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i

Abstract
This thesis details studies to develop methods for the generation of ultra-short
pulses of light to enable the study of ultra-fast phenomena. The main contents
are: an overview of methods of light sources and applications; a review of the
physics of the free-electron laser, and its resultant properties; a review of existing
and proposed methods of generating ultra-short pulses from free-electron lasers;
a study into the physics of the mode-locked amplifier FEL technique, including
its use to amplify an HHG source while retaining the pulse train structure, an
explanation of the role of electron beam modulation in the technique, specification of alternative modulation methods, and a simplified model to describe the
behaviour; and lastly a proposal for a method to generate x-ray laser pulses with
duration approaching the zeptosecond range, two orders of magnitude shorter
than the current record, including detailed modelling and analytic description.

ii

Acknowledgements
I would particularly like to thank Brian McNeil and Neil Thompson for introducing me to this field, for all your interest and enthusiasm in my research, and for
your input and feedback on the work that makes up this thesis.
Thank you to my group leader Jim Clarke, and the directors of ASTeC during my period of study, Mike Poole and Susan Smith, for supporting me and
others in pursuing these studies. Thanks to my colleagues in ASTeC/Daresbury
Laboratory/Cockcroft Institute/STFC, for all your help in many ways, and to
all my collaborators from various institutes for your involvement in these studies,
and in the many other FEL projects we’ve worked on during this time.
Thank you to all the friends I’ve made at Daresbury - pub lunches, cake club, running club, etc. have provided welcome distractions along the way! And likewise
thank you to all my friends outside work, including the Monday Night Football
crew and everyone at Brickmakers F.C.
Finally thank you so much for all your support and love: my family - my parents Cathey and Mike, my brothers And, John, and Phil, Lauren’s family, and of
course Lauren - thank you for everything.

iii

Contents
Title Page

0

Declaration

i

Abstract

ii

Acknowledgements

iii

Contents

viii

List of Figures

xi

1 Introduction

1

1.1

Ultra-fast processes . . . . . . . . . . . . . . . . . . . . . . . . . .

2

1.2

History of short pulses . . . . . . . . . . . . . . . . . . . . . . . .

3

1.3

Introduction to FELs . . . . . . . . . . . . . . . . . . . . . . . . .

4

1.4

Short-pulse potential of free-electron lasers . . . . . . . . . . . . .

6

1.5

Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6

2 Free-Electron Laser Physics

8

2.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8

2.2

History . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8

2.3

Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

10

2.3.1

Relativity - Lorentz factor . . . . . . . . . . . . . . . . . .

10

2.3.2

Radiation emission from relativistic electrons . . . . . . . .

10

2.3.3

Undulator magnetic field . . . . . . . . . . . . . . . . . . .

10

Electron trajectory . . . . . . . . . . . . . . . . . . . . . . . . . .

12

2.4.1

12

2.4

Planar undulator . . . . . . . . . . . . . . . . . . . . . . .

iv

2.5

2.6

2.7

2.4.2

Helical undulator . . . . . . . . . . . . . . . . . . . . . . .

14

2.4.3

Undulator vs Wiggler . . . . . . . . . . . . . . . . . . . . .

14

Low-gain FEL . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

15

2.5.1

Energy exchange . . . . . . . . . . . . . . . . . . . . . . .

15

2.5.2

Resonance condition . . . . . . . . . . . . . . . . . . . . .

16

2.5.3

Pendulum equations . . . . . . . . . . . . . . . . . . . . .

18

2.5.4

Energy-phase plot . . . . . . . . . . . . . . . . . . . . . . .

19

2.5.5

Gain/Loss . . . . . . . . . . . . . . . . . . . . . . . . . . .

20

Deriving the high-gain FEL equations . . . . . . . . . . . . . . . .

22

2.6.1

Exponential form of the EM wave . . . . . . . . . . . . . .

22

2.6.2

Maxwell wave equation . . . . . . . . . . . . . . . . . . . .

22

2.6.3

Slowly varying envelope approximation . . . . . . . . . . .

23

2.6.4

Universal scaling . . . . . . . . . . . . . . . . . . . . . . .

28

Solving the FEL equations . . . . . . . . . . . . . . . . . . . . . .

32

2.7.1

From 3D to 1D . . . . . . . . . . . . . . . . . . . . . . . .

32

2.7.2

From time-dependent to steady-state . . . . . . . . . . . .

32

2.7.3

Steady-state 1D FEL equations . . . . . . . . . . . . . . .

33

2.7.4

Linear Analysis . . . . . . . . . . . . . . . . . . . . . . . .

33

2.7.5

Solution of the linear equations for δ = 0 . . . . . . . . . .

37

2.7.6

Solution of the linear equations for δ 6= 0 . . . . . . . . . .

41

2.8

Qualitative description of the high-gain FEL . . . . . . . . . . . .

46

2.9

High-gain FEL properties . . . . . . . . . . . . . . . . . . . . . .

48

2.9.1

Growth rate . . . . . . . . . . . . . . . . . . . . . . . . . .

48

2.9.2

Bandwidth . . . . . . . . . . . . . . . . . . . . . . . . . . .

48

2.9.3

Saturation power . . . . . . . . . . . . . . . . . . . . . . .

49

2.10 Temporal properties - SASE . . . . . . . . . . . . . . . . . . . . .

50

2.10.1 Symmetry between radiation and electron beam . . . . . .

51

2.11 FEL modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . .

52

3 Existing Concepts for Short Pulses from FELs
3.1
3.2

54

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

54

3.1.1

Pulse duration in cycles . . . . . . . . . . . . . . . . . . .

54

FEL short pulse methods . . . . . . . . . . . . . . . . . . . . . . .

55

3.2.1

SASE . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

55

3.2.2

Slicing a Single SASE Spike . . . . . . . . . . . . . . . . .

55

v

3.3

3.2.3

Issues in generating few-cycle pulses from FEL amplifiers .

56

3.2.4

Superradiant regime . . . . . . . . . . . . . . . . . . . . .

57

3.2.5

Externally imposed microbunching . . . . . . . . . . . . .

58

3.2.6

Trade-off between power and pulse duration? . . . . . . . .

59

A route to few-cycle pulses - mode-locked amplifier . . . . . . . .

60

3.3.1

Mode-locked amplifier FEL concept . . . . . . . . . . . . .

60

3.3.2

Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . .

61

3.3.3

Mode-locked amplifier FEL pulse durations . . . . . . . . .

62

4 Amplification of HHG: Seeded Mode-Locked Amplifier FEL

63

4.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

63

4.2

Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

63

4.3

Structure of the HHG source . . . . . . . . . . . . . . . . . . . . .

65

4.4

Amplification of HHG without energy modulation . . . . . . . . .

67

4.4.1

System parameters . . . . . . . . . . . . . . . . . . . . . .

67

4.4.2

Modelling results . . . . . . . . . . . . . . . . . . . . . . .

67

4.4.3

Optimising for shortest pulses . . . . . . . . . . . . . . . .

69

4.4.4

Effect of energy spread . . . . . . . . . . . . . . . . . . . .

71

4.4.5

3D simulations . . . . . . . . . . . . . . . . . . . . . . . .

71

4.4.6

Amplification of a single-frequency seed . . . . . . . . . . .

72

4.4.7

Summary of HHG amplification without energy modulation 73

4.5

4.6

Amplification of an HHG seed with energy modulation . . . . . .

75

4.5.1

Method: pulse alignment and modulation amplitude . . . .

75

4.5.2

Results of modelling . . . . . . . . . . . . . . . . . . . . .

76

4.5.3

Optimising for shortest pulses . . . . . . . . . . . . . . . .

80

4.5.4

Amplification of a single-frequency seed . . . . . . . . . . .

81

4.5.5

Summary of HHG amplification with energy modulation .

83

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

84

5 Role of Electron Beam Modulation in the Mode-Locked Amplifier FEL

85

5.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

85

5.2

SASE mode-locked FEL . . . . . . . . . . . . . . . . . . . . . . .

85

5.2.1

Radiation phase . . . . . . . . . . . . . . . . . . . . . . . .

86

5.2.2

Pulse alignment and micro-bunching profile . . . . . . . .

89

vi

5.2.3
5.3

5.4

Temporal description . . . . . . . . . . . . . . . . . . . . .

91

Analysis of energy modulation effects . . . . . . . . . . . . . . . .

93

5.3.1

Definition of pulse positions . . . . . . . . . . . . . . . . .

93

5.3.2

Constraint of pulse broadening

. . . . . . . . . . . . . . .

94

5.3.3

Difference between maxima and minima . . . . . . . . . .

96

Alternative modulation methods . . . . . . . . . . . . . . . . . . .

98

5.4.1

Required properties of modulation . . . . . . . . . . . . . .

98

5.4.2

Mode-locked FEL with current-modulated beam . . . . . . 100

5.5

Simulation model limitations for energy modulated beams . . . . 102

5.6

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6 Simplified Description of the Mode-Locked Amplifier FEL

104

6.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.2

First-order description . . . . . . . . . . . . . . . . . . . . . . . . 104

6.3

Second-order effects . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.4

6.5

6.3.1

Simulation - gain variation . . . . . . . . . . . . . . . . . . 108

6.3.2

Simulation - pulse broadening . . . . . . . . . . . . . . . . 109

Simple model including pulse slippage . . . . . . . . . . . . . . . . 110
6.4.1

Model - gain variation rate . . . . . . . . . . . . . . . . . . 113

6.4.2

Model - pulse broadening . . . . . . . . . . . . . . . . . . . 114

6.4.3

Relation between growth rate oscillations and pulse duration115

6.4.4

Electron beam modulation . . . . . . . . . . . . . . . . . . 115

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

7 Start-to-End Modelling of the Mode-Locked Amplifier FEL

117

7.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

7.2

Accelerator Modelling . . . . . . . . . . . . . . . . . . . . . . . . 117

7.3

Mode-locked amplifier method . . . . . . . . . . . . . . . . . . . . 118

7.4

FEL modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

7.5

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

8 Long-Scale Energy Modulation in a Conventional High-Gain FEL123
8.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

8.2

Effect of energy modulation . . . . . . . . . . . . . . . . . . . . . 123
8.2.1

System parameters and modelling method . . . . . . . . . 123

vii

8.3

8.4

8.2.2

Amplification rate . . . . . . . . . . . . . . . . . . . . . . . 124

8.2.3

Temporal properties . . . . . . . . . . . . . . . . . . . . . 125

8.2.4

Proposed description . . . . . . . . . . . . . . . . . . . . . 126

Short pulse generation . . . . . . . . . . . . . . . . . . . . . . . . 127
8.3.1

Concept . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

8.3.2

Modelling results . . . . . . . . . . . . . . . . . . . . . . . 128

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

9 Mode-Locked Afterburner FEL

131

9.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

9.2

Mode-locked afterburner concept . . . . . . . . . . . . . . . . . . 131
9.2.1

9.3

Overview and layout . . . . . . . . . . . . . . . . . . . . . 132

Amplifier-stage modelling . . . . . . . . . . . . . . . . . . . . . . 133
9.3.1

Modelling method . . . . . . . . . . . . . . . . . . . . . . . 133

9.3.2

Optimisation of energy modulation for ML-AB . . . . . . . 134

9.4

Few-cycle bunching to few-cycle radiation pulses . . . . . . . . . . 134

9.5

Mode-locked afterburner modelling . . . . . . . . . . . . . . . . . 136
9.5.1

Soft x-ray case . . . . . . . . . . . . . . . . . . . . . . . . 136

9.5.2

Hard x-ray case . . . . . . . . . . . . . . . . . . . . . . . . 137

9.6

CLARA test facility example . . . . . . . . . . . . . . . . . . . . . 138

9.7

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

10 Conclusions and Future Development

141

Bibliography

151

Publication list

152

Presentations

156

Papers

158

viii

List of Figures
1.1

Examples showing the historical development of generating and
using short pulses of light. . . . . . . . . . . . . . . . . . . . . . .

1

1.2

Ultrafast processes. . . . . . . . . . . . . . . . . . . . . . . . . . .

2

1.3

History of short pulses. . . . . . . . . . . . . . . . . . . . . . . . .

3

1.4

Basic layout of a free-electron laser. . . . . . . . . . . . . . . . . .

5

2.1

Undulator resonance condition. . . . . . . . . . . . . . . . . . . .

17

2.2

Low-gain FEL electron evolution in longitudinal phase space. . . .

20

2.3

Low-gain FEL detuning. . . . . . . . . . . . . . . . . . . . . . . .

21

2.4

FEL radiation intensity evolution for the three solutions of the
cubic dispersion equation. . . . . . . . . . . . . . . . . . . . . . .

38

2.5

FEL radiation intensity evolution from three different start-up terms. 40

2.6

Roots of the dispersion function. . . . . . . . . . . . . . . . . . . .

42

2.7

Transition of the FEL from low to high gain. . . . . . . . . . . . .

44

2.8

Gain versus detuning for low, intermediate, and high gain. . . . .

45

2.9

High-gain FEL longitudinal phase space evolution. . . . . . . . . .

47

2.10 SASE radiation temporal profile and phase. . . . . . . . . . . . .

51

3.1

Comparison of SASE, single-spike SASE, and mode-locked amplifier FEL. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

57

3.2

Few-cycle pulse generation from externally imposed microbunching. 59

3.3

Schematic of mode-locked amplifier FEL. . . . . . . . . . . . . . .

60

4.1

Amplification in FEL amplifier washing out HHG structure. . . .

64

4.2

Schematic of the seeded mode-locked amplifier FEL. . . . . . . . .

65

4.3

Structure of HHG seed. . . . . . . . . . . . . . . . . . . . . . . . .

66

4.4

Amplified HHG radiation for mode-coupled FEL with Se = 4.0625. 68

4.5

Amplified HHG radiation for mode-coupled FEL with Se = 8.125.
ix

69

4.6

Peak intensity and pulse width evolution in mode-coupled FEL. .

70

4.7

3D modelling results for mode-coupled FEL. . . . . . . . . . . . .

72

4.8

Mode-coupled FEL results with a single-frequency seed. . . . . . .

73

4.9

Overview of scan procedure for seeded mode-locked FEL studies. .

75

4.10 Impact of initial alignment of the HHG seed pulses relative to the
electron beam energy modulation for two cases. . . . . . . . . . .

76

4.11 Seeded mode-locked FEL scan results. . . . . . . . . . . . . . . .

77

4.12 Pulse width and peak intensity evolution in seeded mode-locked
FEL. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

79

4.13 Amplified HHG radiation for mode-locked FEL with Se = 8.125. .

80

4.14 Simulation results for the mode-locked amplifier FEL with a filtered HHG seed. . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.1

Radiation phase and temporal profile for conventional, mode-coupled,
and mode-locked SASE FEL output. . . . . . . . . . . . . . . . .

5.2

97

Example sinusoidal energy variation and corresponding energy spread
over a π/4 slippage length. . . . . . . . . . . . . . . . . . . . . . .

5.7

95

Electron beam micro-bunching temporal profiles for different energy modulation amplitudes. . . . . . . . . . . . . . . . . . . . . .

5.6

91

Effect of increasing energy modulation amplitude on spoiling the
beam. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5.5

89

Simplified representation of conventional, mode-coupled, and modelocked SASE FEL output. . . . . . . . . . . . . . . . . . . . . . .

5.4

88

Radiation and bunching temporal profiles relative to electron energy modulation phase. . . . . . . . . . . . . . . . . . . . . . . . .

5.3

82

98

Example sinusoidal energy variation and corresponding ‘quality’
factor Q = 1/∆p over a π/4 slippage length. . . . . . . . . . . . .

99

5.8

Current profile used in mode-locked FEL model. . . . . . . . . . . 100

5.9

Radiation phase and normalised intensity for mode-locked amplifier FEL with current modulation. . . . . . . . . . . . . . . . . . . 101

5.10 Energy modulation evolution. . . . . . . . . . . . . . . . . . . . . 102
6.1

Evolution of conventional amplifier FEL and mode-locked FEL
from a temporally short source term. . . . . . . . . . . . . . . . . 105

6.2

First-order description of mode-locked FEL. . . . . . . . . . . . . 106

x

6.3

A more accurate representation of the slippage effect in the modelocked FEL. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.4

Gain variation with undulator distance in conventional mode-locked
amplifier FEL. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.5

Pulse width evolution in mode-coupled FEL. . . . . . . . . . . . . 109

6.6

Results of periodic shifting during amplification - top hat. . . . . 111

6.7

Results of periodic shifting during amplification - noise. . . . . . . 112

6.8

Alignment between the pulses in the radiation and bunching structures varies with distance through an undulator module. . . . . . 113

6.9

Gain variation with undulator distance in simplified model. . . . . 114

6.10 Pulse width evolution in mode-coupled FEL - simulation versus
simplified model. . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
6.11 Pulse broadening restriction in simplified model. . . . . . . . . . . 116
7.1

Schematic layout of the NLS recirculating accelerator. . . . . . . . 118

7.2

S2E bunch properties on entrance to the FEL. . . . . . . . . . . . 119

7.3

S2E mode-locked FEL simulation results. . . . . . . . . . . . . . . 120

7.4

Closer view of S2E mode-locked FEL simulation results.

8.1

Power and bunching growth for different energy modulation am-

. . . . . 121

plitudes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
8.2

Radiation and micro-bunching temporal profiles relative to electron beam energy modulation phase. . . . . . . . . . . . . . . . . 125

8.3

Schematic of the simple short pulse generation scheme. . . . . . . 127

8.4

Radiation power profile and spectrum for simple short pulse generation scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

8.5

Radiation phase and power profile for simple short pulse generation
scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

9.1

Schematic of mode-locked afterburner concept. . . . . . . . . . . . 132

9.2

Optimisation of amplifier stage for mode-locked afterburner. . . . 135

9.3

Soft x-ray mode-locked afterburner simulation results. . . . . . . . 136

9.4

Hard x-ray mode-locked afterburner simulation results. . . . . . . 138

9.5

CLARA mode-locked afterburner simulation results. . . . . . . . . 139

xi

Chapter 1

Introduction
The application of sources of electromagnetic radiation, commonly referred to as
light sources, has been the basis of numerous scientific breakthroughs. The wavelength of the radiation emitted by a light source dictates its spatial resolution,
while the duration of the pulse of light sets its temporal resolution. Figure 1.1
shows three examples (at progressively faster timescales and smaller sizes) of short
pulses of light being captured to reveal the dynamics of processes. The focus of
this thesis is on concepts for generating shorter pulses of light than are presently
available, thereby enabling study of processes on faster timescales.

Figure 1.1: Left to right: E. Muybridge 1878, shutter time ∼ 1 × 10−3 s to capture the
dynamics of a horse in motion; H.Edgerton 1931 flashed pulse of ∼ 1 × 10−6 s to capture
fluid drop dynamics; J. Mauritsson et al. 2008, electron wave packet dynamics at hundreds of
attosecond (1 × 10−18 s) scale [1].

The work focuses on the technology of free-electron lasers, and the main content of the study is to examine and develop various concepts for short pulse

1

1.1. Ultra-fast processes

generation through computer modelling. This chapter introduces the fields of
short pulses and free-electron lasers, and sets out the content of the thesis.

1.1

Ultra-fast processes

Pulses of light, tens to hundreds of attoseconds in duration, have enabled the
exploration and control of processes that occur at atomic time scales [2, 3]. The
timescales of different processes have been described by Krausz and Ivanov [3]
as shown in Figure 1.2: Atomic motion on molecular scales occurs at femtosecond (10−15 s) to picosecond (10−12 s) scales, electron motion in outer shells of
atoms takes place on tens to hundreds of attoseconds, and electron motion in
inner shells of atoms is expected to occur around the scale of a single attosecond
(10−18 s). At faster scales still are nuclear dynamics, which are predicted to occur
at zeptosecond (10−21 s) time scales.

Figure 1.2: Characteristic timescales of ultra-fast processes. Figure reproduced from [3].

The extremity of such timescales can be illustrated by considering that there
are approximately as many attoseconds in one second, as there have been seconds
in the history of the universe!

2

1.2. History of short pulses

1.2

History of short pulses

The record for the shortest pulse of light has seen a progression from approximately 10 ps in the 1960s to around 67 attoseconds generated recently by Chang
et al. [4] - a development of approximately five orders of magnitude in five decades.
As noted by Corkum et al. [2, 5] (see Figure 1.3), it is particularly relevant to
consider the way in which this frontier progressed. The duration of a pulse of
light is its wavelength, λr multiplied by the number of optical cycles, N , divided
by the speed of light. Initially progress was made in conventional lasers operating
at approximately a fixed wavelength (λr ≈ 600 nm), by reducing the number of

optical cycles. This continued until, in the mid 1980s, pulses of only a few cycles
could be generated (corresponding to a few fs), then could proceed little more.

