figure 1. A similar flexibility window has recently been discussed in the case of zeolites [7].
This simple comparison of two pressure extremes with the intermediate pressure suggests that
the origin of the compressibility maximum arises from the existence of the network flexibility
within an intermediate range of pressures. We call this the flexibility hypothesis.
The flexibility hypothesis contrasts with other suggestions as to the origin of the
compressibility maximum. One is to assume that the maximum is a signature of a polyamorphic
structural phase transition in the glass [8, 9] or associated with other structural/topological
changes within the atomic configuration. However, previous work using the models in this
paper show clearly that there are no such changes over the pressure range of interest [3, 4].
Anticipating the results presented below, we note that there is no correlation between the
compressibility maximum and structural changes, allowing us to rule out polyamorphic phase
transitions as the origin of the compressibility maximum. Another explanation is that the
compressibility maximum is associated with the existence of two-level states [10]. In fact,
we have previously seen these states in our simulation work [5, 6], and we will see them in
the present study (see below), there is no evidence that they are a significant factor in the
compressibility anomaly. In fact, we note that in neither of these two suggestions is there any
developed theoretical working; these suggestions appear to be based on linking different factors
that appear to be unique to the amorphous state.
In this paper we will use the molecular dynamics (MD) simulation method to probe the
flexibility hypothesis for amorphous silica in a number of ways. We will first establish that
the compressibility maximum can be reproduced using different atomic configurations and
different interatomic potentials. The flexibility hypothesis proposes that the greatest effect of
pressure on the structure should be on the buckling of the network at intermediate pressures, that
expansion of the Si–O bond should occur at larger negative pressures, and that distortions of the
structure topology (bond breaking and changing coordination) should occur only at pressures
significantly above the compressibility maximum. This last point has actually been established
in our previous simulation work [2–4]. We provide evidence from analysis of bond lengths,
contact distances, and their variances. The flexibility hypothesis also proposes that the network
is most flexible at pressures around the compressibility maximum, and we demonstrate this
2
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Figure 1. Cartoon representation of three configurations of a pair of linked SiO4 tetrahedra in
amorphous silica; large spheres represent oxygen atoms and small spheres represent silicon atoms.
(a) Fully stretched conformation, in which any further increase in the volume of the conformation
can only be accomplished by stretching bonds and deforming the SiO4 tetrahedra—in practice
pairs of tetrahedra will not be stretched to this limit. (b) The relaxed state, in which expansion
of contraction of the volume occupied by the atoms can be accommodated easily by flexing of the
central O–Si–O bond with no deformations of the SiO4 tetrahedra required. (c) The conformation
under pressure, in which one or more oxygen atoms are forced to be close together. Under this state,
the only way to reduce the volume of the conformation is to distort the SiO4 tetrahedra.