Figure 1.3: History of short pulses. The record shortest pulse of light is plotted against year.
Figure reproduced from [2], with an additional point corresponding to [4] in 2012.

It took a transformative step - high harmonic generation (HHG) [2, 3, 5], for
progress to continue by (in very simple terms) reducing the wavelength of the
generated light. This technology allowed pulses in the attosecond scale to be
generated for the first time, and now reaches just under a hundred attoseconds.
Isolated pulses may be generated or, more commonly, a periodic train of pulses
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which can act as an ultra-fast strobe. This fast stroboscopic property has been
successfully applied to a range of experiments to image and control electron wave
packet behaviour in atoms [1, 6, 7, 8, 9, 10].
It seems that a further step to shorter wavelength is now required to progress to
significantly shorter pulses. Proposals are being developed outlining how future
progress in HHG might achieve this [11, 12]. Alternatively, x-ray free-electron
lasers (FELs) (reviewed in several papers [13, 14, 15, 16, 17]) presently surpass
HHG sources in terms of shortest wavelength by approximately two orders of magnitude, and it is this property which first suggests FELs as a promising candidate
for progressing to shorter radiation pulses than are available today.
Reducing pulse durations towards 1 attosecond, and beyond into the zeptosecond regime with high (GW) peak-powers may extend opportunities to directly
resolve electronic behaviour within inner shells of atoms; the imaging and possible
control of electronic-nuclear interactions such as Nuclear Excitation by Electron
Transition/Capture (NEET/NEEC) [18]; and move towards the resolution of nuclear dynamics [19]. However, this will require a sufficient flux of photons with
energies in the hard x-ray (&10 keV) which are currently not available from HHG
sources.

1.3

Introduction to FELs

Free-electron lasers [13, 14, 15, 16, 17], and particularly their operation to x-ray
wavelengths (X-FEL), are a spectacular development in the history of tools for
scientific experiments. They can be seen as both a huge advance in the line of
x-ray sources to orders of magnitude higher brightness and shorter pulses, and as
a similarly significant step in lasers to orders of magnitude shorter wavelength.
The difference from conventional lasers is most marked in terms of the gain
medium. The term ‘free-electron’ refers to the fact that the electrons are not
bound in atoms as in conventional lasers (where discrete energy level differences
dictate the wavelength of the light), but are ‘free’ particles propagating from a
particle accelerator. This feature leads to some of the key properties of FELs,
including scaleability of the technology across an exceptionally broad range of
radiation wavelengths (from THz to X-ray), as well as tunability, and high power.
The relationship of X-FELs to electron storage rings is much closer. Both rely
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on particle accelerators to raise bunches of electrons to high energy, and magnetic
fields to deflect and so extract energy from the electrons in the form of light. This
is due to the fact that accelerated charged particles emit EM radiation, with light
due to radial acceleration termed ‘synchrotron radiation’. A key component of
both FELs and storage rings is the undulator magnet, which is a periodic array
of dipole magnetic fields, causing the electrons to take an undulating path.
The key distinction between storage ring undulator sources and the FEL is
coherence. Unlike other synchrotron radiation sources, the FEL exhibits the truly
remarkable property of self-organisation of the electrons (‘micro-bunching’) such
that they emit coherently. A positive feedback mechanism leads to exponential
growth of both the radiation intensity and the electron beam micro-bunching.
Figure 1.4 shows the basic layout of a free-electron laser, and the micro-bunching
effect that leads to coherent emission. FEL theory is described in Chapter 2.

Figure 1.4: Basic layout of a free-electron laser. Bunches of electrons are generated, accelerated
and then propagated in the z-direction through an undulator. The light and darker green
blocks represent opposite polarity magnetic poles, such that the main field component is in the
y-direction, and is periodic in z. The electron trajectory is oscillatory in x. Below shows the
electrons initially randomly distributed within the bunch (therefore generating low-intensity
incoherent emission), then micro-bunching occurring to give rise to coherent, high intensity
emission.
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1.4

Short-pulse potential of free-electron lasers

The free-electron laser has two particular advantages which give it potential for
pushing the frontier of short pulse generation. The first, as described in Section 1.2, is short wavelength. Recent FEL facilities (LCLS [20] commissioned in
2009, and SACLA [21, 22] commissioned in 2011) have extended FEL operation
down to approximately 0.1 nm. Assuming that pulses of only a few optical cycles
could be attained, this would correspond to pulse durations of approximately a
single attosecond - two orders of magnitude shorter than present HHG sources,
and four orders of magnitude beyond conventional lasers.
Of course x-ray sources other than FELs have been available for many years,
however the peak powers are insufficient for many applications to deliver a significant number of photons within an attosecond timescale. It is the high peak
power of the free-electron laser (exceeding storage rings - the next highest intensity source of x-rays - by approximately 9 orders of magnitude) which gives it
potential to push the frontier of ultra-short pulse generation. A hard x-ray FEL
typically generating approximately 20 GW peak power, corresonds to 1025 photons/second. For a pulse duration of a single attosecond this would correspond
to 107 photons per pulse.
The challenge for reaching the very shortest pulses from FELs will be to minimise the number of cycles per pulse (due to reasons described in Chapter 3), and
addressing this challenge is the main topic of this thesis.

1.5

Thesis Outline

This thesis details studies to assess methods for the generation of ultra-short
pulses of light from x-ray free-electron lasers, and to develop new concepts. The
main contents are:
• An introduction to the types of light source available for ultra-fast science.
• A review of the physics of the free-electron laser, and its resultant properties.
• A review of existing and proposed methods of generating ultra-short pulses
from free-electron lasers.

• A study into the physics of the mode-locked amplifier FEL technique, including:
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– Its use to amplify an HHG source while retaining the pulse train structure
– An explanation of the role of electron beam modulation in the technique,
and specification of alternative modulation methods.
– A simplified model to describe the behaviour.
• Development of a new method to generate x-ray free-electron laser pulses
with duration approaching the zeptosecond range, two orders of magnitude

shorter than currently available from any source, including detailed modelling.
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Chapter 2

Free-Electron Laser Physics
2.1

Introduction

This chapter outlines a description of the free-electron laser based on a review
of previous works. The major developments leading to modern x-ray FELs are
outlined, and the main points of FEL theory are described. Much of the approach
is based on the review of [23] as well as a number of useful texts [14, 15, 16, 24,
25, 26].

2.2

History

This section gives a brief historical overview of the developments leading to the
high-gain FEL, which is the basis of modern short-wavelength FELs. A more
detailed history is given in [15].
The radiation from ‘fast’ electron beams passing through a series of alternating
polarity magnetic fields was theorised by Motz [27] and Ginzburg [28], and Motz
demonstrated the first undulator in 1953 [29]. Phillips developed a device named
the ubitron [30] (‘undulating beam interaction’) - an undulator microwave device,
which had low electron beam energy compared to modern day FELs but otherwise
demonstrated the key properties of density modulation (bunching) and radiation
energy extracted from axial velocity (i.e. kinetic energy) of the electron beam.
The origin of the term ‘free-electron laser’ came from Madey - who unaware of
the work of Phillips - introduced the free-electron laser concept in 1971 [31]. He
used a quantum mechanical description and recognised the potential scaleability
of the technique to short wavelengths. Madey and colleagues proceeded to demon8
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strate an ‘amplifier FEL’ configuration [32] in which externally generated laser
light is amplified through co-propagating with an electron beam in an undulator
magnet, with single-pass gain (the radiation intensity increase in a single undulator pass) up to 7 % recorded. A second set of experiments by the same group
demonstrated an ‘oscillator FEL’ configuration [33], in which an optical cavity
was introduced such that radiation is amplified by successive electron bunches.
These experiments prompted much theoretical work on the nature of the device, and classical alternatives to the quantum theory were proposed e.g. Colson [34] and Hopf [35]. Work by a number of groups resulted in the conclusion
that the FEL is classical to a very good approximation, with the quantum contribution (due to electron recoil in photon emission) being negligibly small down
to short wavelengths (nowadays recognised as gamma ray wavelengths. Colson’s
approach is widely known today as it shows that in the ‘low-gain’ regime of FEL
operation (typically a few percent gain per undulator pass), the FEL equations
take the same form as those of a simple pendulum. This approach is described
in Section 2.5.3.
Modern short-wavelength FELs work in the ‘high-gain’ regime, which was
described theoretically in the 1970s and 80s. The pendulum model is not fully
self-consistent as it assumes fixed radiation intensity during one undulator pass,
so a fully self-consistent model including radiation evolution was required. The
high-gain theory was a product of a number of groups [36, 37, 38, 39, 40, 41,
42, 43], and showed the possibility for exponential increase in radiation intensity
during one undulator pass. Identifying the high-gain regime was hugely significant
since it removed the need for optical cavities (and therefore reliance on mirror
technology), and opened up the possibility of FEL operation towards x-rays.
The first high-gain FEL was demonstrated in 1985 at microwave wavelengths [44],
much of the statistical properties of the output were verified against theory in an
infrared experiment at UCLA [45], and a series of facilities including FLASH [46],
LCLS [20], and SACLA [21, 22] have pushed the technology to successively shorter
wavelengths.
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2.3
2.3.1

Fundamentals
Relativity - Lorentz factor

FELs utilise relativistic electrons, i.e. electrons moving at a velocity, v, which is
a significant fraction of the speed of light. The speed of an electron normalised to
the speed of light is β = v/c. A relativistic electron has total energy E = γmc2 ,
where γ is the Lorentz factor:
γ=

E
E[GeV]
1
p
=
=
mc2
0.511 × 10−3
1 − β2

(2.1)

where m is the rest mass of the electron and c is the speed of light. Rearranging
for β, and simplifying for the case of γ  1:
r
1
1
β = 1− 2 ≈1− 2
γ
2γ
2.3.2

(2.2)

Radiation emission from relativistic electrons

Synchrotron radiation originates from radial acceleration of charged particles.
The key feature for relativistic particle beams is that the particles follow very
closely behind the emitted radiation such that the radiation is highly concentrated
in the direction of travel. Electrons in an undulator take a sinusoidal path, so
in a frame co-moving with the electron longitudinal motion the emission is the
typical emission from charged particles as familiar in radio waves etc. In the
laboratory frame, the emission is concentrated in the forward direction of travel
into an opening angle of ∼ 1/γ.
2.3.3

Undulator magnetic field

Undulators are usually either ‘planar’ or ‘helical’, meaning the electrons take
either a sinusoidal or helical path respectively. Electron net propagation is along
the undulator axis which is defined as the z direction.
Planar undulator

In a planar undulator, the magnetic field is perpendicular to the electron direction
in either the horizontal, x, or vertical, y, direction, and varies sinusoidally in z
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with period λu . In this section the magnetic field is chosen to be in the vertical,
y, direction. The undulator magnetic field, B, is thus described as:
By (z) = B0 sin(ku z)

(2.3)

where B0 is the peak magnetic field, and ku = 2π/λu is the angular wavenumber
of the undulator field.
It is convenient to describe an undulator parameter, K, as follows:
K=

eB0
= 93.36B0 [T ]λu [m]
mcku

(2.4)

It is also convenient, as will be seen in the following sections, to define an rms
undulator parameter, au :

eBrms
m0 cku

au =

(2.5)

where Brms , the root mean square magnitude (rms) of the undulator magnetic
field is used, rather than the peak field.
Helical undulator

Another common type of undulator is a helical or elliptical undulator, in which
the magnetic field has components in both the vertical and horizontal directions:
Bx (z) = Bx0 sin(ku z − φ)

(2.6)

By (z) = By0 sin(ku z)

(2.7)

Depending on the magnitude and phasing of the two components, different degrees of ellipticity from planar to circular are possible, though it is most common
to consider the case where Bx0 = By0 and φ = π/2, for which it will be seen that
the electrons take a circular path when viewed along the axis of propagation.
The undulator K-parameter for a helical undulator can be defined in the two
components:
Kx =

eBy0
eBx0
; Ky =
m0 cku
m0 cku

(2.8)

When the magnitude of the field in the two planes is equal, a single undulator
parameter is defined: K = Kx = Ky . Since K is defined in terms of the peak
magnetic field, and the deflection in a helical undulator is in two planes rather
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than one (as in a planar undulator), the electron delay (relative to propagation
√
in free space) for a helical undulator of parameter K is a factor of 2 higher than
the equivalent K value for a planar undulator.
It is therefore often convenient to use the rms undulator parameter, au , given
√
in equation 2.5, which is defined in terms of the rms magnetic field, and is 2
lower for a planar undulator than for a helical undulator with equal peak field. A
helical undulator and a planar undulator with the same au value will introduce
the same electron delay. The significance of the delay will be seen in Section 2.5.2.

2.4
2.4.1

Electron trajectory
Planar undulator

The electron path in a planar undulator is now derived. The Lorentz force equation describes the force, F, on a moving charged particle in electric and magnetic
fields:
F = q(E + v × B)

(2.9)

where q is the electric charge of the particle (equal to the electron charge, e,
in FELs), E is the electric field, v is the velocity of the particle, and B is the
magnetic field given by equation 2.3.
The force on the electron can be related to an equation of motion as follows.
The force is equal to the rate of change of momentum:
F=

dp
dt

(2.10)

where the relativistic momentum is:
p = mv = γm0 v

(2.11)

This is substituted into equation 2.10, and a change of variables from time to distance is made using 1/dt = vz /dz, transforming the left hand side of equation 2.9
as follows:

dp
dp
d(γm0 v)
= vz
= vz
(2.12)
dt
dz
dz
The right side of equation 2.9 is simplified by neglecting the electric field

term (no radiation field), and multiplying out the cross product. Since a planar
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undulator is considered, only the By term is present, so v × B = −vz By x̂ + vx By ẑ.
Since the longitudinal velocity far exceeds the transverse velocity, vz  vx , the

z-component can be neglected. Substituting in the undulator field description
from equation 2.3, the Lorentz force equation becomes:
d(γm0 v)
= −eB0 sin(ku z)x̂
dz

(2.13)

Taking only the x-component, and rearranging gives:
dvx
eB0
=−
sin(ku z)
dz
γm0

(2.14)

Integrating with respect to z gives the transverse component of the velocity, which
is a sinusoidal oscillation in the horizontal plane:
vx = −

eB0
cos(ku z)
γm0 ku

(2.15)

The maximum transverse velocity is therefore:
vxmax =

eB0
γm0 ku

(2.16)

and using the small-angle approximation vx /v = sin θ ≈ θ it is seen that vx /v

is equal to the deflection angle, θ, of the electron path away from the undulator

axis, with the maximum deflection angle:
θmax =

K
eB0
=
γm0 cku
γ

(2.17)

The meaning of the undulator K parameter which was previously introduced in
equation 2.4 is now revealed to be a measure of the deflection angle scaled by the
electron beam energy:
Using the K parameter in the transverse velocity equation gives:
vx = −

cK
cos(ku z)
γ

(2.18)

Average longitudinal velocity

Since the transverse component of the velocity oscillates in a planar undulator
through the cos(ku z) term, it is reasonably straightforward to appreciate that
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the longitudinal velocity must oscillate at twice this frequency. This can be
demonstrated as follows:

vz 2

vz 2 = v 2 − vx 2


c2 K 2
1
2
= c 1 − 2 − 2 cos2 (ku z)
γ
γ

(2.19)
(2.20)

Using a trigonometric identity for the cosine term, the oscillatory term is seen to
emerge at twice the transverse oscillation frequency:



1
K 2 cos(2ku z) + 1
2
2
vz = c 1 − 2 − 2
γ
γ
2

(2.21)

Averaging over the oscillatory term can be carried out to define an average longitudinal velocity:
s
v̄z = c

1−

1
K2
−
γ 2 2γ 2



1 + K 2 /2
v̄z ' c 1 −
2γ 2

(2.22)
(2.23)

where the approximation (1 − x)n ' 1 − nx is used, and is valid since γ  1
2.4.2

Helical undulator

For a helical undulator configured to generated circularly polarised light, the
electron beam simply takes a sinusoidal path in both transverse planes, with
a phase difference of π/2 between the two components. The analysis of the
trajectory is similar to that of the planar undulator above, but is simplified by
the fact that the electrons maintain a constant deflection angle. The longitudinal
velocity is constant, so there is no factor of 1/2 introduced in its derivation:


1 + K2
v̄z ' c 1 −
(2.24)
2γ 2
2.4.3

Undulator vs Wiggler

As described in Section 2.3.2, synchrotron radiation emission is into a narrow
cone of angle 1/γ, so for K < 1 the electrons will overlap with the emitted
radiation cone leading to interference effects; this case is termed an undulator.
For K > 1 the electron deflection is greater than the emitted radiation cone
14
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such that there will be little overlap and the output will be more like a series
of independent source points; this case is termed a wiggler. The distinction is
in reality a gradual transition [47], and has little significance in terms of FEL
physics.

2.5

Low-gain FEL

The previous section described the electron trajectory through an undulator in
the absence of a radiation field. Now the interaction between the electrons and a
co-propagating radiation field is considered.
2.5.1

Energy exchange

As outlined in Section 2.3.2, a radiation field will be generated by the transverse
electron oscillation. Or alternatively, a field may be injected from an external
source to co-propagate with the electrons. In either case the electromagnetic
field is described by a travelling sinusoidal wave:
E = x̂E0 cos(kz − ωt + φ)

(2.25)

where ω = ck = (2πc)/λ, and λ is the radiation wavelength.
Again the Lorentz force equation (2.9) is used, and the scalar product of both
sides with v is taken to give the rate of energy transfer between the radiation field
and the electrons. The magnetic field term is zero since the velocity is orthogonal
to the force imposed by the field. Substituting in for E from equation 2.25 and
v from 2.18 gives:
m0 c2

cK
dγ
= F · v = −eE · v = −eE0 cos(kz − ωt + φ)
cos(ku z)
dt
γ

(2.26)

The product F · v can be either positive or negative, allowing energy exchange

between electrons and radiation in either direction, i.e. electrons can lose energy
to the field and decelerate, or gain energy from the field and be accelerated. For
an electron bunch both processes can occur simultaneously with some electrons
gaining and some losing energy. FEL operation requires achieving a net transfer
of energy to the radiation field (though as an aside, another application, the
‘inverse FEL’ is a method of electron acceleration [48, 49]).
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2.5.2

Resonance condition

For a significant energy exchange there must be a sustained interaction: F · v

must remain positive or negative. This is not the case in general but can be
shown to hold for certain ‘resonant’ conditions. Multiplying out the cosine terms
in the energy exchange equation:

m0 c2

ecKE0
dγ
=−
cos(kz − ωt + φ) cos(ku z)
dt
γ
ecKE0
=−
[cos((k + ku )z − ωt + φ) + cos((k − ku )z − ωt + φ)]
2γ
(2.27)

where the identity: cos θ cos ϕ = (cos(θ + ϕ) + cos(θ − ϕ))/2 is used.

The second cosine term in equation 2.27 corresponds to a phase velocity vph =

ω/(k − ku ) > ω/k = c, so is neglected here. The first cosine term corresponds to

the ‘ponderomotive wave’ which has phase velocity < c, such that it is possible
for it to match the electron velocity and allow sustained energy exchange. The
phase θ = ((k + ku )z − ωt + φ − π/2), is termed the ponderomotive phase. Taking
the rate of change of the ponderomotive phase:

dθ
= (k + ku )vz − ck
dt
and using equation 2.23 for the average longitudinal velocity:


dθ
1 + K 2 /2
= (k + ku ) (1 −
− ck
dt
2γ 2


ku 1 + K 2 /2
−
= ck
k
2γ 2

(2.28)

(2.29)

A continuous energy exchange can occur with a stationary phase, dθ/dt = 0, i.e.:
ku
1 + K 2 /2
=
k
2γ 2

(2.30)

Using ku /k = λ/λu , equation 2.30 can be rearranged to give an equation for the
resonant radiation wavelength for given electron energy and undulator parame-

16

2.5. Low-gain FEL

ters:
λr =

λu
(1 + K 2 /2)
2γ 2

(2.31)

For a helical undulator there is no factor on 1/2 associated with the K 2 term.
The reason for using the rms undulator parameter given in equation 2.5 is now
clear - it allows a resonance condition to be written that holds for both planar
and helical undulators:
λr =

λu
(1 + au 2 )
2γ 2

(2.32)

Figure 2.1 indicates the undulator resonance condition. The resonance condition

Figure 2.1: Figure to show the undulator resonance condition. Panels from top to bottom show
propagation in time: as the electron (blue dot) propagates along its trajectory the transverse
velocity (blue dashed line) is maintained in the same direction as the radiation electric field
(red waveform)

corresponds to the case where the electrons slip back relative to the the radiation
at a rate of one radiation wavelength per undulator period. As an alternative
derivation it is fairly straightforward to show the following expression is equivalent
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to equation 2.32:
λr
λu
=
vz
(c − vz )

(2.33)

The resonance condition can also be derived considering 1/γ length contraction
of the undulator period in the electron frame, and a Doppler shift of the emitted
radiation of 1/2γ back to the lab frame. Higher harmonics of the fundamental
resonant wavelength will also be resonant.
2.5.3

Pendulum equations

The resonance condition allows a sustained energy exchange between electrons
and the radiation field. The next step is to consider the effect this energy exchange
has on the electrons. In this section a constant radiation field is assumed, which
is a reasonable approximation for a low-gain FEL.
The electron energy, γ, is now defined as a variable with propagation through
the undulator. A fixed term, γr , is introduced to represent the resonant energy.
To simplify the phase equation, an electron energy variable, η, is introduced
representing the normalised energy deviation from the resonant energy:
η=

γ − γr
γr

(2.34)

Substituting in γ = γr (η + 1) to the phase equation (2.29), using equation 2.30:


ku
1 + K 2 /2
dθ
= ck
−
dt
k
2γr 2 (η + 1)2


1
= cku 1 −
(η + 1)2
= 2ku cη

(2.35)

where the approximation 1/(1 − x)2 ≈ 1 + 2x is used, and is valid for small energy
deviation.

Having introduce the normalised energy deviation, η, the energy exchange
equation 2.27 is put in terms of this variable:
dη
1 dγ
=
dt
γr dt

18

(2.36)

2.5. Low-gain FEL

dη
1 ecKE0
=−
sin(θ)
dt
m0 c2 2γγr

(2.37)

(note that a phase offset of π/2 was introduced in the definition of θ to aid the
analogy to the pendulum equations).
Collecting together the constants in one variable, :
=

eE0 K[JJ]
2γr2 m0 c2

(2.38)

where the [JJ] term is a difference of Bessel functions term to account for the
oscillating part of the longitudinal motion:




K2
K2
− J1
K → K[JJ], [JJ] = J0
4 + 2K 2
4 + 2K 2

(2.39)

Making a change of variable from time, t, to distance through the undulator, z,
leaves two simple equations to describe the electron energy and phase:
dθ
= 2ku η
dz
dη
= − sin θ
dz

(2.40)
(2.41)

These equations are of identical form to those for describing a simple pendulum.
2.5.4

Energy-phase plot

The electron dynamics can be understood by considering a plot of the energyphase plane (often referred to as a longitudinal phase space plot).
The electron phase is plotted on the horizontal axis and the electron energy deviation on the vertical, as shown in Figure 2.2. A phase extent of 2π, corresponds
very closely to one radiation wavelength, so Figure 2.2 containing 3 ponderomotive buckets is a very short longitudinal slice of what is usually a much longer
electron bunch. In this example the electrons are distributed evenly in phase,
and with zero initial energy displacement.
Considering the central bucket, the system has a stable fixed point at (0,0)
(corresponding to a pendulum hanging freely with no initial velocity), and an
unstable fixed point at (0,π) corresponding to a pendulum starting at vertical.
The dashed lines shows trajectories in the phase space, with the trajectory passing
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Figure 2.2: Low gain FEL electron evolution in longitudinal phase space. The dashed lines
show electron trajectories in the phase space, and the black line shows the separatrix. The blue
points represent the initial state of the electrons - evenly distributed in phase and with zero
energy displacement. The purple points represent the electrons at an intermediate distance
through the undulator when energy moduation has developed, and the red points represent a
later point in the undulator when energy modulation has developed into density modulation
(micro-bunching).

through the unstable fixed point termed the separatrix. The separatrix is defined
by:
η=±

p
(1 + cosθ)/ku

(2.42)

Electrons starting in the separatrix remain bounded within, and follow the defined
trajectories such that energy modulation and then longitudinal density modulation (micro-bunching) occurs.
2.5.5

Gain/Loss

Further aspects of low-gain FELs are not considered in detail here, but can be
found in a number of texts, e.g. [23]. Just one important point is made, and that
is that micro-bunching alone (i.e. about θ = 0) is insufficient for large energy
transfer. Note that in the example shown with zero initial energy displacement
(Figure 2.2), there is no net transfer of energy between the electrons and the
radiation field: the system is symmetric with as many electrons gaining energy as
those losing energy. An offset between the average rate of change of phase of the
electrons and the ponderomotive wave is required for net energy transfer. For a
low-gain amplifier FEL this means offsetting the electron beam energy from reso-
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nance with the ‘seed’ radiation field (to positive values such that a greater number
of electrons fall into the 0-π region losing energy). In an oscillator starting from
noise, it is more intuitive to consider that gain occurs for radiation wavelengths
offset from resonance. These two interpretations are shown in Figure 2.3.
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Figure 2.3: Low-gain FEL detuning. The plots show the longitudinal phase space of a low-gain
FEL for various starting conditions. The blue points represent the initial state of the electrons
- evenly distributed in phase and with zero energy displacement, and the red points represent
a later point in the undulator. Plot (a) shows the electrons detuned to low energy relative
to resonance with an external radiation field: the electrons have a net energy gain. Plot (b)
shows zero detuning with zero net energy transfer, and plot (c) shows positive detuning with
net energy loss - i.e. gain in the radiation field. Plots (d)-(f) represent a low gain FEL starting
up from noise: it is more intuitive in this case to see the initial electron beam energy as fixed,
and see that radiation gain occurs at wavelengths detuned from resonance - e.g. plot (f), while
other wavelengths experience loss - e.g. plot (d), or no net change - plot (e).
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2.6

Deriving the high-gain FEL equations

Though suitable for low-gain FELs, the pendulum model of the previous section is not fully self-consistent in that it assumes the radiation is kept constant
during one undulator pass. A fully self-consistent model is required to describe
the high-gain regime. In this section, the high-gain FEL equations are derived,
starting with the introduction of the Maxwell wave equation, then a number of
approximations are made to reduce the equations to a form that is simpler to
solve and interpret.
2.6.1

Exponential form of the EM wave

The co-propagating electromagnetic field as described in equation 2.25 is a travelling sinusoidal wave. Using the exponential form of the cosine term:
eix + e−ix
;
cos(x) =
2

(2.43)

and decomposing the field term into two parts: a fast oscillatory term, ei(kz−ωt)
(with wavenumber k = ωr /c), and a slowly varying complex envelope, Ẽ(z, t) =
E iφ
e
2

which defines the amplitude and phase, the field can now be written as:
Ex = Ẽei(kz−ωt) + Ẽ ∗ e−i(kz−ωt)

2.6.2

(2.44)

Maxwell wave equation

To include the effect of the electron beam on the radiation field, the Maxwell
wave equation for the transverse electric field in the presence of a current source
term is used:





∂2
1 ∂2
1 ∂Jx
2
2 ∂ρe
−
− ∇⊥ Ex =
+c
∂z 2 c2 ∂t2
0 c2 ∂t
∂x

(2.45)

where ∇2⊥ is the transverse Laplacian, 0 is the permittivity of free space, Jx is

the transverse current density term, and ρe is the charge density. The transverse
current density term is defined as:
Ne
X
1
Jx = −ecK cos(ku z)
δ(x − xj (t))δ(z − zj (t))
γ
j
j=1
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The charge density term in equation 2.45 can normally be dropped, on the basis
that the effect is small relative to the transverse current effect [23].
2.6.3

Slowly varying envelope approximation

The slowly varying envelope approximation (SVEA) is a common approximation
in FEL physics. By requiring the complex radiation envelope to vary slowly with
respect to the radiation wavelength in both time and space, it allows the second
order differential equations of the Maxwell wave equation to be reduced to first
order.
Starting from the 3D Maxwell equation 2.45, the t and z operators are decomposed as follows:


1∂
c ∂t

2


−

∂
∂z

2
= D+ D−

where:

1∂
∂
+ ;
c ∂t ∂z
The wave equation is therefore:
D+ =



D+ D− −

∇2⊥



D− =

1∂
∂
−
c ∂t ∂z



1 ∂Jx
Ex =
0 c2 ∂t

(2.47)

(2.48)

(2.49)

Substituting in Ex = Ẽei(kz−ωt) + Ẽ ∗ e−i(kz−ωt) , and multiplying out the LHS gives:


= D+ D− − ∇2⊥ Ex



= D+ D− − ∇2⊥ Ẽei(kz−ωt) + Ẽ ∗ e−i(kz−ωt)
= D+ D− Ẽei(kz−ωt) − ∇2⊥ Ẽei(kz−ωt) + D+ D− Ẽ ∗ e−i(kz−ωt) − ∇2⊥ Ẽ ∗ e−i(kz−ωt)
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The fundamental step of the SVEA is to show:
D− [Ẽei(kz−ωt) ] = Ẽ D− [ei(kz−ωt) ] +ei(kz−ωt) D− [Ẽ]
|
{z
}
1 ∂ i(kz−ωt)
∂
e
− ei(kz−ωt)
|c ∂t
{z ∂z
}
−iω i(kz−ωt)
e
− ikei(kz−ωt)
|c
{z
}

ω
= k)
c
= −2ik Ẽei(kz−ωt) + ei(kz−ωt) D− [Ẽ]
− 2ikei(kz−ωt)

(using

≈ −2ik Ẽei(kz−ωt)

(2.50)

where in the final step the second term is neglected on the basis that the change
of the field envelope is small over one wavelength:



|D− Ẽ|  k|Ẽ|

1∂
∂
2π
−
Ẽ 
|Ẽ|
c ∂t ∂z
λ

(2.51)

This is the essence of the SVEA: it allows a second order expression to be reduced
to first order. Further analysis of the expression shows that another term drops
out in expanding the D+ part:
D+ [Ẽei(kz−ωt) ] = Ẽ D+ [ei(kz−ωt) ] +ei(kz−ωt) D+ [Ẽ]
|
{z
}
∂ i(kz−ωt)
1 ∂ i(kz−ωt)
e
+ e
c
∂t
|
{z ∂z
}
−iω i(kz−ωt)
e
+ ikei(kz−ωt)
c
|
{z
}
ω
0
(using = k)
c
i(kz−ωt)
=e
D+ [Ẽ]

(2.52)

such that the Maxwell equation simplifies to:


1 ∂Jx
ei(kz−ωt) −2ikD+ − ∇2⊥ Ẽ + e−i(kz−ωt) 2ikD+ − ∇2⊥ Ẽ ∗ =
0 c2 ∂t
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Both sides are integrated using:
1
∆t

Z

t+∆t

dte−i(kz−ωt)

t

(2.54)
fixed z

The second term on the left hand side of 2.53 is a fast oscillating term which
drops out [23], then using integration by parts:
Z
Z
0
u(x)v (x) = u(x)v(x) − u0 (x)v(x)dx
the RHS of equation 2.53 becomes:
!
1
0 c2

∆t

−i(kz−ωt)

e

Jx −

Z

t+∆t
−i(kz−ωt)

iωe


Jx dt

(2.55)

(2.56)

t

The first term in the square bracket drops out [23] leaving the RHS of equation 2.53 as:
−

iω 01c2
∆t

Z

t+∆t

e−i(kz−ωt) Jx dt

(2.57)

t

Substituting in for Jx :
iω 1
−
0 c2 ∆t

Z

t+∆t

e

−i(kz−ωt)

t

Ne
X
1
ecK cos(ku z)
δ(x − xj (t))δ(z − zj (t))dt (2.58)
γ
j=1 j

changing the variable of the delta function in z to t, and evaluating the integral
to pick out a slice of the electron beam within c∆t of the plane at z, equation 2.53
becomes:
(2ikD+ + ∇2⊥ )Ẽ =

iω 1 cK X −i(kz−ωtj )
e
cos(ku z)δ(x − xj )
0 c2 ∆t γ

(2.59)

j∈[z,∆t]

The exponential (e−i(kz−ωtj ) ) and cosine (cos(ku z)) terms can be combined in
terms of θj (z) = (k + ku )z − ck t̄j (z) - the ponderomotive phase of the j th electron,
and the average electron volume density, ne , is introduced:
ne (z − v̄z t, x) =

X
1
δ(x − xj )
v̄z ∆t
j∈[z,∆t]
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which results in a simple form of the Maxwell equation in the SVEA:


∂
1∂
∇2⊥
+
+
Ẽ = χ2 he−iθj i∆
∂z c ∂t 2ik
where:
χ2 =

eK[JJ]
ne (z − v̄z t, x)
40 γ

(2.61)

(2.62)

again using K → K[JJ], as per equation 2.39. The exponential term in equa-

tion 2.61 is the bunching parameter, b, a measure of the degree of micro-bunching
in a slice, with magnitude varying between 0 (uniformly distributed) and 1 (fully
bunched - all particles in a slice have the same phase):
he−iθj i∆ = b

(2.63)

Change of variables

The variables z and t are not ideal for describing an electron bunch propagating
in a FEL, since they are coupled. To describe an electron at the head of the bunch
relative to the centre can either be described as it being further progressed in z or
that having reached a fixed point in z at an earlier time. It is therefore convenient
to decouple these variables and work with one co-ordinate which describes the
distance through the undulator, and another that is co-moving with the electron
bunch and can therefore be used to describe distance and variations along the
bunch. The electron energy equation is also written in terms of Ẽ to reach a
‘final’ form of the FEL equations (before introducing universal scaling in the
next section).
The change of variables is made from (z, t) to (z, θ), where θ = (k +ku )(z − v̄z t)

(which is the same as the ponderomotive phase defined previously.
∂
∂z ∂
∂θ ∂
=
+
∂z
∂z ∂z ∂z ∂θ
∂
∂
=
+ (k + ku )
∂z
∂θ
∂
∂θ ∂
=
∂t
∂t ∂θ
∂
= −(k + ku )v̄z
∂θ
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Collecting terms:
∂
1∂
∂
∂
v̄z ∂
+
=
+ (k + ku ) − (k + ku )
∂z c ∂t
∂z
∂θ
c ∂θ


∂
v̄z ∂
=
+ (k + ku ) 1 −
∂z
c ∂θ
∂
∂
+ ku
=
∂z
∂θ
using vz = ck/(k + ku ) to give (k + ku )(1 −

v̄z
)
c

(2.65)

= ku in the final step.

The Maxwell wave equation in SVEA becomes:


∂
∂
∇2⊥
+ ku
+
Ẽ = χ2 he−iθj i∆
∂z
∂θ 2ik

(2.66)

and the pendulum equations (2.40, 2.41) are re-stated with the energy equation
given in exponential form and in terms of Ẽ:
dθ
= 2ku η
dz


dη
= −χ1 Ẽeiθ + Ẽ ∗ e−iθ
dz

(2.67)
(2.68)

where the parameter χ1 is defined as:
χ1 =

eK[JJ]
2γ02 mc2

(2.69)

Equations 2.66, 2.67, and 2.68 are the final ‘non-scaled’ form of the FEL equations
before undertaking the universal scaling in the following section. The pendulum
equations introduced in Section 2.5.3 (which didn’t allow for field variation), are
now coupled with the wave equation which describes how the field varies due to
the electrons: the set of equations is now self-consistent.
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2.6.4

Universal scaling

This section introduces a commonly used scaling of the FEL parameters, known
as the universal scaling, developed by Bonifacio et al. [43]. This is a hugely
useful approach that relates many of the properties of a high-gain FEL to a
single parameter, ρ (called the FEL, Pierce, or simply ρ-parameter), which is a
function of electron beam density and energy, undulator parameter and period,
and fundamental constants. Fundamentally this introduces a scaling relative to
the rate of amplification in the FEL. Doing this allows quick estimates of FEL
performance over a wide range of operating parameters.
Scaled distance through the undulator

The distance through the undulator, z, is scaled as follows:
z̄ =

4πρ
z
λu

(2.70)

where ρ, the fundamental FEL parameter is defined as:
1
ρ=
γr



āu ωp
4cku
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(2.71)

where the plasma frequency, ωp is defined as:
s
ωp =

e 2 np
0 m

(2.72)

and np is the peak electron number density of the electron bunch.
Scaled co-moving co-ordinate

In Section 2.6.3 the co-ordinate system was changed from (z, t) to (z, θ), where θ
is the ponderomotive phase. It is also useful to define a co-moving distance, z1 .
First a non-scaled version is defined as follows:
z1 = z − v̄z t
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(2.73)
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This z1 parameter is then scaled relative to the wavelength of the ponderomotive
field, λ = β̄z λr , which is very close to λr for typical FEL parameters:
z̄1 =

4πρ
4πρ
z1
z1 ≈
λr
β̄z λr

(2.74)

Hence the scaled distance along the bunch z̄1 takes a similar form to the scaled
distance along the undulator z̄. It is also useful to express a relation between z̄1
and the ponderomotive phase):
θ=

z̄1
2ρ

(2.75)

Scaled phase equation

The change of variables z → z̄ is now made in the equation for the rate of change

of phase (2.67):

dθ
dz̄ dθ
dθ
=
= 2ku ρ = 2ηku
dz
dz dz̄
dz̄
to give the scaled form of the rate of change of phase equation:
dθ
=p
dz̄

(2.76)

where p is the normalised electron energy deviation from the resonant energy
scaled by the FEL parameter:
p=

η
ρ

(2.77)

Scaled energy exchange equation

The change of variables z → z̄ = 2ku ρz and η → p = η/ρ are made in the energy
exchange equation (2.68) as follows:

dη
dp dη dz̄
=
dz
dz̄ dp dz
which, using

dη
dz̄
= ρ and
= 2ku ρ, gives:
dp
dz
dη
dp
= 2ku ρ2
dz
dz̄
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and so yields the scaled form of the energy exchange equation:

dp
χ1  iθ
∗ −iθ
Ẽe
+
Ẽ
e
= −
dz̄
2ku ρ2
= −Aeiθ − A∗ e−iθ

(2.79)

where the complex scaled field amplitude is defined as:
A=

χ1
Ẽ
2ku ρ2

(2.80)

Scaled wave equation

The final equation to be converted to the scaled units is the wave equation (2.66).
The variable change is from z → z̄ = 2ku ρz and θ → z̄1 = 2ρθ. The partial
derivatives convert as follows:

∂ z̄ ∂
∂
∂
=
= 2ku ρ
∂z
∂z ∂ z̄
∂ z̄
∂
∂ z̄1 ∂
∂
=
= 2ρ
∂θ
∂θ ∂ z̄1
∂ z̄1
The wave equation becomes:


∂
∇2⊥
∂
+
Ẽ = χ2 he−iθj i∆
2ku ρ + 2ku ρ
∂ z̄
∂ z̄1 2ik

(2.81)

Substituting in for Ẽ = (2ku ρ2 /χ1 )A and rearranging gives the scaled form of the
wave equation:


∂
∂
∇2⊥
+
+
∂ z̄ ∂ z̄1 4ikku ρ



χ1 χ2 −iθj
he i∆
4ku2 ρ3
= he−iθj i∆

A =

(2.82)

Where the collection of constants on the RHS is set to 1 through the choice of
definition of the ρ-parameter.
Definition of the ρ-parameter

The dimensionless ρ-parameter is therefore:


χ1 χ2
ρ=
(2ku )2
30

 13
(2.83)
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As well as the two forms of the ρ parameter given in equation 2.71, and equation 2.83 other forms are often used, and can be shown to be equivalent:
1
e2 K 2 [JJ]2 ne 3
ρ=
320 γ 3 mc2 ku2
"
2 2 # 13

1 I
K[JJ]
γλ
P
=
8π IA 1 + K 2 /2
A
"  
2  3 # 13
I
λu K[JJ]
1
=
IA
2πσx
2γ


where IA = ec/re = 17.045kA is the Alfven current, and

P

(2.84)
(2.85)

(2.86)

A

= 2πσx2 is the cross

sectional area of the beam. The ρ-parameter is typically in the range 10−4 − 10−3
for short wavelength high-gain FELs.

Summary of the scaled FEL equations

The scaled FEL equations (2.76, 2.79, 2.82) derived over the course of the previous
sections are now collected together for convenience. Note that j-subscripts are
included to denote individual electrons in the electron equations.