through analysis of tetrahedral thermal motions. It is the nature of such work that we cannot
prove the flexibility hypothesis as the origin of the compressibility maximum in amorphous
silica, but we believe that the supporting evidence from our simulations and the plausibility of
the flexibility hypothesis form a compelling case. One aspect of the flexibility hypothesis is that
it should be applicable to crystalline network structures, and we discuss this point in section 4.
2. Methods
To explore the plausibility of the flexibility hypothesis as the origin of the compressibility
maximum, we have performed molecular dynamics (MD) simulations on various defect-free
configurations of amorphous silica produced using the Wooten–Winer–Weaire method [11, 12]
as used in our previous simulation work [2, 3, 5, 6]. One configuration contained 512 SiO4
3
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tetrahedra and two contained 4096 tetrahedra; the two larger configurations differ in that one
does not contains any four-membered rings and the other does (labelled A and B respectively
below). We used two different model interatomic potentials (labelled TTAM [13] and BKS [14]
below).
The MD simulations were performed using the DL POLY 3 package [15, 16]. Each MD
simulation lasted 100 ps and was performed at a temperature of 50 K. The time step was
0.001 ps, and the velocity Verlet scheme [17] was used. Our MD runs were split into two
segments, each of which began with 10 000 equilibration steps where the velocities of the
particles were rescaled every time step such that the system equilibrated to our chosen set
temperature. The first 50 000 steps sampled the isothermal isobaric (NPT) ensemble [18];
relaxation times of 1.0 ps were used for the thermostat and barostat. We used this segment of
the simulation to extract the relationship between pressure and volume for each combination
of glass configuration and interatomic interaction model. Because the fluctuation in the cell
volume was small compared to the difference in cell volume between different pressure points,
we used the final configuration and cell volume from the first 50 000 steps to begin the second
portion of the MD run. This was performed using the microcanonical (NVE) ensemble, and
used for analysis of the dynamics of the glass model. By using grid computing [19–22] and
data management methods [21–23] we were able to run many more simulations than would
be normal for this type of study. Pressures were varied between −5 and +5 GPa. The set
temperature was 50 K. By monitoring the pair distribution functions and the topology, we
demonstrated that there are no changes in structure with pressure that could be signatures of a
polyamorphic phase transition, as per our previous work [2–4].
3. Results
3.1. Volume and compressibility
Volume versus pressure curves for the different configurations and interatomic potentials are
shown in figure 2 (top). The curves differ negligibly with different configurations and sample
size, but they are sensitive to the model interatomic potential. However, they all have the
same characteristic shape with a maximum slope at intermediate pressures; this is the sign
of a compressibility maximum. The curves were fitted by Chebyshev polynomials, and
differentiated to give the compressibility curves shown in figure 2 (bottom). It can be seen
that all models yield a maximum in compressibility—thus the existence of the maximum is
not dependent on either the details of the atomic configuration or the form of the interatomic
potentials. We note that the exact pressure of the maximum is not precisely identified by this
approach because it is very sensitive to the polynomial fitting. It is this sensitivity that causes
the main difference between the shapes of the different compressibility curves.
The experimental compressibility for amorphous silica is around 0.026 GPa−1 at zero
pressure, with the maximum value of around 0.033 GPa−1 [1]. Our results (figure 2) are slightly
larger than these data, with the discrepancy being larger for the TTAM potential than for the
BKS potential. These discrepancies will arise from the details of the interatomic potentials.
3.2. Interatomic distances
Figure 3 (top) compares the near-neighbour distances and V 1/3 for the TTAM potential and
the 4096A configuration. The data show that the Si–O and O–O nearest-neighbour interatomic
distances vary only weakly with pressure, but that the variation of the closest Si–Si distance
closely mirrors the linear dimensions of the sample (and shows the same curvature that leads
4
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Figure 2. Simulated volume versus pressure curves for the various silica models described in this
paper (top), together with the compressibility curves obtained by differentiation of the fitted volume
curves (bottom).

(This figure is in colour only in the electronic version)

to a compressibility maximum). The comparison of the different data sets in figure 3 (top)
suggests that the volume changes are mostly accommodated by buckling of the network, with
the Si–Si nearest-neighbour distance being the signature. Stretching of the SiO4 tetrahedra are
seen in the data for Si–O and O–O distances at larger negative pressures, as per the idealization
sketched in figure 1(a). Figure 3 (bottom) compares the variances of the same distances. The
Si–O distribution has the tightest distribution, but broadens on changing pressure towards the
positive and negative pressure extremes. The O–O distribution is much broader, but like the
Si–O distribution it is tighter in the intermediate pressure regime. The O–O distribution at
high pressure broadens considerably, reflecting the onset of SiO4 deformations with increased
compaction (see figure 1(c)). Similarly, as the tetrahedra are stretched at negative pressures, this
stretching is seen in as broadening of the O–O distribution. At the same time, figure 3 (bottom)
shows that the mean O–O distance does not vary any more than the mean Si–O distance, which
together with the breadth of the distribution is consistent with the interpretation that most of
the deformation of the SiO4 tetrahedra is in flexing of the O–Si–O angles. This would preserve
the mean O–O separation when averaged over the six distances within each tetrahedra, but
cause broadening of the O–O distribution. The Si–Si distribution is tighter at low pressure
and broadens on increasing pressure in a manner similar to the changes in the mean Si–Si
distance. The broadening of the distribution is consistent with the inhomogeneous buckling of
the network under compaction.
5
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Figure 3. Top: comparison of the linear sample dimension ( V 1/3 ) and mean nearest-neighbour
Si–O, O–O and Si–Si distances, all normalized to unity at P = 0. Bottom: variances on
the distributions of nearest-neighbour Si–O, O–O and Si–Si distances. Both plots are from the
simulations of the 4096A configuration with the TTAM potential.