∂
∂
∇2⊥
+
+
∂ z̄ ∂ z̄1 4ikku ρ

dθj
dz̄
dpj
dz̄

= pj

(2.87)

= −Aeiθj − A∗ e−iθj

(2.88)

A = he−iθj i∆
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2.7

Solving the FEL equations

The FEL equations derived in the previous section have been reduced from
second-order to first-order, but still involve non-linear terms.There are 2Ne + 1
coupled equations, where Ne , the number of electrons for a real bunch is very
large! Ne ≈ 109 ). Solving such a large set of non-linear equations is not open to

analytic solution, so must be solved numerically using simulation codes. How-

ever, for certain conditions the FEL equations can be solved analytically. In
this section the the FEL equations are solved via linearising in terms of a significantly reduced number of ‘collective’ variables as introduced by Bonifacio et
al. [43], and following the approaches of [24] and [25]. Solutions are found via
Laplace transforms and other methods to yield both qualitative insights into the
high-gain FEL physics (i.e. that exponential amplification can occur), as well as
quantitative information on the growth rate etc.
2.7.1

From 3D to 1D

To simplify matters, transverse effects are neglected here, thereby converting the
problem from 3D to 1D. The 1D high gain theory [43] provides a useful picture
of the FEL process, and the basic FEL process does not change, though growth
rates etc. must be modified to account for 3D effects [50].
2.7.2

From time-dependent to steady-state

Another simplification is to assume that there is no variation in any parameters
along the bunch. This assumption allows the derivative of A with respective to
z̄1 to be neglected [51]. This condition is referred to as the ‘steady-state’. The
more complete picture including variations along the bunch is referred to as the
time-dependent case, and is covered in Section 2.10.
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2.7.3

Steady-state 1D FEL equations

The scaled FEL equations (2.87, 2.88, 2.89) are converted from 3D to 1D by
neglecting the

∇2⊥
4ikku ρ

term and removing z̄1 dependence in equation 2.89:
dθj
= pj
dz̄
dpj
= −Aeiθj − A∗ e−iθj
dz̄
dA
= he−iθj i∆
dz̄

2.7.4

(2.90)
(2.91)
(2.92)

Linear Analysis

In this section linear analysis is performed by examining the behaviour of the
equations in the presence of a small perturbation to their initial conditions. A
function f (x), is considered to be composed on a fixed initial value, f0 , and a
small perturbation, f1 (x)  1:
f (x) = f0 + f1 (x)

(2.93)

In this way, the initial values of the scaled radiation field, electron energy and
phase to be A0 , p0 j = δ, and θ0j + δz̄ respectively, and small perturbations, p1 j (z̄)
and θ1j (z̄) are applied to the electron variables, such that the following values for
A(z̄), pj (z̄) and θj (z̄) are used in the linearisation:
A(z̄) = A0

(2.94)

pj (z̄) = δ

+ p1 j (z̄)

(2.95)

θj (z̄) =

+θ1j (z̄)
| {z }

(2.96)

θ0j + δz̄
| {z }

initial values perturbation
where the detuning parameter δ is introduced, which describes the energy offset of
the electron beam relative to the resonant wavelength of the radiation field (and
the consequent effect on the phase via the δz̄ term). The detuning parameter is
important for giving an understanding of FEL behaviour and is defined as follows:
δ =

1 hγi20 − γr2
2ρ
γr2
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≈

1 hγi0 − γr
ρ
γr

(2.97)
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with the approximate relation is valid where (hγi0 + γr ) ≈ 2γr , i.e. a narrow

wavelength range: (hγi0 − γr )/γr  1.

At this stage dot notation is introduced for derivatives with respect to z̄, e.g.
dA
.
Ȧ =
dz̄
Linearisation of Ȧ

The field equation is analysed by substituting equation 2.96 for θj (z̄) into equation 2.92:
Ȧ = he−i(θ0 +δz̄+θ1 ) i

= he−i(θ0 +δz̄) e−iθ1 i

= he−i(θ0 +δz̄) (1 − iθ1 )i

= he−i(θ0 +δz̄) i −hiθ1 e−i(θ0 +δz̄) i
| {z } |
{z
}
=0

(2.98)

=b

where the approximation e−iθ1 ≈ 1 − iθ1 is used, and is valid since θ1  1.
The first term on the RHS of equation 2.98 is equal to zero since (before the
perturbation) the electrons are assumed to be uniformly distributed in phase.
The second term on the RHS is defined as a collective variable representing the
electron beam bunching, as in equation 2.63. Here the bunching parameter is:
b ≡ −hiθ1 e−i(θ0 +δz̄) i

(2.99)

and the equation for Ȧ is now:
Ȧ = b
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(2.100)
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Linearisation of ṗ

The energy equation is analysed by substituting the perturbed value of θj (equation 2.96) into the ṗ equation (2.91):
ṗj = −Aeiθj − A∗ e−iθj

= −Aei(θ0 +δz̄+θ1 ) − A∗ e−i(θ0 +δz̄+θ1 )

= −Aei(θ0 +δz̄) −iAθ1 ei(θ0 +δz̄) −A∗ e−i(θ0 +δz̄) +iA∗ θ1 e−i(θ0 +δz̄)
|
{z
}
|
{z
}
second order

second order

where the ‘second order’ terms can be ignored since θ1 is small. Noting that
ṗj = ṗ1 , and multiplying both sides by e−i(θ0j +δz̄) gives:
e−i(θ0j +δz̄) ṗ1 = −A − A∗ e−2i(θ0j +δz̄)

(2.101)

Averaging over all electrons, the second term on the RHS again disappears to
zero due to the initial uniform distribution of electrons in phase:
he−i(θ0j +δz̄) ṗ1 i = −A

(2.102)

A second collective variable, P , a phase-momentum average, is introduced in
order to simplify further:
P ≡ hp1 e−i(θ0 +δz̄) i

(2.103)

which is of similar form to the bunching collective variable previously defined.
Equation 2.102 is simplified by differentiating and rearranging P as follows:
Ṗ = hṗ1 e−i(θ0 +δz̄) i − hiδp1 e−i(θ0 +δz̄) i
Ṗ = −A − iδP

(2.104)

which is the second of the linearised equations.
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Linearisation of θ̇

Finally the θ̇ equation (2.90) is linearised. Substituting in for the perturbed
values:
θ̇ = pj
d
(θ0 + δz̄ + θ1 ) = δ + p1
dz̄
which gives:
θ̇1 = p1

(2.105)

This result is then used in differentiating b, in order to give an expression in terms
of the collective variables already defined:
ḃ = −hiθ̇1 e−i(θ0 +δz̄) i − hδθ1 e−i(θ0 +δz̄) i

ḃ = −hip1 e−i(θ0 +δz̄) i − iδb
ḃ = −iP − iδb

(2.106)

Summary of the linearised equations

The linearised equations are collected here for ease of reference:
Ȧ = b

(2.107)

Ṗ = −A − iδP

(2.108)

ḃ = −iP − iδb

(2.109)
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2.7.5

Solution of the linear equations for δ = 0

As a first case, the equations are analysed for the case of δ = 0. The linear
equations reduce to:
Ȧ = b

(2.110)

Ṗ = −A

(2.111)

ḃ = −iP

(2.112)

These three first order equations can be collected into one third order equation
in terms of A by differentiating equation (2.110) twice, substituting in equation (2.112) differentiated, and then substituting in equation (2.111):
...
A = b̈ = −iṖ
...
A = iA

(2.113)

Inserting a trial solution of the form:
A(z̄) = A0 eiλz̄

(2.114)

the derivatives of A are as follows:
Ȧ = iλA0 eiλz̄

= iλA

Ä = −λ2 A0 eiλz̄ = −λ2 A
...
3
iλz̄
3
A = −iλ A0 e = −iλ A

(2.115)
(2.116)
(2.117)

Equating equations (2.113) and (2.117) yields the cubic dispersion relation:
λ3 + 1 = 0

(2.118)

There are three solutions for λ - one real and two complex, each with magnitude
equal to one, and evenly distributed angularly in the complex plane:
λ1 = −1
1
λ2 =
+
2
1
λ3 =
−
2
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Inserted back into the trial solution:
A0 eiλ1 z̄ = A0 e−iz̄
iz̄
2

A0 eiλ2 z̄ = A0 e e
iz̄

A0 eiλ3 z̄ = A0 e 2 e

(2.122)
√
− 23z̄

(2.123)

√

3z̄
2

(2.124)

it is seen that λ1 corresponds to an oscillatory mode with constant magnitude.
The second solution, λ2 exhibits exponential decay, and the third solution, λ3
exhibits exponential growth - the key feature of the high-gain FEL. Note that it
is the negative imaginary component of λ3 which leads to exponential growth.
The general solution is a linear combination of the three independent solutions:
A(z̄) = A0

X

ck eiλk z̄

(2.125)

k

Solving the system via Fourier-Laplace transforms [25], shows that for initial
conditions A 6= 0, b0 = 0 and P0 = 0 the coefficients ck all equal 1/3, so the

power is distributed evenly between the modes. Figure 2.4 shows the radiation
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Figure 2.4: Radiation intensity (|A|2 ) evolution with scaled distance through the undulator z̄,
for the three solutions of the cubic dispersion equation for δ = 0, and their sum. For z̄ & 2 the
exponential growth (λ3) term dominates. A0 = 10−4 and c1,2,3 =1/3
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intensity evolution for each of the three components individually, and combined.
Is is seen that the total radiation intensity - the sum of the three solutions - does
not grow significantly until z̄ ≈ 2. This is commonly referred to as the ‘lethargy’

region. For z̄ & 2 the exponential growth (λ3) term dominates and the sum of
the three components tends towards this.
Solution in terms of initial conditions

Though the general solution of equation 2.125 requires a detailed analysis to find
the co-efficients c1,2,3 , some simple manipulation (following [23]) allows a solution
to be found in terms of the initial conditions of the collective variables (A0 , b0 ,
P0 ). Inserting z̄ = 0 into equation 2.125 and its derivatives yields:
A(0) = A0 [c1 + c2 + c3 ]
dA
dz̄
d2 A
dz̄ 2
and using:

=

b(0) = iA0 [λ1 c1 + λ2 c2 + λ3 c3 ]

(2.126)
(2.127)

0

0

= −iP (0) = −A0 [λ21 c1 + λ22 c2 + λ23 c3 ]
1
= −λk
λ2k

the coefficients can be expressed in terms of the initial conditions:


X
1 X
b(0)
ck =
− iP (0)λk
A(0) − i
3A
λ
0
k
k
k
such that the general solution becomes:


1X
b(0)
A(z̄) =
A(0) − i
− iP (0)λk eiλk z̄
3 k
λk

(2.128)

(2.129)

(2.130)

(2.131)

The dependence on each of the initial conditions is now considered independently.
Figure 2.5 shows the radiation intensity |A|2 as a function of distance through the

undulator z̄ for each of the initial conditions in turn (e.g. A0 = 10−4 , b0 = P0 = 0),
It is seen that for z̄ & 2 the three solutions converge as the exponential growth

(λ3 ) term dominates. An important consequence is that exponential growth of
the radiation intensity can start up from either an initial radiation field (e.g. an
external seed), or from the intrinsic noise in the electron beam (electrons not
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Figure 2.5: Radiation intensity (|A|2 ) evolution with scaled distance through the undulator
z̄, for the general solution of the cubic dispersion equation for δ = 0, starting from each of
the initial conditions A0 6= 0, b0 6= 0, P0 6= 0. For z̄ & 2 the three solutions converge as the
exponential growth (λ3) term dominates. The value of the initial condition is 10−4 in each case,
with the other two terms set to zero.

uniformly distributed in phase), i.e. b0 , P0 6= 0. This so called ‘shot-noise’ is
the mode of start-up for short wavelength FELs where no external seed field is
available.
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2.7.6

Solution of the linear equations for δ 6= 0

The case of solving the linear FEL equations in the case that the detuning parameter, δ, is not necessarily equal to zero, is now considered. This allows the
FEL behaviour to be analysed across a range of electron energies relative to the
resonant radiation wavelength (or vice versa), and therefore gives a deeper insight
into FEL behaviour.
Simple approach

A similar approach as in Section 2.7.5 is followed, whereby the field equation is
differentiated twice. It is convenient in the case of δ 6= 0 to make a further change
of variables as follows:

Ã = Aeiδz̄

(2.132)

Substituting into the linear radiation equation 2.107 gives:
Ȧ
d
Ãe−iδz̄
dz̄
˙ −iδz̄ − iδe−iδz̄ Ã
Ãe
(Ã˙ − iδ Ã)e−iδz̄

= b
= b
= b
= b

Ã˙ − iδ Ã = beiδz̄

Differentiating again:
Ã¨ − iδ Ã˙ = ḃeiδz̄ + iδbeiδz̄
= (ḃ + iδb)eiδz̄
= −iP eiδz̄
And one more time:
...
Ã − iδ Ã¨ = −i(Ṗ eiδz̄ + iδP eiδz̄ )
= −i(Ṗ + iδP )eiδz̄
−i(−Ãe−iδz̄ )eiδz̄
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Giving:

...
Ã − iδ Ã¨ − iÃ = 0

(2.134)

Again inserting the trial solution (2.114), the dispersion relation is obtained:
λ3 − δλ2 + 1 = 0

(2.135)

which of course reduces to the previous dispersion relation (2.118) for δ = 0.
The cubic dispersion relation either has three distinct real roots, in which case
the general solution is a sum of oscillatory terms i.e. no exponential growth, or
one real and two complex conjugate terms, in which case the complex root with
negative imaginary component gives rise to an exponential increase. Mathematica
was used to determine the roots of the dispersion equation (2.135) as a function
of the detuning parameter. Figure 2.6 shows the real and imaginary parts of the
three roots.
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Figure 2.6: Roots of the dispersion function.

Of the three roots, λ1 is real for all values of δ. The other two roots λ2 and
λ3 consist of both real and imaginary parts below the threshold value δT = 1.89,
and are real above this threshold. Again the negative imaginary part of λ3 is the
critical term which gives exponential growth. Looking at the variation of this
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term with δ it is seen that there is no exponential growth above δT = 1.89, and
the maximum growth rate (i.e. most negative value) is at δ = 0.
Brief description of Laplace transform approach

A full solution of the linear equations may be obtained by Laplace transforms [25].
An overview of this approach is given here, and has been used to generate Figures 2.7 and 2.8. The Laplace transform, and its application to a differential is
as follows:
L[f (t)](s) =
L[f 0 (t)]| =

∞

Z

f (t)e−st dt

Z0 ∞
0

df −st
e dt
dt
∞
0

Z

∞

[−se−st ]f (t)dt
0
Z ∞
−st
−s.0
= lim e f (t) − e f (0) + s
f (t)e−st dt
t→∞ | {z }
| {z }
| 0 {z
}
=e

−st

f (t)

=

−

− f (0)

0

+ sL[f (t)]|s

(2.136)

which gives the general result for a Laplace transform of a differential:
Lx→s

df (x)
= sf´(s) − f (x0 )
dx

(2.137)

Applying Laplace transforms to both sides of the linear equations (2.107-2.109):
sÁ = b́ + A0

(2.138)

sṔ = −Á − iδ Ṕ + P0

(2.139)

sb́ = −iṔ − iδ b́ + b0

(2.140)

Putting everything in terms of Á, and making a change of variables from s → p,
where p = δ − is:

Á =

P0 − pb0 − ip2 A0
p3 − δp2 + 1

(2.141)

where it is noted that the denominator is the same as the dispersion equation.The
inverse Laplacian is:
1
A=
2πi

Z

γ+i∞

esz̄ f (s)ds

γ−i∞
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such that the equation for A is:
1
A=
2πi

Z

iγ+∞

iei(p−δ)z̄

iγ−∞

P0 − pb0 − ip2 A0
dp
p3 − δp2 + 1

(2.143)

The integral can be evaluated by applying the residue integration theorem [25]:
A=

X

Res[iei(p−δ)z̄ f (p)]

(2.144)

The poles are simply the roots found in the previous section. Mathematica was
used to evaluate the residues for the case of an initial radiation field only (i.e.
b0 = P0 = 0), and this allows A to be found, and hence the intensity |A|2 . The
gain, G, is defined as the fractional increase in radiation intensity in passing
through the undulator:
G=

|A|2 − |A0 |2
|A0 |2

(2.145)

The gain as a function of δ is plotted in Figure 2.8 for three different values of
z̄ corresponding to low gain (z̄ = 0.5), intermediate gain (z̄ = 2) and high gain
(z̄ = 10). The transition from low to high gain is visualised in Figure 2.7.

Figure 2.7: Transition of the FEL from low to high gain: the colour density plot shows gain
against electron detuning for z̄ from 0 to 5. The gain as a function of δ is normalised to its
maximum value at a given z̄. The maximum gain value as a function of z̄ is given on the right.
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Figure 2.8: Gain versus detuning for three different values of z̄ corresponding to low gain
(z̄ = 0.5), intermediate gain (z̄ = 2) and high gain (z̄ = 10)
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2.8

Qualitative description of the high-gain FEL

In the previous sections, the equation describing the high-gain FEL have been
derived and solved. In the next section the consequent properties will be described
quantitatively. Before that, this section gives a qualitative description of the highgain process.
Figure 2.9 shows the evolution of the longitudinal phase space in a high-gain
FEL. The electrons are initially approximately uniformly distributed longitudinally, as shown in Figure 2.9 (a). In practice there will also be finite energy
spread as shown in the figure, though this has not been considered in the analysis. The system starts up from either a radiation (‘seed’) field, or from shot
noise in the electron bunch. Exponential growth occurs as a three-step process
in which positive feedback gives rise to a collective instability [15]:
• The interaction of the electrons with the radiation field within the undulator causes energy modulation of the beam on the scale of the radiation
wavelength, λr .
• The energy modulation evolves into density modulation (micro-bunching)

since the higher energy electrons are deflected less by the undulator field
and propagate forwards relative to the lower energy electrons.

• The density modulation of the electrons leads to coherent emission, and
enhanced radiation intensity.

A more subtle point to note is that by following through one loop of the 3-step
process in the equations 2.110-2.112, there is a π/2 phase difference incurred. In
this case the radiation drives energy modulation, which drives bunching, which
then emits π/2 out of phase with the initial radiation. It can be interpreted that
the additional emission causes a phase change of the radiation, which then allows
gain [14]. Another way of considering this is that the phases of the three components reach an equilibrium with bunching occurring at a phase corresponding
to gain, with some similarity to the required phase for gain in the low-gain FEL
(Figure 2.3).
The exponential amplification cannot continue indefinitely and eventually saturates as shown in Figure 2.9 (f). The phase space at saturation is shown in
Figure 2.9 (e). The electrons approach maximal bunching (b = 1), and the mean
relative energy loss approaches ρ: a significant offset from resonance.
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Figure 2.9: High-gain FEL longitudinal phase space evolution. Plots (a)-(e) show the longitudinal phase space (and the corresponding density modulation below) at different points in the
high-gain amplification process, as indicated in the plot of radiation intensity against distance
through the undulator (bottom right panel). Plot (a) is the initial condition of the electron
beam, (b) and (c) are during the exponential growth phase as modulation and bunching grow,
plot (d) is the start of saturation as the electrons become maximally bunched, and (e) is into
saturation, as the phase space continues to evolve with little power growth. Different slices of
the electron bunch are marked in different colours.
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2.9

High-gain FEL properties

In this section, the properties of the FEL output radiation are described, following
on from the solutions of the FEL equations.
2.9.1

Growth rate

In Section 2.7.5 the solutions of the FEL equations were found, and it was shown
in equation 2.124 that there is an exponentially growing solution:
iz̄

A = A0 e 2 e

√
3z̄
2

(2.146)

The scaled radiation intensity growth, taking into account the co-efficients, is:
√
1
|A(z̄)|2 = |A0 |2 e 3z̄
9

(2.147)

and reverting to non-scaled units using z̄ = 2ku ρz, the 1D power gain length is
found to be:
LG =

λu
√
4π 3ρ

(2.148)

such that in SI units the power grows with z as:
Prad ∝ ez/LG

(2.149)

The universal scaling of Section 2.6.4 can now be seen in context as a scaling in
√
terms of a nominal gain length, lg = 3LG :
lg =
2.9.2

λu
4πρ

(2.150)

Bandwidth

The bandwidth of the high-gain FEL can be obtained [51] by considering the
variation of the negative imaginary part of the λ3 root with the detuning, δ, in
Figure 2.6:

√ 

3
δ2
1−
Im(λ) '
2
9
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(2.151)
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The power in terms of z̄ and δ can be expressed:
 
 
√
|A0 |2
δ2
2
|A(z̄, δ)| '
exp
z̄
3 1−
9
9

(2.152)

and the rms bandwidth, σλ can be calculated with distance through the undulator:
r
r
ρ
π
σλ '
' 2ρ
(2.153)
Nu
z̄
The system typically saturates at z̄ ' 10, hence the bandwidth at saturation is

σλ ' ρ.
2.9.3

Saturation power

The FEL power can be estimated by considering the maximum bunching of the
system [23]. The scaled FEL equations each have co-efficients equal to one, so
A, b, and P exponentially increase together with the same magnitude. There
is however, a maximum bunching that can occur, with all electrons perfectly in
phase, corresponding to b = 1. Therefore the maximum A and P values are also
∼ 1.