3.3. Analysis of network flexibility
The structural information provides information on the process of volume change, but the final
part of the flexibility hypothesis that needs investigation is the supposition that the network
structure is more flexible at intermediate pressures. We quantify this by comparing around 50
snapshot configurations at each pressure, and using a tool based on the mathematical technique
of geometric algebra [24–26] to partition the atomic displacements into rigid unit motions
(i.e. displacements and rotations of SiO4 tetrahedra) and deformations of the SiO4 tetrahedra
(bond bending and stretching). For each comparison we compute the atomic displacements
that would generate one configuration from the other, and then partition these into the mean
square tetrahedral rotations, displacements and deformations. We then form histograms of
these mean square values for all comparisons. The results for the tetrahedral rotations are
shown in figure 4. The histograms show two types of dynamics: the fast vibrational motions,
which are represented by the peaks in the histograms that stretch across the range of pressures,
and slow/rare localized large-amplitude rotations of groups of tetrahedra, which are shown
as the long high-value tails in some of the histograms. Because these latter events are rare,
they limit the statistical smoothness of the plots in figure 4. The clear result from figure 4
is that the amplitudes of the fast rotational thermal motions of the SiO4 tetrahedra are larger
for intermediate pressures. This quantity acts as a proxy for the flexibility of the network,
because the flexibility available for thermal fluctuations is also the flexibility available for
6

J. Phys.: Condens. Matter 19 (2007) 275210

A M Walker et al

Figure 4. Four composites of histograms of the distribution of mean square rotational components
of the instantaneous atomic displacements for two configurations of 4096 formula units of silica (A
and B) and the two interatomic potential models (TTAM and BKS). There is a separate histogram
for each pressure, which is displayed vertically, and the histograms are stacked left to right in each
composite. In this representation, histogram values are indicated using a grey scale, with larger
values of the histograms as white and zero values as black. Missing histograms are seen as vertical
blocks of black. The key result is that the line of white, corresponding to the degree of flexibility,
peaks at intermediate pressures, showing that the flexibility for rigid unit motions is greatest at the
pressures corresponding to the compressibility maximum (compare with figure 2).

accommodation for the buckling of the network under changes of volume (as also is the rare
localized event flexibility). It can be seen from figure 4 that the rotational flexibility has its
maximum in the intermediate pressure range where the compressibility has its maximum,
concordant with the flexibility hypothesis as the origin of the compressibility maximum. We
note that the maxima obtained from the data in figure 4 do not correspond directly with the
maxima in the derived compressibility curves show in figure 2 (bottom), but this may to some
extent reflect the fact that locating the maxima in the compressibility curves is numerically
rather subtle.
4. Summary and discussion
To summarize, we have proposed that the compressibility maximum in amorphous silica arises
because there is a range of pressures over which volume changes can be accommodated by
low-energy buckling of the network without the requirement for deformations of the SiO4
tetrahedra. Simulation studies of the changes in structure and dynamic fluctuations are fully
consistent with the flexibility hypothesis and lend considerable detailed support to it.
7
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The flexibility hypothesis does not build upon the nature of the amorphous structure.
Since we know that most network crystalline structures have the same or greater dynamic
flexibility [27], we predict that compressibility maxima may also be observed in crystalline
networks, provided that they do not undergo structural phase transitions under pressure. A
compressibility maximum has been confirmed for some siliceous zeolites [28, 29]. We noted
above that a flexibility window has recently been noted to exist in zeolites [7]. There is one
significant difference in that the flexibility we are discussing exists outside the constraints of
symmetry and hence will be excited by thermal fluctuations, whereas the work on zeolites was
constrained by symmetry. We also propose that the anomalous elastic softening of albite [30]
has a similar origin, although the observation of a maximum in the compressibility will require
further measurements at higher pressures. Another example is ZrW2 O8 [31], which also has
elastic softening on increasing pressure, but a maximum in compressibility will be hidden
by the phase transition at 0.5 GPa. Given that ZrW2 O8 contains a significant number of
RUMs [32, 33], the flexibility hypothesis is a natural explanation for the elastic softening. The
authors of [31] present a quantitative argument based on the existence of network flexibility
which we believe may correspond to the low-pressure regime of our model. Other network
structures such as quartz and cristobalite may not show the same effect, at least at ambient
pressure, because of the effects of the phase transitions at high temperature. In such cases,
the phase transition provides a dominant compression mechanism through the way that the
structure can change volume via the deformation that defines the phase transition.
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