The scaled field amplitude (equation 2.80), A = Ẽ(χ1 /2ku ρ2 ), can be used to

find the field energy density, U :
4k 2 ρ3
χ2
U = 20 Ẽ E˜∗ = 20 ρ u2 = 20 ρ = ρne mc2 γ
χ1
χ1

(2.154)

where ne mc2 γ is the electron beam energy density - hence ρ is the saturation
efficiency. The power of the radiation beam is therefore:
Prad = ρPbeam = ρI[A]E[eV]

(2.155)

The ρ-parameter (Section 2.6.4) therefore sets the efficiency, and is typically in the
range 10−4 − 10−3 for short wavelength high-gain FELs. Tapering the undulator
parameter can be used to enhance the efficiency [41].
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2.10

Temporal properties - SASE

In solving the FEL equations (Section 2.7), the steady-state assumption was
made, that there is no variation in any parameters along the bunch. This assumption allowed the derivative of A with respective to z̄1 to be neglected in
equation 2.89. This thesis is concerned with the longitudinal properties of the
FEL output - i.e. the pulse duration. In order to study this, the more complete
picture including variations along the bunch is required. This is referred to as
the time-dependent case.
Key to understanding the temporal properties is the slippage effect, introduced
in Section 2.5.2. In the undulator, a resonant radiation wavefront propagates
forward relative to the electrons at a rate of one radiation wavelength, λr per
undulator period, λu . This relative propagation, or slippage in one nominal gain
length lg is called the ‘co-operation length’ [52]:
lc = λr /4πρ

(2.156)

The default operating mode of high-gain amplifier FELs is self-amplified spontaneous emission (SASE) (as described by Bonifacio et al. [43]). In this mode the
FEL starts up from random density fluctuations in the electron beam, so initially
has a very spiky temporal profile with very limited temporal coherence, as shown
in Figure 2.10 (a). The slippage of the radiation through the electron bunch has
the effect of increasing the range of the temporal coherence. However, since exponential amplification takes place as slippage occurs, the forward-propagating
radiation only has a limited range of influence, dictated by ∼ lc . The electron
bunch is typically relatively long with respect to ∼ lc , so the temporal profile
of the SASE radiation consists of a series of spikes of duration ∼ lc , with phase

coherence within a spike but random phase relation from one spike to the next,
as shown in Figure 2.10 (b). More detailed analysis shows the maximum peak to
peak distance of SASE spikes is 2πlc [53], and that the coherence length of the
system, lcoh ' 3.2lc [24].

The co-operation length is an important characteristic of the high-gain FEL.

The implications for generating ultra-short pulses of light from FELs are considered in more depth is Chapter 3. The temporal properties of the FEL can be
improved by use of an external seed field at a higher level than the shot noise
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power. However it will be seen that the co-operation length still dictates the
minimum pulse duration from the system (Figure 6.1).
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Figure 2.10: Radiation phase (top) and normalised intensity (bottom) after (a) 10 undulator
periods and (b) 200 undulator periods (z̄ = 5) for simulations of a SASE FEL with FEL
parameter ρ = 2 × 10−3 . A sequence of autonomous regions of length ≈ 2πlc develop. In the
phase plots, the size and colour of the plotted points are related to the radiation intensity to
ease identification of the peaks. The plots on the left show the full temporal window of the
simulation, and the plots on the right show an inset of this.

2.10.1

Symmetry between radiation and electron beam

The temporal profile of the electron beam properties is also notable. Whereas
in conventional lasers it seems a distinction is often made when discussing the
radiation and the gain medium, in the FEL the two are a combined system with
approximately symmetric temporal properties. For example the phase and intensity profiles of the radiation are mirrored in the bunching phase and magnitude
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profiles of the electron beam. Note that an example of this is shown later in Figure 6.1. The fact that there are two similar copies of the temporal information
has significance for FEL techniques involving multiple stages since it means that
either radiation or electron beam can be used to transmit information between
stages. The two copies can also be offset and overlapped to improve the temporal
coherence [54].
In Chapters 8 and 9, it will be shown that this symmetry can be broken to
generate ultra-short regions of electron bunching, which can subsequently be used
to generate ultra-short pulses of radiation.

2.11

FEL modelling

Computer modelling is the main tool for much of the work reported in this thesis.
There are numerous FEL codes available. In general they work by solving the
wave equation 2.66 and the pendulum equations 2.67, and 2.68, usually using
‘macro-particles’ to represent typically thousands of electrons. Different codes
make various approximations to meet different requirements, e.g. in some cases
steady-state modelling is sufficient. However, for the work in this thesis - concerned with pulse duration - time-dependent modelling is required, and two main
codes have been used for this: ‘mlsase’, and ‘Genesis 1.3’.
The ‘mlsase’ code is a one-dimensional model, meaning 3D effects are disregarded allowing it to be relatively quick to run. It is an adapted version of the
code ‘FELO’ [55] which was originally written to model oscillator FELs. The
code solves the scaled FEL equations (2.87, 2.88, 2.89) (neglecting the transverse
dependence). It subdivides the system into a series of slices corresponding to
ponderomotive buckets and numerically integrates the system with a standard
4th order Runge-Kutta method. The radiation field is shifted forward in z1 by
one radiation wavelength per undulator period by a simple array shift. The code
can also model chicanes inserted within break sections in the undulator by use of
additional shifts of the radiation field relative to the electrons, together with the
application of the appropriate longitudinal dispersive effect (energy dependent
phase change). A Matlab version of the code (originally written in Fortran 90)
was developed in the course of the thesis, and was used for some of the results.
Genesis 1.3 [56] is a widely used 3D FEL code, which has been extensively
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benchmarked against experiments. It works in a similar way to the 1D mlsase code
described above, but with the inclusion of 3D effects such as radiation diffraction,
and transverse electron beam extent (and consequently the necessary quadrupole
focusing etc.). It works in SI units, rather than the scaled units of the 1D code.
The 1D code is typically used for initial investigations since it is quicker to
run, while Genesis is used to test the impact of 3D effects for the final results.
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Chapter 3

Existing Concepts for Short
Pulses from FELs
3.1

Introduction

In Section 1.4 it was outlined how the short wavelength and high peak power of
FELs give them the potential to generate ultra-short pulses of light - conceivably
orders of magnitude shorter than from existing sources. A number of schemes
have been devised to deliver short pulses from FELs, some of which have been
tested in experiments and many which have not.
This chapter gives an overview of the field. The aim is to classify concepts into
several broad groups and examine the potential of each, with some of the methods
highlighted. In Section 3.3, particular attention is given to one particular scheme
- the mode-locked amplifier FEL [57], which serves as the starting point for much
of the work in this thesis. Some of the content of this chapter has been published
in [58].
3.1.1

Pulse duration in cycles

The first point to note when discussing short pulses in the context of FELs is
wavelength dependence. This issue was also highlighted in Section 1.2 with regard
to the history of short pulse development. The duration of a pulse of light is its
wavelength, λr multiplied by the number of optical cycles, N , divided by the
speed of light. FELs operate over a very large wavelength range, and attaining
a pulse of N cycles clearly corresponds to a shorter absolute pulse duration at a
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shorter wavelength facility than a longer wavelength one.
The shortest wavelength FEL facilities (down to ∼ 0.1 nm) are dedicated

‘user’ facilities, which limits the available time for testing new concepts. Longer
wavelength machines, by virtue of requiring lower electron beam energy, are less

costly and more appropriate for acting as dedicated facilities for testing new
concepts. For example, the UK FEL test facility CLARA [59] - currently under
development - will focus on such experiments, and will operate down to ∼ 100 nm.

The vast wavelength range of FELs means it is difficult to compare FEL

schemes in terms of absolute pulse duration without consideration of wavelength.
For this reason it is a more meaningful comparison to consider short pulses relative to the FEL co-operation length, lc (equation 2.156), where ∼ 2πlc typically
sets the shortest possible pulse from the system, and in terms of optical cycles.

3.2

FEL short pulse methods

In FELs, there are several scales of what is meant by ‘short pulses’, and many
methods proposed to generate them. This section examines some of the present
methods, and challenges in progessing to shorter pulse durations.
3.2.1

SASE

The default operating mode of the high-gain FEL is self-amplified spontaneous
emission (SASE), as described in Section 2.10. The electron bunch length effectively sets the overall radiation pulse duration, and the radiation pulse consists
of many radiation spikes, each of length ∼ 2πlc .

In an example of pushing this technique to very short pulses, the LCLS fa-

cility has delivered few-fs radiation pulses, through the use of few-fs electron
bunches [60]. However, this is still long in terms of optical cycles (∼ 5000), and
relative to 2πlc (typically a few hundred cycles), hence the output still consists
of multiple phase-uncorrelated spikes. A schematic example of SASE output is
shown in Figure 3.1 (a), compared to other short pulse methods.
3.2.2

Slicing a Single SASE Spike

Since each SASE spike can be considered to act independently, it has been proposed by a number of groups e.g. [53, 61, 62, 63, 64] that only one spike can be
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made to occur, either by reducing the bunch length (so called ‘single-spike SASE’)
or by slicing the electron beam quality. Experimental progress has been made for
a few of these methods, including reducing the electron bunch length [60], and
by slicing part of the beam via emittance spoiling [63, 65]. A short-pulse technique using ‘chirped’ electron beams (variation of electron beam energy along
the bunch) and a tapered undulator has been demonstrated at visible wavelengths [66, 67] and could be extended to x-ray.
A number of such proposals (e.g. by Saldin et al. [61]) suggest using a few-cycle
conventional laser pulse to pick out part of the electron beam, as shown in Figure 3.1 (b), which has the advantage of generating a radiation pulse synchronised
to the external source.
Picking out one SASE spike for present hard x-ray FEL parameters corresponds to a few hundred optical cycles or ∼100 as, which would be close to the

frontier presently set by HHG, and at shorter wavelength and higher photon flux
(methods are predicted to reach normal SASE saturation power levels or even
higher). This class of techniques therefore has exceptional promise, however in
terms of shortest pulse duration there is still potential for a further two orders
of magnitude reduction by reducing the number of cycles per pulse. Possible
methods of doing this are considered in the following sections.
3.2.3

Issues in generating few-cycle pulses from FEL amplifiers

Exponential amplification of the radiation power in an FEL amplifier requires a
sustained interaction between the radiation field and the electron bunch. This
presents a difficulty for generating few-cycle radiation pulses from FELs, since the
slippage of the radiation relative to the electrons means that a few-cycle radiation
pulse can only interact with a fixed point in the electron beam for a few undulator
periods before slipping ahead of it.
For example if we were to use one of the methods described in the previous section, but were to slice a high quality section of the electron beam much
shorter than one SASE spike (e.g. a few cycles) then the rapid slippage of the
generated radiation ahead of the high quality region would significantly inhibit
FEL amplification [53, 68].
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Figure 3.1: Figure to illustrate different concepts for FEL operation (not to scale): (a) Typical
hard x-ray SASE FEL output consists of a number of radiation spikes, each of length ∼ 2πlc (a
few hundred optical cycles); (b) Example of proposals to ‘slice’ the electron bunch such that a
single pulse of length ∼ 2πlc (a few hundred optical cycles) is generated; (c) The mode-locked
FEL concepts work by slicing the electron bunch into regions  2πlc , and periodically shifting
the radiation to generate a pulse train with pulses on a similarly short scale.

3.2.4

Superradiant regime

Another route to pulses shorter than ∼ 2πlc may be the superradiant regime
in a seeded FEL amplifier, which has been addressed in theory [69, 70], and in

experiment, with short pulses generation observed in both direct seeding [71, 72]
and harmonic cascade [73, 74] configurations. In such techniques a short section
of an electron bunch is seeded such that it reaches saturation before the rest of
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the bunch (which starts up from noise). Beyond saturation the FEL interaction
proceeds into the superradiant regime in which the radiation intensity continues
to increase (though quadratically with distance through the undulator, z, rather
than exponentially), and the pulse length reduces as z −1/2 .
Compared to the exponential regime, where the ‘centre-of-mass’ of a radiation
spike is kept close to the electron longitudinal velocity due to amplification, in
this mode the radiation pulse propagates closer to the speed of light, i.e. forward relative to the electrons. Consequently it propagates into ‘fresh’ electrons,
provided the rest of the bunch starting from noise has not reached saturation.
The superradiant technique has been demonstrated at longer wavelengths [71,
72, 73, 74], however its scalability to hard x-ray wavelengths still requires significant development. Few-cycle pulses have been attained via superradiance in FEL
oscillators, however FEL oscillators operating at x-ray wavelengths are still under
development [75, 76], and present ideas for suitable mirror cavities have very narrow bandwidth which would seem incompatible with the broad-band operation
required for few-cycle pulses.
3.2.5

Externally imposed microbunching

An alternative might be to disregard FEL amplification to establish microbunching, and instead use external light sources with longer pulse duration (though
this itself may be a FEL) and electron bunch manipulation in order to induce
microbunching (or a single sharp current spike) over a region only a few cycles in
length and then make it radiate in an undulator, as shown in Figure 3.2. There
are several proposals to do this, such as by Zholents and Fawley [77] or by Xiang
et al. [78], though again the slippage has a limiting effect.
A significant point to note is that if the number of undulator periods in the
radiator is greater than the number of cycles in the microbunched region, then the
slippage effect dominates and lengthens the pulse. The undulator must therefore
be similarly short - also a few periods - otherwise slippage of the radiation relative
to the electrons broadens the pulse. As a consequence proposals for this class of
technique typically predict relatively low power compared to FEL saturation.
There also remains significant technical challenges in imposing microbunching to
the shortest wavelengths of FELs.
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Figure 3.2: Figure to illustrate a concept to generate an isolated few-cycle pulse from an
electron bunch. Instead of using the FEL interaction, an external light source and electron
bunch manipulation are used to induce microbunching over a region only a few cycles in length,
followed by a few-period undulator to emit a few-cycle pulse.

3.2.6

Trade-off between power and pulse duration?

The slippage of the radiation ahead of the electrons seems to imply a tradeoff between maximising the emitted power (requiring a long interaction), and
minimising the pulse duration (requiring a short interaction). It will be seen that
the concepts considered in the next section and the remainder of the thesis could
allow both high power and few-cycle pulses.
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3.3

A route to few-cycle pulses - mode-locked amplifier

In the final section of this chapter another route towards few-cycle pulses from
FELs is introduced - the mode-locked amplifier FEL [57], which is the starting
point for much of the work in this thesis.
3.3.1

Mode-locked amplifier FEL concept

The mode-locked amplifier FEL [57] (ML-FEL) is a proposed technique that
applies concepts from mode-locked cavity lasers, in order to generate a train
of pulses with lengths less than the co-operation length, lc . In this technique,
a series of spatio-temporal shifts are introduced between the radiation and the
co-propagating electron bunch that define a set of axial radiation modes. The
modes are ‘locked’ by modulating the electron beam energy to deliver a clean
series of pulses. Figure 3.3 shows both the schematic layout and expected output
for a conventional SASE FEL, a case where only the spatio-temporal shifts are
introduced (termed ‘mode-coupled’) and the mode-locked case.

Figure 3.3: Schematic (left) and example output (right) of three modes of FEL interaction:
(a) SASE (b) mode-coupled SASE and (c) mode-locked SASE. The inset in the bottom left of
the figure shows details of the electron delay. The plots on the right show the temporal profile
of the radiation power near to saturation and the radiation power spectrum as a function of
wavelength (inset) for each of the three cases, for a soft x-ray example. Figure reproduced
from [57].
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The spatio-temporal shifts that generate the equally spaced modal structure in
the amplifier spectrum are achieved by periodically delaying the electron bunch
using magnetic chicanes between undulator modules [57], as shown schematically in Fig. 3.3. It is noted that the dispersive effect of the chicances enhances
the micro-bunching, thereby reducing the distance to saturation by the so-called
‘optical klystron’ effect.
3.3.2

Notation

The notation used to describe the mode-locked amplifier FEL is set out in [57].
The total slippage of the radiation with respect to the electron bunch per module
in units of the scaled electron bunch co-ordinate, z̄1 , is:
s̄ = ¯l + δ̄

(3.1)

where ¯l is the slippage occurring in the undulator and δ̄ is the slippage within
the chicane. The scaled resonant FEL frequency is:
ω̄ =

(ω − ωr )
2ρωr

(3.2)

where ωr is the resonant FEL frequency. The slippage enhancement factor is
defined as:

s̄
(3.3)
Se = ¯
l
In [57], a solution is obtained for the one dimensional wave equation describing
the field evolution of a small, constant electron source term for a series of N
undulator-chicane modules.
For Se > 1 the spectrum takes the form of a sinc-function envelope (the single
undulator module spectrum) modulated by a frequency comb centered at the
scaled resonant frequency ω̄, with mode separation:
∆ω̄ =

2π
s̄

(3.4)

∆ω =

2π
Ts

(3.5)

corresponding to:

where Ts = s/c = s̄lc /c is the time taken for radiation to travel the slippage
length.
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The number of modes under the central peak of the spectrum is shown to be:
N0 = 2Se − 1
3.3.3

(3.6)

Mode-locked amplifier FEL pulse durations

The key point of the mode-locked amplifier technique is that the bandwidth
envelope of the emitted radiation is much broader than the usual FEL bandwith,
and is in fact increased up to that of a single undulator module (equation 3.4.
The significance is that pulse durations less than the co-operation length can be
supported. Indeed the number of cycles per pulse will be approximately equal
to the number of periods per undulator - which could potentially be made very
short indeed!
In [57], two examples of the mode-locked amplifier FEL are simulated. A hard
x-ray example (λr = 0.15 nm) is predicted to generate a train of pulses with
duration ∼ 23 as. This corresponds to ∼ 46 optical cycles. The other example,

in the soft x-ray (λr = 12.4 nm) is predicted to generate a train of pulses with
duration ∼ 400 as, which is shorter in terms of number of optical cycles (∼ 10).

This is a consequence of there being fewer periods per undulator module in the

soft x-ray example (12) than in the the hard x-ray case (72). Significantly shorter
pulses could be attained by reducing the number of undulator periods per module
in the x-ray case, though this would constitute a significantly different undulator
configuration than available at present FEL facilities.
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Chapter 4

Amplification of HHG: Seeded
Mode-Locked Amplifier FEL
4.1

Introduction

This chapter details the first main study of the thesis: a series of investigations to
assess the feasibility of seeding the mode-locked amplifier FEL [57] (Section 3.3)
with an HHG source (described in Chapter 1). This combination potentially offers
the benefit to HHG sources of amplification to higher power, while it offers the
benefit to the ML-FEL concept of controlling and stabilising the output, which
retains random fluctuations in the envelope upon starting up from noise.
This study also reveals much about the role of electron beam energy modulation in the ML-FEL, which is considered in Section 4.5, and followed up in
Chapter 5. Some of the content of this chapter has been published in [79] and [80].

4.2

Context

The initial idea for this study was proposed by Brian McNeil and Neil Thompson, directly following the publication of their initial paper on the mode-locked
amplifier FEL [57]. Up to this point, modelling of the ML-FEL concept had been
for the case of start-up from noise in the electron beam (SASE). With no energy
modulation (mode-coupled), the pulse separation and duration is irregular, and
it requires energy modulation to generate a regular pulse structure.
Even with energy modulation the envelope of the train still shows SASE-like
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noise. Seeding the ML-FEL would be expected to give a predictable temporal profile (and also phase, though this was not considered in detail up until this point).
Seeding FELs is a well established concept to overcome the noisy properties of
SASE, as described in Section 2.10.
It was also anticipated that the well-defined pulse train structure of the HHG
seed might itself introduce mode-locking and therefore remove the need for energy
modulation: the first part of this chapter (Section 4.4) deals with this case. It
will be seen that while the seeding ‘works’ in terms of giving a clean pulse train,
it does not fully ‘work’ in terms of mode-locking to retain the shortest pulses.
Hence the latter part of this chapter (Section 4.5) deals with HHG seeding in
combination with energy modulation.
This work is also relevant from the perspective of the HHG community, as it
potentially offers the benefit of amplification of these sources to higher power,
while retaining the short-pulse features. As described in Chapter 1, HHG sources
are important sources for experiments in their own right, consisting of a train of
ultra-short pulses, but their peak power is typically orders of magnitude lower
than that of FELs
The case of seeding a conventional high-gain FEL amplifier with an HHG
source has been considered in experiments and modelling [81]. Amplification
results in the pulse train structure washing out due to the bandwidth of the FEL
being narrower that that of the HHG source. Figure 4.1 shows simulations results
I contributed to prior to the work in this thesis.

Figure 4.1: Amplification in FEL amplifier washing out HHG structure. The left plot shows
the temporal profile of an HHG seed and its corresponding spectrum (inset). The right plot
shows the temporal profile and spectrum after amplification in a conventional FEL amplifier.
The effect of FEL amplification is to wash out the pulse train structure of the HHG seed due
to the narrower bandwidth of the FEL. Figure reproduced from [81]
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The mode-locked amplifier FEL concept exhibits temporal/spectral properties
more closely matched to HHG sources, raising the prospect of retaining the pulse
structure. The spectrum generated by the XUV mode-coupled SASE system
of [57] has a modal structure with mode-spacing ∆ω similar to the spacing of
harmonics in a HHG source. Equivalently, the temporal structure of the two
systems are a comb of attosecond pulses. By matching the spectral/temporal
structures of a mode-coupled FEL amplifier to an HHG seed, it may therefore
be possible to amplify the HHG seed to saturation while retaining its attosecond
train structure.
Electron delay

Slippage l

Total shift s = δ + l
Electron delay δ

Electron bunch
Radiation pulse

Figure 4.2: Schematic of the mode-coupled amplifier FEL interaction operating with an HHG
seed. The inset shows detail of the electron delay.

4.3

Structure of the HHG source

The model of the HHG source follows that of previous work [81]. The source
was modelled as a set of in-phase odd harmonics of a fundamental drive laser,
hence it consists of a train of equally spaced pulses in the temporal domain.
A drive laser wavelength of 800 nm was used, with the resonant wavelength to
be used in FEL modelling chosen to be the 65th harmonic of the drive laser, i.e.
λr = λd /65 = 12.4 nm. The temporal comb is separated by half the wavelength of
the drive laser, λd /2 = 400 nm, and modulated by the drive laser power envelope.
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The seed model was used as input to the 1D FEL code (Section 2.11), in
which the Nyquist theorem limits the frequencies that can be modelled [81] to
harmonics 33 to 97. The temporal and modal structure of the seed is shown in
Figure 4.3, in the scaled units of the 1D code. Because the maximum width of
the spectral content is utilised, the pulse duration of the seed is at the limit of
the shortest pulse that can be represented in the 1D code, i.e. ∼1 optical cycle.

The following work utilises a simple method for calculating the pulse widths in
the FEL code, by integrating the area under the pulse and dividing by the peak
height. By this method the seed pulse width ≈ 0.045 FWHM in terms of z̄1 ,

corresponding to 1.8 optical cycles. In SI units, this equates to 74 as which is
close to the shortest duration demonstrated from HHG sources, hence this seems
a reasonable idealised approximation of the source. The HHG power level was set
a factor of ∼ 400 below FEL saturation following [81]. The assumption that the

modes are perfectly in phase represents an ideal case with minimum initial pulse
duration. Non-ideal cases have also been studied but are not presented here.
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Figure 4.3: Scaled longitudinal intensity profile (top and middle) and scaled spectral power
distribution for the HHG seed (bottom).
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4.4
4.4.1

Amplification of HHG without energy modulation
System parameters

As described in Chapter 3, the spectrum of the ML-FEL output takes the form of
a sinc-function envelope (the single undulator module spectrum) modulated by
a frequency comb centered at the scaled resonant frequency. In order to increase
the bandwidth of the system (and hence amplify as much of the HHG spectrum),
short undulators of only 8 periods were chosen initially for this study. This is
slightly fewer than the XUV example of [57] where 12 periods/module were used,
and significantly fewer than the hard x-ray case (72 periods/module).
For a typical HHG drive laser wavelength of λd = 805 nm (e.g. Ti:sapphire)
and an FEL parameter of ρ = 2 × 10−3 similar to that for an FEL operating in

the XUV, then for undulator modules of 8 periods, the scaled module length is
¯l = 0.201. The value of the scaled slippage generated by the chicanes was chosen
to be δ̄ = 0.616 so that s̄ = λ̄d /2, matching the undulator-chicane system to
the spectral and temporal structure of the HHG seed. This results in a slippage
enhancement factor of Se = 4.0625.
For speed and simplicity, the system was primarily modelled using the 1D
code based on [55] (Section 2.11), with the 3D code Genesis [56] also used to
cross-check the results. Initially the modelling was carried out with a fully ‘cold’
electron beam (no energy spread as well as no energy moduation); the effects of
energy spread are introduced in Section 4.4.4, and energy modulation is covered
in Section 4.5. The effects of chicane dispersion are included in the model [24].
4.4.2

Modelling results

The amplified scaled radiation power and spectrum after 22 undulator-chicane
modules are shown in Figure 4.4. At this point the scaled intensity is 0.4, which is
approaching the FEL saturation level of 1, and two orders of magnitude above the
seed intensity in this case. Notably, the output consists of a train of pulses in the
temporal domain, and discrete modes in the spectrum, indicating that the modecoupled amplifier FEL configuration is capable of retaining these characteristics
of the seed to some extent - unlike conventional FEL amplifiers which wash out
the structure entirely. However, it is evident that a significant broadening of the
individual pulses within the train occurs - from 0.045 (∼1.8 cycles) to 0.35 (∼14
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cycles) - a factor of ∼8 with associated narrowing of the spectral envelope. It
is significant to note that the pulses are not only broader than the seed pulses,

but also broader than the pulse duration anticipated from the single undulator
bandwidth (∼8 cycles).
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Figure 4.4: Scaled longitudinal intensity profile (top and middle) and scaled spectral power
distribution of the amplified HHG radiation for ¯l = 0.201 (Se = 4.0625), after 22 undulatorchicane modules.

The number of undulator modules corresponds to a scaled FEL interaction
length of 22 × ¯l ≈ 4.4. Note that the dispersive strength of the chicanes D =

R56 /2lc ≈ 10δ̄/6 reduces the gain length as discussed in [57]. The scaled power

does reach normal FEL levels of |A|2 ≈ 1 upon further amplification, however the
temporal structure of the pulses begins to break up.
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4.4.3

Optimising for shortest pulses

Since with 8 periods per undulator module the amplified pulses broadened significantly compared to the HHG seed, the system was modified. In order to attain
narrower amplified HHG pulses, the bandwidth of the system (and hence number
of modes amplified) was increased by reducing the number of undulator periods
per module. To reduce ¯l while continuing to satisfy the condition s̄ = λ̄d /2, the
value of δ̄ was increased to keep s̄ constant. The system was simulated for a case
with the number of undulator periods per module set to 4. The corresponding
value of the slippage enhancement factor is Se = 8.125.
The amplified scaled radiation power and spectrum is as shown in Figure 4.5,
after 34 4-period undulator modules. Again the HHG seed is amplified and
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Figure 4.5: Scaled longitudinal intensity profile (top and middle) and scaled spectral power
distribution of the amplified HHG radiation for ¯l = 0.101 (Se = 8.125), after 34 undulatorchicane modules.

the comb of temporal spikes is retained. There still occurs a broadening of the
individual pulses, however the pulses are now significantly shorter - at 0.2 (∼8
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cycles) than in the case with 8-period modules. However the pulse durations
are still longer than the minimum of 4 cycles implied by the single undulator
bandwidth.
The variation of the peak intensity and pulse width with scaled distance
through the undulator are plotted in Figure 4.6 for the two cases Se = 4.0625
(¯l = 0.201) and Se = 8.125 (¯l = 0.101). For both cases there is a rapid initial
broadening tending towards the pulse duration implied by the single undulator
spectrum (0.2 ≡ 8 cycles and 0.1 ≡ 4 cycles respectively). This occurs since only

the modal content that falls under the envelope of the single undulator spectrum
is amplified. The pulse durations then continue to increase, but at a slower rate
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Figure 4.6: Peak intensity (top) and pulse width (bottom) plotted against the scaled undulator
distance, z̄ [57], for the two cases Se = 4.0625 (¯l = 0.201) and Se = 8.125 (¯l = 0.101). By
reducing the number of undulator periods per module the pulse duration and the gain length
are both reduced.

during further amplification. This slow pulse broadening effect is attributed to
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slippage in the undulators, and is described in depth in Chapter 6.
For Se = 8.125, 34 undulator-chicane modules are required to produce the
same amplification of the 22 module Se = 4.0625 case. This corresponds to a
reduction in the total undulator length from 4.4 to 3.4, which can be attributed
to more effective seeding since a broader spectral range of the seed is amplified,
and reduced gain length due to an increased number of chicanes.For larger values
of Se , modelling the broadening of the modal sinc-function envelope becomes
restricted by the Nyquist limit for the code used.
4.4.4

Effect of energy spread

The effects of energy spread on the interaction have been investigated using the 1D
model by introducing a relative Gaussian energy spread of width σγ /γ = ρ/10 =
0.02% for the case Se = 8.125. While the cold beam case took 34 undulatorchicane modules, the case with energy spread took 42 modules. Note that the
temporal and spectral structure of the radiation power remains largely unaffected
by the energy spread (not shown). Larger energy spreads have also been simulated
with the main effect being a larger number of modules to saturation.
4.4.5

3D simulations

The system has also been modelled using the three-dimensional code Genesis
1.3 [56]. The main results of the 1D simulations are reproduced using the 3D code
and show amplification of an HHG seed pulse retaining its pulse train structure.
Similar parameters as for the XUV mode-coupled FEL amplifier of [57] were
used (i.e. without electron beam modulation) including an energy spread of width
σγ /γ = 0.01%. The seed power and spectrum show the attosecond pulse train
structure and frequency comb, as seen in Figure 4.7. The peak power of the seed
was set to 3 MW with FWHM duration 25 fs. It was assumed that the wavelength
of the Ti:Sapphire drive laser was λd = 780 nm and the FEL was then tuned to
be resonant with the 63rd harmonic of the drive laser with λr = 12.4 nm.
Each undulator module had 4 periods of 3.1 cm and each chicane had a delay of
28 radiation wavelengths corresponding to a slippage enhancement Se = 8. These
parameters for the undulator-chicane modules then match the mode spacing of
the HHG seed. The amplified seed approaching saturation, after 47 modules, is
plotted in Figure 4.7 and the pulse temporal and spectral properties agree well
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Figure 4.7: Longitudinal intensity profile (top) and spectral power distribution (bottom) of the
HHG seed (left), and of the amplified radiation (right) in 3D simulations, with Se = 8. The
agreement with the equivalent 1D simulations shown in Figure 4.5 is very good.

with the equivalent one-dimensional Se = 8.125 case of Figure 4.5. The FWHM
length of each pulse in the amplified train is 300 as. Further 3D simulations (not
shown) with Se = 4 agreed well with the Se = 4.0625 case of Figure 4.4.
4.4.6

Amplification of a single-frequency seed

To further understand the behaviour of the mode-coupled FEL configuration, it
is instructive to consider the case where it is used to amplify a single-frequency
seed. The simulation is exactly the same as that shown in Figure 4.5, except
that the HHG seed is filtered to retain only the central harmonic - resulting in
a long-scale temporal structure to the seed, rather than a pulse train. The seed
structure, together with the amplified scaled radiation power and spectrum after
42 4-period undulator modules are shown in Figure 4.8.
The figure shows that the mode-coupled FEL system amplifies the singlefrequency seed without a significant modal structure developing. There is a ripple
in the temporal profile, and corresponding spectral spikes - but at a low level.
This is similar to conventional FEL seeding - while both systems have a ’natural’ temporal/spectral structure, they are both capable of amplifying a narrow
bandwidth, single-frequency source, if such a seed is available. The conclusion is
that the mode-coupled FEL is capable of amplifying both narrow-frequency, long
pulses, or broad frequency, short-pulse trains, with a seeming tendency for the
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Figure 4.8: Scaled longitudinal intensity profile (top and middle) and scaled spectral power
distribution (bottom) of the single frequency seed (left) and the amplified HHG radiation (right)
for ¯l = 0.101 (Se = 8.125), after 42 undulator-chicane modules.

pulse durations to slowly broaden.
4.4.7

Summary of HHG amplification without energy modulation

The investigation of seeding the mode-coupled FEL is concluded by noting the
main findings as follows:
1. An HHG seed can be amplified to FEL saturation in the mode-coupled FEL
configuration (no energy modulation) while retaining a pulse train structure.
Increase in peak intensity of two orders of magnitude is predicted, given the
seed properties of [81].
2. The duration of individual pulses broadens during the amplification process,
and the bandwidth narrows. There is a rapid initial broadening towards the
pulse duration implied by the natural undulator bandwidth, followed by a
slower subsequent broadening.
3. Selecting the maximum bandwidth of the system (i.e. through minimising
the number of undulator periods per module) is key to minimising the am73
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plified pulses durations. Bandwidth narrowing occurs regardless but from a
wider initial bandwidth.
4. The mode-coupled FEL configuration also supports amplification of a seed
with much narrower bandwidth than a single module - similar to a normal
FEL configuration that will amplify a seed with much narrower bandwidth
than the FEL bandwidth.
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4.5

Amplification of an HHG seed with energy modulation

Section 4.4 showed that the pulse train structure of an HHG source can be
retained to some extent during amplification to saturation in the mode-locked
FEL without any modulation of the electron beam, however the radiation pulses
broaden as the FEL interaction progresses. In this section the effects of introducing electron beam energy modulation are considered, and are shown to restrict
the pulse broadening effect. A novel method for seeding the mode-locked configuration is also developed in Section 4.5.4.
4.5.1

Method: pulse alignment and modulation amplitude

The modelling method follows that of Section 4.4.1, using the 1D code, the HHG
seed model (Figure 4.3), and with 8 periods per undulator module. Again, the
FEL parameter was set to ρ = 2 × 10−3 , the scaled slippage to ¯l = 0.201, and

the chicane slippage was δ̄ = 0.616. The key difference to Section 4.4, is the
introduction of an energy modulation to the electron beam.
A sinusoidal energy modulation was applied with period set equal to s̄, to
match both the HHG pulse spacing and the slippage per undulator-chicane module, such that all HHG seed pulses have the same initial longitudinal alignment
relative to the beam modulation phase.

Figure 4.9: Simulations were carried out for a range of initial longitudinal alignment between
radiation pulses (red) and sinusoidal electron beam energy modulation (blue). The green lines
are used to highlight the offset relative to an arbitrary reference (black lines).
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It is thus assumed that the radiation pulses interact with only certain parts of
the electron beam: slipping forward a distance l in the undulator sections (where
they interact), and a distance δ in the chicanes (where they do not). The energy
variation across the interacting parts of the electron beam is therefore a function
of both the initial alignment with the seed, and the modulation amplitude. Figure 4.9 outlines the method of the study: to vary the initial alignment of the seed
pulses for a range of modulation amplitudes and to assess the effects.
4.5.2

Results of modelling

Energy offset

The first significant result to note is illustrated schematically in Figure 4.10. It
was found that the the central energy of the modulated beam must be offset

Figure 4.10: Initial alignment of the HHG seed pulses relative to the electron beam energy
modulation for two cases (a) ¯l/2 behind the central energy of the modulation and (b) ¯l/2
behind the minima of the energy modulation. The energy of the electron beam is detuned such
that the resonant frequency of the centre of the seeded region is matched to the seed.
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such that the ‘interacting regions’ of the electron beam are resonant with the
seed. The interacting regions are those a distance l ahead of the initial seed
position. Without this matching the seeding effect is significantly reduced, or
even negligible. An example of such energy offsetting is shown in Figure 4.10 for
two different examples of initial conditions of the HHG pulse alignment relative
to the modulation phase. This result in itself is significant as it confirms the
earlier assumption that only certain parts of the electron beam are interacting
with the seed.
Pulse alignment and modulation amplitude

The initial longitudinal position of the seed pulses, z̄10 , was varied over one period
of the beam modulation and the intensity of the radiation intensity recorded at
a fixed undulator distance. This was repeated for varying energy modulation
amplitude, with the results given in Figure 4.11.
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Figure 4.11: Peak radiation intensity after 40 modules against initial longitudinal position of
the seed pulses (top) relative to the electron beam energy modulation (bottom), for varying
energy modulation amplitude. The initial alignment of the seed becomes more significant as
the energy modulation amplitude is increased. The optimum initial alignment of the seed is
half the undulator slippage (¯l/2) behind the positions of zero energy gradient.
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With zero modulation amplitude there is no dependence on the alignment
of the seed as would be expected. As the amplitude is increased the initial
alignment of the seed becomes more significant. The optimum amplification of
the seed is seen to occur with the seed pulses aligned ¯l/2 behind the positions
of zero energy gradient at the beginning of the interaction, e.g. Figure 4.10 (b).
This corresponds to the pulses aligning with the position of zero energy gradient
at the centre of the undulator modules. It is also noted that the amplification
rate is higher at the minimum energy position than at the maximum - this point
is considered in more detail in Section 5.3.3.
Pulse width

The effect of energy modulation amplitude on pulse width during amplification
was also investigated. The optimal longitudinal alignment of the seed was used
(z̄10 = 0.51 in Figure 4.11), and the energy modulation was varied. Figure 4.12
shows the pulse width and peak radiation intensity with scaled distance through
the undulator, z̄. With no energy modulation there occurs a continual broadening of the radiation pulses, in agreement with the previous section. An energy
modulation amplitude of 0.2% is sufficient to restrict the pulse broadening. Pulse
durations of 0.2 ≡ 8 cycles were obtained - meeting the minimum implied by the

single undulator bandwidth, and a factor of 2 better than the case with no energy
modulation.
Increasing the modulation amplitude further does not reduce the pulse width
but does reduce the growth rate. More detailed analysis of the optimum energy
modulation amplitude is given in Section 5.3.
The interpretation of these results is that the effect of energy modulation is
two-fold: it both defines the optimal positions within the beam for pulse train
amplification, and it constrains pulse broadedning during amplification. These
effects are discussed further in Chapter 5.
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4.5.3

Optimising for shortest pulses

Similarly to the case with no energy modulation, a second case was optimised
for minimum pulse duration. In order to attain narrower amplified HHG pulses,
the bandwidth of the system was increased by reducing the number of undulator
periods per module to 4, meaning ¯l was decreased to 0.101, the value of δ̄ was increased to keep s̄ constant. The corresponding value of the slippage enhancement
factor is Se = 8.125.
The results are shown in Figure 4.13. Pulse durations of 0.1 ≡ 4 cycles were

obtained - meeting the minimum implied by the single undulator bandwidth.
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Figure 4.13: Scaled longitudinal intensity profile (top and middle) and scaled spectral power
distribution of the amplified HHG radiation for ¯l = 0.101 (Se = 8.125), after 40 undulatorchicane modules.
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4.5.4

Amplification of a single-frequency seed

In the previous sections it has been shown that an HHG seed can be amplified
without energy modulation - but with pulse broadening, and that modulation
of the electron beam energy can be used to constrain this broadening effect.
However, an obvious difficulty with the latter technique in practice would be the
precise phase-matching of the HHG seed pulse train to the correct phase of the
electron beam energy modulation. A relatively simple method is now proposed
which negates this requirement for precise phase-matching, while constraining
pulse broadening.
Outline of new method

The new method is to use an energy modulated beam as in the previous section,
but to filter the HHG seed to remove the attosecond pulse train structure. The
HHG seed field of Figure 4.3 was filtered to preserve only the central resonant
mode, ω̄ = 0, such that no attosecond structure remains and the seed has the
simple Gaussian envelope of the drive laser. A beam energy modulation amplitude
of 0.5% was used with the seed frequency set to the resonant frequency of the
electrons at the minimum of the modulated energy.
Simulation results

Figure. 4.14 shows the evolution of the pulse shape and spectrum with amplification in the mode-locked FEL starting from a single-frequency seed. It is seen that
while there is initially a broad Gaussian seed, the amplification process rapidly
modifies this into a pulse train. In the frequency domain it is seen that though
seeding is only initially at the central frequency, the familiar set of discrete modes
quickly develops. At saturation very similar pulse widths and powers to those of
Figure 4.12 are attained.
This is a useful result as it relaxes the constraints on seeding the mode-locked
amplifier. It is also interesting in that it reveals more insight into the way the
mode-locked FEL operates, i.e. that in the presence of appropriate energy modulation, the system cannot support a single-frequency radiation field without
exciting other frequencies.
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Figure 4.14: Simulation results for the mode-locked amplifier FEL with a filtered HHG seed.
The four sets of plots show the properties of the seed, and the amplified radiation after 9, 14,
and 39 modules (near saturation). Each set of plots show the radiation temporal profile (top),
an inset of the radiation temporal profile relative to the electron energy modulation (middle),
and the spectrum (bottom).
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4.5.5

Summary of HHG amplification with energy modulation

The investigation of amplification of an HHG seed in the mode-locked FEL is
concluded by noting the main findings as follows:
1. The introduction of energy modulation can allow the pulse broadening effect
to be constrained. The full bandwidth of the single-module undulator spectrum can be retained, with the pulse duration correspondingly minimised.
Seed pulses shorter than the minimum will still rapidly broaden to this value
during amplification.
2. An optimum range of modulation amplitudes exists for which the pulse
broadening is constrained and the amplification rate is not decreased. Lower
values do not constrain pulse broadening, and higher values decrease amplification rate without a further decrease in pulse duration.
3. In addition to an optimum modulation amplitude, there is also an optimum
temporal alignment of the seed pulses relative to the modulation phase.
This occurs with the seed pulses aligned ¯l/2 behind the positions of zero
energy gradient at the beginning of the interaction, corresponding to the
pulses aligning with the position of zero energy gradient at the centre of the
undulator modules. Of the two zero energy gradient postions, the minimum
energy position has higher growth rate.
4. Furthermore, for optimum amplification to occur, the regions of the electron
beam interacting with the seed must meet the resonance condition.
5. The temporal alignment constraints can be alleviated by using a filtered seed
such that its pulse train structure is removed. The minimum pulse duration
of the system can still be attained with this simplified method.
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4.6

Conclusions

The study into seeding the mode-locked FEL has resulted in a number of interesting findings. It was shown that seeding the mode-coupled FEL with an HHG
source has the effect of cleaning up the temporal and spectral properties of the
output. The output consists of a regularly spaced set of temporal spikes, rather
than the irregular output when starting up from noise. This would be expected
to be beneficial in terms of its utility for experiments.
In terms of the mode-coupled FEL being judged as an amplifier for HHG
sources, the verdict is mixed: the radiation can indeed be amplified while retaining
a pulse train structure (by two orders of magnitude, given the seed properties
of [81]). However, where the bandwidth of the HHG source exceeds that of the
single undulator module bandwidth, the bandwidth of the amplified radiation
quickly falls to that of the single undulator module bandwidth, and continues to
fall during amplification, corresponding to temporal broadening of the pulses. By
minimising the number of periods per undulator module, the amplified bandwidth
can be maximised and pulse broadening minimised.
The mode-locked FEL, with correct choice of energy modulation amplitude,
can avoid the secondary pulse broadening effect and so retain the full bandwidth of
a single undulator module. Due to this, the pulse durations can be approximately
a factor of 2 shorter than the mode-coupled case. However, this comes with the
stringent requirement of matching the seed pulses to the energy modulation phase.
An alternative using a single frequency of the HHG seed removes this constraint,
while still resulting in optimum output.
The seeding study reveals significant insight into the role of energy modulation in the mode-locked FEL. It shows that the positions in the electron beam
with minimum energy gradient are optimum for amplification, and that energy
modulation constrains pulse broadening during amplification. These effects are
explored further in Chapter 5.
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Chapter 5

Role of Electron Beam
Modulation in the Mode-Locked
Amplifier FEL
5.1

Introduction

The previous chapter revealed some insights into the role of energy modulation
in the seeded mode-locked FEL: it both defined the positions for optimum amplification, and constrained pulse broadening during amplification. This chapter
considers the role of electron beam modulation in detail. Firstly, the electron
beam modulation is considered in the case of start-up from noise - the SASE
mode-locked FEL - in Section 5.2, with several new properties of the system
revealed. These properties suggest that the system may perhaps be most intuitively described in the temporal domain, and this description in outlined in
Section 5.2.3. The role of energy modulation is described in detail in Section 5.3.
This understanding of the role of energy modulation allows potential alternative modulation techniques to be identified, and one such method is studied in
Section 5.4.2. Limitations of the modelling method are considered in Section 5.5.

5.2

SASE mode-locked FEL

The first section of the chapter describes the mode-locked FEL starting from
noise [57]. New aspects are considered which reveal much about the behaviour of
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the system, namely:
• The phase of the radiation.
• The longitudinal location of the pulses relative to the energy modulation
phase.

• The properties of the micro-bunching profile.
5.2.1

Radiation phase

The radiation phase is now considered. A comparison is made between simulation
results of three cases starting from noise (SASE): the conventional FEL amplifier
regime, and the mode-coupled and mode-locked regimes. One-dimensional modelling was carried out as described in Section 2.11, and the results are shown in
Figure 5.1. In addition to the temporal profiles considered previously [57] (shown
in Figure 3.3), the radiation phase is now plotted. This gives further insight into
the behaviour of the different regimes as described in the following sections.
Conventional SASE FEL

Figure 5.1 (a) shows simulation results demonstrating the properties of typical
radiation output from a conventional FEL amplifier starting from noise (SASE).
The temporal output power is noisy, consisting of a series of spikes with separation
. 2πlc , while the phase plots show that there is no phase correlation from spike
to spike.
Mode-coupled SASE FEL

Figure 5.1 (b) shows simulation results demonstrating the properties of typical
radiation output from a mode-coupled FEL amplifier starting from noise. The
temporal profile now consists of a series of spikes much shorter than in the conventional SASE case (i.e. shorter than the co-operation length), but it is not a
‘clean’ pulse train like in the mode-locked case (Figure 5.1 (c)). In fact it is more
like a number of interleaved pulse trains.
The phase plot is particularly revealing concerning the structure of the output
for two reasons. Firstly, it shows that there is phase-correlation across pulse
trains. Secondly (and most significantly) it shows that the radiation output does
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indeed consist of interleaved pulse trains, each of which have phase-correlation
within the pulses of the train but with no phase-matching between trains. This is
a significant result in terms of interpreting the behaviour, and is discussed further
in section 5.2.3. The longitudinal extent of the phase correlation is increased
compared to the SASE case (to Se ×lc ), but as already noted the phase correlation
is not continuous. Hence there are phase transitions on the scale of l, the slippage

in one undulator module.
Also noted is that there is continual temporal broadening of the radiation
pulses during amplification, consistent with that observed in Section 4.4. This
corresponds to narrowing of the spectral envelope relative to the single undulator
bandwidth in agreement with [57].
Mode-locked SASE FEL

Figure 5.1 (c) shows simulation results demonstrating the properties of typical
radiation output from a mode-locked FEL amplifier starting from noise. The
most obvious difference compared to the mode-coupled case (Figure 5.1 (b)) is
the absence of interleaved pulse trains. The output consists of a train of pulses
that are regularly spaced over the entire longitudinal extent of the output, but
which are phase-correlated over only the enhanced coherence length (Se × lc ).

The phase and envelope variations of the mode-locked FEL output are very

similar to the conventional SASE output of Figure 5.1 but on a longer temporal
scale.
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Figure 5.1: Radiation phase and temporal profile for (a) conventional SASE, (b) mode-coupled
SASE, and (c) mode-locked SASE FEL output. Each panel shows radiation phase (top) and
normalised intensity (bottom) (with insets of the temporal window to the right). The results are
plotted after 200 undulator periods (z̄ = 5) for simulations with FEL parameter ρ = 2 × 10−3 .
In the phase plots, the size and colour of the plotted points are related to the radiation intensity
to ease identification of the peaks.
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5.2.2

Pulse alignment and micro-bunching profile

Two other new characteristics of the mode-locked FEL starting from noise are
identified here: the longitudinal location of the pulses relative to the energy
modulation phase, and the properties of the micro-bunching profile. Figure 5.2
shows the radiation and micro-bunching profiles, and the electron beam energy
modulation for a mode-locked FEL simulation. The 1D code was used for the
simulation as described in Section 2.11, 8 periods per module were used, and the
results are plotted mid-way through the 25th module. The results shown show
typical features that have been observed across a range of parameters.
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Figure 5.2: Top - temporal profile of the radiation power at the centre of the 25th undulator
module; Middle - slice-averaged electron beam energy offset from the resonant energy (in terms
of electron rest mass energy); Bottom - temporal profile of the electron beam bunching at the
centre of the 25th undulator module. The radiation pulses align with the positions of minimum
energy gradient. Differences between the pulses/bunching at the minimum/maximum energies
are observed.

The radiation profile shows a higher intensity set of pulses aligned with the
minimum energy positions, and a lower intensity set aligned with the maximum
energy positions. This is consistent with the findings of Section 4.5, in which
the positions of minimum energy gradient were found to be optimum for HHG
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amplification. The maximum energy positions support amplification of radiation
pulse trains, but at a lower growth rate than the minimum energy.
Also shown in Figure 5.2 is the micro-bunching profile. It is seen that the
micro-bunching profile takes a similar form to the radiation profile, firstly in that
it consists of a series of spikes. The bunching spikes align with the positions of
minimum energy gradient, hence the radiation pulses and bunching spikes align
exactly at the centre of the undulator module. Therefore, at the entrance to the
undulator module, the radiation pulses are offset behind the peak of the bunching
spikes by a number of radiation wavelengths equal to half the number of periods
per module, and slip such that they are offset the same amount ahead by the
module exit. This effect is considered further in Section 6.3.
Another significant feature of the bunching profile is the difference in shapes
between the bunching spikes at the maxima and minima of the energy modulation.
The bunching spikes at the minima consist of a smooth, single peak, whereas those
at the maxima generally exhibit two peaks either side of the centre. This is the
first indication of a difference in behaviour between the two positions, and an
explanation for this effect is proposed in Section 5.3.3.
By observing the pulse alignment and bunching profiles, additional insight into
the effect of energy modulation in the mode-locked FEL is gained that had not
been observed previously in [57].
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5.2.3

Temporal description

Simplified representation of the 3 regimes

A simplified representation of the radiation output from the three regimes is
shown in Figure 5.3 to emphasise the differing temporal coherence properties. For
the SASE case, a sequence of autonomous regions of length ≈ 2πlc develop, while
for the mode-coupled and mode-locked cases, the phase correlation is distributed

across autonomous trains of pulses of length ≈ s × 2πlc . In the mode-coupled

regime, multiple pulse trains can occur within the enhanced coherence length,
while in the mode-locked regime, one pulse train dominates within this distance.

Figure 5.3: Simplified representation of the radiation output from (a) conventional SASE, (b)
mode-coupled SASE and (c) mode-locked SASE regimes. Regions with the same shading are
phase-correlated; for the SASE case there are a sequence of autonomous regions of length ≈ 2πlc
while for the mode-coupled and mode-locked cases, the phase correlation is distributed across
autonomous trains of pulses of length ≈ s × 2πlc .

The results shown in Figure 5.1, and illustrated schematically in Figure 5.3
are important for understanding the behaviour of the mode-locked FEL. While
the output of the mode-coupled FEL exhibits some degree of periodicity, it is
clearly not periodic. The phase correlation across the pulses within a train gives
the periodicity. But the fact that these pulse trains are finite and interleaved
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with no common start/end points ensures that the overall temporal structure is
not periodic. Since the profile is not periodic it cannot be fully described by a
simple combination of several discrete modes. This can be observed in simulation
results as a noisy splitting effect of the modes in the spectrum.
Consequently, it is perhaps more intuitive to describe the system in the temporal domain. From this perspective, the fundamental ‘unit’ of the system instead of being modes - is a finite pulse train with integrated length on the order
of the co-operation length: basically equivalent to one SASE spike. Whereas in
the conventional FEL the SASE spikes occur consecutively, in the mode-coupled
FEL the SASE spikes are interleaved. And in the mode-locked FEL the conditioning of the electron beam means this interleaving does not occur and there are
effectively a series of SASE spikes occuring consecutively again (but now with
fine structure). This interpretation is developed further in a simplified model in
Chapter 6.
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5.3

Analysis of energy modulation effects

The results of Chapter 4 and Section 5.2 indicate three significant features of the
role of energy modulation in the mode-locked FEL:
• Definition of pulse positions.
• Constraint of pulse broadening.
• Difference between maxima and minima of energy modulation.
This section assesses these effects in more detail.
5.3.1

Definition of pulse positions

The results for both the seeded and SASE mode-locked FEL indicate that introducing an electron energy modulation of sufficient amplitude has the effect of
defining the positions at which optimum amplification occurs. Criteria for the
energy modulation amplitude are now derived.
The energy modulation of the electron beam can be described as:
γ = γ0 + γm cos(∆ω̄z̄1 )

(5.1)

The cosine term can be differentiated to give the gradient of the modulation,
and multiplied by ¯l, to find that a radiation wavefront propagating a distance
of one undulator module about the maximum of the beam energy gradient will
experience a beam energy range of:
∆γ ≈ γm

2π¯l
≈ γm ∆ω̄¯l
s̄

(5.2)

If this range is sufficiently large that ∆γ/γ0 > ρ, then the FEL interaction will be
suppressed [43]. Hence, for a beam modulation period defined by the radiation
mode spacing, ∆ω̄ = 2π/s̄, then, for beam energy modulation amplitudes:
γm
ρSe
>
γ0
2π

(5.3)

the radiation peak powers will start to become confined to grow about the extrema
of the beam energy modulation where the energy gradients are smallest. For

93

5.3. Analysis of energy modulation effects

example, given the parameters used in Figure 4.11 this corresponds to γm /γ0 >
0.13%, in good agreement with the simulation results. The effect can be seen in
Figure 4.11 where radiation output is suppressed with increasing beam energy
modulation amplitude for pulses that are phased to evolve in the regions of high
energy gradient about z̄10 ≈ 0.3 and 0.7.

This pinning of the radiation pulses to these well defined positions, in both

the seeded and SASE cases, is likely to be of significant benefit where the phasing of the output pulses to an external signal is important, e.g. pump-probe
experiments.
5.3.2

Constraint of pulse broadening

The pulse broadening effect during amplification is dependent upon the energy
modulation amplitude. The effect of energy modulation for varying amplitude is
shown schematically in Figure 5.4.
For small amplitudes (Figure 5.4 (a)), the energy gradient does not significantly spoil the beam and pulse broadening occurs. There is an optimum range
of amplitudes (Figure 5.4 (b)) where the energy gradient spoils all but a region of
length ∼ l centred around the zero energy gradient position. In this case the ra-

diation pulse duration is restricted to ∼ l. For larger amplitudes (Figure 5.4 (c)),

the unspoiled region of the beam is < l. This reduces the growth rate of the
FEL interaction and does not further reduce the radiation pulse widths from the
system. This occurs since the radiation field slips a distance l in one undulator

module, hence a region of length ∼ l experiences the unspoiled electron beam
and is amplified.

A condition for the upper limit of the energy modulation that accommodates
the dual criteria of allowing sufficient growth rate while minimising the pulse
duration may be obtained by considering the beam energy range a radiation
pulse interacts with when propagating ±¯l/2 about the extrema of the modulated
beam. By expanding cos(x) ≈ 1 − x2 /2 in the modulation term of Equation 5.1,
and letting ∆z̄1 = ¯l/2, then setting the energy range to the upper limit of ρ, the

condition for the upper limit of the energy modulation is obtained:
γm
2ρSe2
<
γ0
π2
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Figure 5.4: The effect of energy modulation is to spoil regions of the beam with high energy
gradient. The unspoiled regions of the beam (highlighted in blue for the minimum energy
positions) become narrower for increasing modulation amplitude.

For the parameters used above (as per Figure 4.11), this corresponds to a beam
energy modulation of γm /γ0 < 0.68%.
The conditions 5.3, 5.4 may be combined to give the range of electron beam
energy modulation that allow the pinning of the radiation pulses to the beam
modulation extrema while allowing for a satisfactory radiation growth rate:
ρSe
γm
2ρSe2
<
<
2π
γ0
π2

(5.5)

Results across a range of parameters suggest that the lower end of the range
is often sufficient to constrain pulse broadening in addition to defining pulse
positions.
Analogy with mode locking

In terms of mode-locking this effect can be understood to be analogous to the
temporal domain description of mode-locking in conventional lasers. In this de95
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scription the modulation effect occurs as a shutter that opens for a short period
defining the pulse width, with repetition rate matched to the round-trip time of
the cavity.
5.3.3

Difference between maxima and minima

It Sections 4.5.2 and 5.2.2 it was noted that differences in the behaviour of the
system occur between the maximum and minimum energy positions. An explanation for this effect is proposed here.
The initial expectation was that the energy offset between the minima and
maxima could potentially cause the difference in amplification rates. This could
be attributed to the asymmetry of the high-gain FEL detuning curve (Figure 2.6).
However, this theory was tested by applying a more complex energy modulation
in which the upper half of the sinusoid was displaced to lower energy such that
the maxima occurred at zero, while the lower half was displaced to higher energy
such that the minima also occurred at zero. This made no significant change
to the amplification rates - the minima still showed higher growth rate than the
maxima.
The observation of the difference in bunching profiles between minima and
maxima shown in Figure 5.2 suggested an alternative explanation for the difference in amplification rates, as follows:
The maxima and minima (as the positions of minimum energy gradient, and
therefore optimum amplification) dominate the radiation emission and operate
at two separate resonant wavelengths, each with an associated set of radiation
pulse trains. The regions of the electron beam either side of the maxima are
at low energy relative to the local resonance condition, hence on average they
shift backwards relative to those at the maxima. An integral part of the highgain FEL mechanism is that the radiation phase is continually driven backwards
by the electron beam micro-bunching (see Section 2.8). It is proposed that a
condition can occur where these two effects are matched such that the regions of
the electron beam either side of the maxima developed enhanced bunching.
The above theory was tested by varying the energy modulation amplitude
and observing the effect on the bunching profile. If a fixed longitudinal position
offset from the position of maximum energy is considered, then increasing the
modulation amplitude will increase the relative phase slippage experienced by the
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electrons at this position. Therefore increasing the modulation amplitude should
bring the positions of optimum phase drift (and therefore optimum bunching)
closer in towards the maxima. Figure 5.5 shows the bunching profiles for three
different modulation amplitudes. It is observed that increasing the modulation
amplitude does indeed bring the peaks of the bunching profile in closer to the
maxima, supporting the theory.
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Figure 5.5: Electron beam bunching at the centre of the 25th undulator module for three
different values of energy modulation p=±5 (top), ±2.5 (middle, ±1.25 (bottom). The dashed
lines mark the longitudinal positions of the bunching peaks for the ±2.5 case. It is seen that
increasing the modulation amplitude (p=±5 - top) moves the peaks closer to the centre, while
decreasing the modulation amplitude (p=±1.25 - bottom) moves the peaks further apart.

At the minima the regions of the electron beam either side move forwards
relative to the local resonance, so do not have the possibility to more optimally
match the phase change of the radiation, and so enhance the bunching. The
assumption is that the double-peaked bunching profile that occurs at the maxima
is detrimental to FEL amplification relative to the behaviour at the minima.
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5.4

Alternative modulation methods

5.4.1

Required properties of modulation

It has been shown that a sinusoidal beam energy modulation defines a train of
regions at which the FEL interaction is preferentially supported, and can restrict
temporal broadening of radiation pulses at these positions. This understanding
of the function of the energy modulation, enables the properties of other potential modulation methods to be qualitatively identified. Any alternative method
needs to enhance or inhibit the FEL interaction periodically (in z̄1 ), with the
preferentially supported regions being of similar length to l and spaced at s. A
more quantitative analysis is now considered.
In Figure 5.6, an example sinusoidal energy modulation is shown together with
the calculated energy spread over a π/4 slippage length (corresponding to Se = 8.
The energy spread varies as a smoothed | cos θ|, with sharp increases in energy

spread either side of the minimum energy gradient positions.
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Figure 5.6: Example sinusoidal energy variation and corresponding energy spread over a π/4
slippage length.
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Taking this description a step further, the inverse of the energy spread as a
function of longitudinal position is plotted in Figure 5.7. It has been described
in Section 5.3.3 that there is an additional process inhibiting growth at the energy maxima relative to the minima, so this section of the curve is dashed, and
replaced by a continuation of the low ‘quality’ region. The resultant curve gives
an indication of the ‘ideal’ properties of the electron bunch modulation in terms
of a ‘quality factor’, Q. The implication is that the ideal form of the quality modulation in the beam is similar to the natural radiation pulse train output of the
system.
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Figure 5.7: Example sinusoidal energy variation and corresponding ‘quality’ factor Q = 1/∆p
over a π/4 slippage length.
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5.4.2

Mode-locked FEL with current-modulated beam

The analysis of the previous section showed the form that electron beam modulation should take to generate the mode-locking effect. One method which could
potentially deliver the required modulation in electron beam quality is current
modulation, as generated in e-SASE [82]. In this section current modulation is
investigated as a potential mode-locking technique. This work was carried out in
parallel to another group, and was reported in a joint paper [83].
A temporal current variation was introduced to simulations, approximating the
form described in Section 5.4.1, as shown in Figure 5.8. Modelling was carried
out with parameters similar to those used in Section 4.4.1, using the 1D code.
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Figure 5.8: Temporal profile of electron beam current used to test current modulation as a
method of mode-locking in ML-FEL simulations. The normalised current, χ, is plotted as a
function of z̄1 .

Figure 5.9 shows the radiation phase and normalised intensity at different
stages in the amplification process. A series of short pulses are generated after
only one undulator module, as shown in Figure 5.9 (a), however there is no phase
correlation from pulse to pulse, and the radiation is at low intensity. Amplification
takes place, and it is seen that at saturation (Figure 5.9 (c)), phase correlation
has developed over the enhanced coherence length (Se × lc ).

The output properties are cleaner than the energy modulation case due to

the absence of the low intensity pulses which occur at the energy maxima. In
practice, an energy modulation leads to a current modulation, so a combination
of the two effects may occur. This topic is described further in the next section.
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Figure 5.9: Radiation phase (top) and normalised intensity (bottom) for mode-locked amplifier
FEL with current modulation after (a) 1, (b) 10, and (c) 50 undulator modules. Plots to the
right show an inset of the temporal profile.
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5.5

Simulation model limitations for energy modulated
beams

The codes used to model the FEL interaction for the work in this thesis (described in Section 2.11) assume that the simulated electrons are confined to their
initial localised ponderomotive potentials. It is worth noting here that for some
parameters, these approximations may not be valid when simulating cases that
utilise energy modulated electron beams, such as the ML-FEL.
On propagation through the undulator-chicane modules, dispersion will cause
the applied beam energy modulation to develop into density (current) modulation
of the same period, as shown in Figure 5.10. Density modulation due to an initial
sinusoidal modulation is possible on the scale of the radiation wavelength but not
on the longer scale of the modulation period.
To investigate these effects requires new simulation methods such as [84] that
allow for beam current evolution as the interaction progresses. The cases in this
thesis work under the assumption that the accumulated current modulation due
to dispersive effects upon propagation through the undulator-chicane system is
negligible.
A condition for this effect has been derived and shown to be valid for the

p (a.u.)

p (a.u.)

parameters in this thesis [80].

z̄1 (a.u.)

z̄1 (a.u.)

Figure 5.10: Energy modulation evolution in simulation codes. In the code used, electrons
are confined to their initial buckets - density modulation (right) due to an initial sinusoidal
modulation (left) is possible on the scale of the radiation wavelength but not on the longer
scale of the modulation period.
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5.6

Conclusions

In this chapter the role of electron beam modulation in the mode-locked amplifier
FEL has been investigated in detail, with a number of findings.
The effect of the energy modulation has previously been described as a means
of transferring energy to sideband modes [57]. In this chapter a compatible description in the temporal domain has been developed. It has been shown that
energy modulation serves to produce a longitudinal variation in the quality of the
electron beam for FEL amplification. This longitudinal variation both defines the
positions where pulses develop, and constrains pulse broadening that would otherwise occur. Conditions for the required energy modulation properties have been
derived. The temporal domain description is developed further in Chapter 6.
The properties of the micro-bunching profile were investigated, and differences
in behaviour at the energy maxima and minima were identified. Consequently a
theory was developed to explain the difference in amplification rates between the
energy maxima and minima.
The required properties of electron beam modulation were established, and it
was shown in simulations that a current modulation of the beam has an equivalent
effect to energy modulation and hence could be used as an alternative. In some
respects the current modulation method may be advantageous, in that the output
is cleaner due to the absence of the low intensity pulses which occur at the
energy maxima. Having described the required properties of the electron beam
modulation it is possible to envisage other possibilities to deliver the mode-locking
effect, e.g. to periodically spoil the electron beam emittance.
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Chapter 6

Simplified Description of the
Mode-Locked Amplifier FEL
6.1

Introduction

In this section a simplified description of the mode-locked amplifier FEL is developed, in order to quantify characteristics of the system such as the growth
rate. This problem has been approached previously in the frequency domain by
considering the growth rates of the individual modes [85]. Here the problem is
addressed with a description in the temporal domain, as outlined in Section 5.2.3.
A ‘first-order’ description is given in Section 6.2, where similarities to the conventional high-igain FEL result are shown. A model to described ‘second-order’
effects such as pulse broadening is described in Section 6.3.

6.2

First-order description

To illustrate the behaviour of the mode-coupled regime compared to the conventional case, a simple example was considered with the evolution of both systems
beginning from a narrow radiation source term of width λr . Modelling was carried out with parameters similar to those used in Section 4.4.1 (Se = 4), using the
1D code. The effect of shot noise was excluded. Dispersion in the chicanes was
set to zero to exclude the optical klystron effect from altering the gain length.
Figure 6.1 shows the evolution of the longitudinal profiles of the radiation
intensity and electron beam micro-bunching as a function of undulator module
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number for both cases. The horizontal size of the mode-coupled plots has been
reduced by a factor of Se = 4 compared to the conventional case to compare the
macroscopic behaviour.

Figure 6.1: Evolution of the longitudinal profiles of the normalised radiation intensity (left)
and normalised electron bunching (right) as a function of undulator module number, for the
conventional regime (above) and the mode-coupled regime (below) starting from a narrow
radiation source term. The horizontal size of the mode-coupled plots has been reduced by a
factor of Se = 4 compared to the conventional case to show the similarity in the macroscopic
behaviour.

In the mode-coupled case, a train of pulses develops in both the radiation
field and the electron beam micro-bunching. This is an example of the similarity
between radiation and electron beam properties as discussed in Section 2.10.1.
A key point to note is that the macroscopic properties of the results are extremely similar between the conventional case and the mode-coupled case. The
envelope of the pulse train in the mode-coupled case, evolves almost identically to
the intensity profile in the conventional case. This supports the earlier assertion
in Section 5.2.3 that pulse trains in the mode-locked FEL are equivalent to SASE
spikes in the conventional regime. The mode-coupled growth rate is also similar
to the conventional case as shown by the similar evolution in z̄ in Figure 6.1.
Further details on the growth rate are given in Section 6.3.
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The similarity of the two regimes outlined in Figure 6.2, which shows a simplified description of the conventional and mode-locked regimes. In the conventional
regime the radiation field is shifted forward in z1 by one radiation wavelength per
undulator period. For the mode-locked FEL, the simplified description is that
both the radiation field and electron beam are discretised into segments; the radiation and electron beam interact in one module and then the radiation propagates
directly ahead into the next electron beam segment. In this case the conventional
and mode-locked cases would be identical. The assumption being that the radiation field and electrons outside the interacting segments do not contribute
significantly in the interaction.

Figure 6.2: Temporal profiles of the radiation field (A), and electron beam micro-bunching
(b), in the conventional high-gain FEL amplifier, and the mode-locked/coupled FEL. In the
conventional case, longitudinal segments of the radiation field step continuously through the
electron bunch. In the mode-locked/coupled case the interacting parts of the field and bunch
are segmented, with the radiation segments stepping forward in the chicanes.

The conclusion of this section is that to first order the behaviour of the modelocked/mode-coupled FEL can be described as being almost exactly equivalent
to a conventional high-gain FEL, only differing in whether the interaction is
continuous or discretised. It is also noted that in the alternative modal description
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of the scheme, the particular modes taking part in the interaction are dependent
upon the slippage in the chicanes, δ̄. Changing the value of δ̄ changes the modes
that take part in the interaction, and it has been suggested that the total slippage
s̄ must take integer values. In the temporal description the value of s̄ can take
non-integer values and the interaction proceeds in the same way.

6.3

Second-order effects

There are some effects that can not be described with the ‘first-order’ model.
Clearly the description of Figure 6.2 is a simplification of the slippage model in the
mode-locked FEL. The discretised blocks of radiation field and electron bunch do
not remain perfectly aligned with each other throughout amplification. Figure 6.3
shows a more accurate representation of the slippage effect: the radiation and
electron blocks are largely kept aligned (as per the ‘first-order’ model), but there
is slippage relative to each other in the undulator sections.

Figure 6.3: A more accurate representation of the slippage effect in the mode-locked FEL: the
squares represent blocks of the radiation field (red), and the electron beam bunching (blue).
The radiation blocks slip incrementally across the bunching blocks within undulator modules,
before shifting ahead to the next bunching block in chicanes.

This gives rise to the following ‘second-order’ effects:
• Gain variation
• Approximately Gaussian pulse shape
• Pulse broadening/bandwidth narrowing
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6.3.1

Simulation - gain variation

The growth rate of the mode-coupled case is now compared against the conventional case. For the 1D simulations shown in Figure 6.1, the maximum radiation
intensity with distance through the undulator is plotted in Figure 6.4. The growth
rate of the mode-couple case is slightly less than the conventional result.
The gain of the radiation intensity per undulator period is calculated and is
also plotted in Figure 6.4 in order to show variations in growth rate within an
undulator module. In the centre of undulator modules the growth rate of the
mode-coupled case is close to the conventional case, but drops off earlier and
later in the modules. This results in the overall lower growth rate seen in the
upper plot.
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Figure 6.4: 1D simulation results showing the growth of the radiation intensity with distance
through the undulator for the mode-coupled and conventional regimes. The variation of the
gain of the peak of the radiation intensity with undulator period is also plotted for the two
cases. This shows that there is a periodic variation in the gain for the mode-coupled case.

108

6.3. Second-order effects

6.3.2

Simulation - pulse broadening

The width of the pulses in the pulse train structure is plotted against distance
through the undulator in Figure 6.5 for the 1D simulations of previous sections.
There is a continual broadening of the pulse structure in the exponential growth
region, as seen in Section 4.4.
The broadening of the pulse structure appears to be a relatively slow process,
with the pulses broadening at a rate of approximately 1 radiation wavelength per
gain length. This indicates that the ‘first-order’ approximation that the radiation
field and electrons outside the interacting segments do not contribute significantly
in the interaction is reasonable. It also suggests that interleaved pulse trains may
develop with little interaction between them, as described in Section 5.2.3.
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Figure 6.5: The width of the radiation pulses, |A|2 , and bunching spikes, b, in the pulse train
structure are plotted against distance through the undulator for the results of 1D simulations.

The pulse broadening effect seems to have similarities to effects in conventional lasers. It is stated in [86] that ‘the homogeneous laser oscillates on only
one longitudinal mode near the center of the atomic transition when no modulation signal is applied. Formation of a stable optical pulse is the result of a delicate
balance between the action of the modulator, which broadens the frequency bandwidth and narrows the pulse’s duration and the gain medium, whose frequency
dependent amplification acts to narrow the pulse’s bandwidth and increase its
duration’. A similar description could be applied to the mode-locked FEL, where
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the slippage of the radiation relative to the electrons acts to broaden the pulses,
while the energy modulation acts to narrow them. A simplified description of the
pulse slippage effect is developed in the next section.

6.4

Simple model including pulse slippage

A simple model has been developed to describe the evolution of the mode-locked
FEL. The model describes an interaction occurring at only the fundamental FEL
frequency with no need for separate interactions at different modes. The model
describes the growth rate of the radiation intensity and the pulse broadening
effect, and the two effects are shown to be intrinsically linked via this description.
The linearised equations in terms of collective variables (with δ = 0) are used
(Equations 2.110, 2.111, and 2.112), and longitudinal variation of the parameters
is included (z̄1 -dependence):
∂A(z̄, z̄1 )
= b(z̄, z̄1 )
∂ z̄
∂P (z̄, z̄1 )
= −A(z̄, z̄1 )
∂ z̄
∂b(z̄, z̄1 )
= −iP (z̄, z̄1 )
∂ z̄

(6.1)
(6.2)
(6.3)

The shifting function (sawtooth wave):
f (x) =

∞
 nπx 
1 1X
−
sin
2 π n=1
L

(6.4)

was used to control the z̄1 slippage of the electron beam terms relative to the
radiation field, i.e. the radiation field is incremented forward by one radiation
wavelength per undulator period for the number of periods per module, and is
periodically reset to its initial value. The system was set up and solved using a
differential equation solver in Matlab
The first case investigated had the initial condition of a top-hat function in the
intensity temporal profile, representing a discrete segment of radiation field as in
Figure 6.2. The initial values of the electron beam parameters were set to zero,
b = P = 0. Figure 6.6 shows the evolution of A(z̄, z̄1 ), b(z̄, z̄1 ), and P (z̄, z̄1 ) with
distance through the undulator. A second case, shown in Figure 6.7, represents
the start up from an arbitrary noisy signal.
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Figure 6.6: Results of periodic shifting during amplification on the temporal profiles of the
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their maximum value.
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Figure 6.7: Results of periodic shifting during amplification on the temporal profiles of the
radiation intensity (left column), micro-bunching (central column), and energy modulation
(right column), for a case of start-up from a noisy radiation profile. The parameters are plotted
at intervals of 60 undulator periods, from top to bottom, all plots are normalised to their
maximum value.
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The results of Figure 6.6 and Figure 6.7, indicate that the system quickly
evolves to Gaussian pulse shapes regardless of the starting conditions. This is
effectively a result of central limit theorem which shows that a Gaussian waveform is produced when an arbitrary shaped pulse is convolved with itself many
times [87].
6.4.1

Model - gain variation rate

The implications for the growth rate are now considered. Figure 6.8 shows how
the alignment of a radiation pulse and a bunching spike varies with distance
through a single undulator. A Gaussian pulse shape is used, following the results
of Figure 6.6 and Figure 6.7.

Figure 6.8: The alignment between the pulses in the radiation (red) and bunching (blue)
structures varies with distance through an undulator module (a)→(h). The peak of the radiation
field traverses 8 radiation wavelengths (marked by vertical divisions).

Considering the case of moving with the peak of one of the pulses in the radiation field structure, it is straightforward to appreciate why the gain per period
varies periodically as shown in Figure 6.4. The radiation growth is dependent
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upon the bunching as shown in equation 6.1, and the bunching experienced by
the peak of the radiation field varies with distance through the undulator module.
The variation of the gain of the peak of the radiation intensity with undulator
period is plotted in Figure 6.9 for the mode-coupled and conventional regimes.
This shows a periodic variation in the gain, in good agreement with the simulation
results of Figure 6.4.
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Figure 6.9: Gain per undulator period for the peak of the radiation intensity, as calculated with
the simple model, for the mode-coupled and conventional regimes. The periodic variation of the
gain for the mode-coupled case is in good agreement with the simulation results of Figure 6.4.

6.4.2

Model - pulse broadening

The pulse broadening effect can also be explained in a similar way to the growth
rate variations. The average growth rate of the peak of the radiation field is
slightly reduced compared to the conventional growth rate since it experiences
parts of the beam with lower bunching. Conversely the average growth rate
of the wings of the radiation pulse is slightly increased through experiencing
regions of relatively high bunching. The pulses of the bunching structure broaden
simultaneously and can be explained in a similar way.
Results from the model showing the width of the pulses plotted against distance through the undulator are given in Figure 6.10. There is a continual broadening of the pulse structure in the exponential growth region which appears in
excellent agreement with the simulation results.
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Figure 6.10: Pulse width evolution in the mode-coupled FEL - simulation versus simplified
model. Pulse width is plotted against distance through the undulator for both radiation intensity and electron beam micro-bunching. Simulation results are compared to the predictions of
the simple model. The results deviate where exponential growth in the simulation saturates at
approximately z̄ = 12.

6.4.3

Relation between growth rate oscillations and pulse duration

It was stated earlier that the pulse width and gain are intrinsically linked in
this model. It can be seen in Figure 6.9 that as the pulse width increases, the
amplitude of the oscillation in gain decreases. It is straightforward to understand
from the arguments of Sections 6.4.1 and 6.4.2 that as the pulse broadens, the
gain variation will reduce.
Given sufficient propagation distance the pulse broadening may eventually lead
to the pulse train structure washing out entirely and the gain reverting to the
conventional FEL case, however the pulse broadening effect is too slow for this
to occur for typical parameters. It appears that this effect is occurring in the
simulation results of Figure 6.4, supporting the validity of the simple model.
6.4.4

Electron beam modulation

It is straightforward to add a current modulation to the model through introducing a χ(z̄1 ) factor representing current variation, with a Gaussian profile in z̄1 .
Figure 6.11 show that this can be used to restrict the pulse broadening as would
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Figure 6.11: The width of the pulses is plotted against distance through the undulator for a
case with current modulation. There is now a fixed pulse width.

be expected.

6.5

Conclusions

The results in this chapter indicated that to first order the behaviour of the modelocked/mode-coupled FEL can be described as being almost exactly equivalent to
a conventional high-gain FEL. The only clear difference being that the coherent
length of radiation/electron beam involved in the process is continuous in the
conventional case, and discretised in the mode-locked/mode-coupled case.
A temporal description of the mode-locked FEL amplifier has been presented
and a simple model in terms of collective variables has been developed to describe
the system. Results show a good match with simulations indicating that this is
a promising approach to describing the system.
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Chapter 7

Start-to-End Modelling of the
Mode-Locked Amplifier FEL
7.1

Introduction

This chapter describes work carried out to model the mode-locked amplifier FEL
scheme [57] in full start-to-end simulations (S2E), in order to show its compatibility with the predicted output from the present generation of accelerator designs.
The mode-locked amplifier scheme is modelled in three-dimensional FEL simulations, using an electron distribution tracked through full start-to-end accelerator simulations of a superconducting re-circulating linac design. It is emphasised
that the FEL scheme is independent of the choice of accelerator configuration;
the re-circulating linac option is chosen as an example of modern particle accelerator design. S2E modelling includes more complex effects not included in the
‘ideal’ cases considered so far, such as temporal variations in parameters along
the electron bunch. An overview of the method of generation of the electron distribution used in FEL simulations is given in Section 7.2, and three-dimensional
modelling of the ML-FEL starting from noise is described in Section 7.3. Some
of the content of this chapter has been published in [80].

7.2

Accelerator Modelling

An electron distribution for use in FEL modelling was generated in start-to-end
simulations of an accelerator design [88] for the UK New Light Source (NLS)
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project [89]. The design comprises of a 200 MeV injector followed by two recirculation passes of a 1 GeV main linac. The photoinjector [90] consists of a
normal conducting L-band (1.3 GHz) photocathode gun and a superconducting
L-band (1.3 GHz) cavity module, and was simulated using ASTRA [91]. The
electron distribution from ASTRA was imported into Elegant [92] for tracking
through the accelerator lattice to the FEL. The accelerator design is a two-pass
recirculating machine based on nine TESLA type accelerating cryomodules with
longitudinal bunch compression carried out in three dedicated bunch compression
stages. Following the linac are a beam switchyard, collimation and diagnostic tomography sections. A laser heater is used to mitigate the effects of CSR-induced
microbunching. Figure 7.1 shows a schematic layout of the design.

Figure 7.1: Schematic layout of the NLS recirculating accelerator. The 200 MeV injector
includes a third harmonic cavity (3ω), laser heater (LH) and bunch compression chicane (BC1).
Two passes of a 1 GeV main linac and two further bunch compression stages (BC2 and BC3)
follow. Figure reproduced from [89].

The properties of the tracked electron distribution at the entrance to the FEL
are given in Figure 7.2. The longitudinal phase space, current profile, slice emittance, and slice energy spread, binned in 1 fs slices, are shown. Peak current of
>1 kA is delivered, with some variation over 100 fs. Slice emittances of less than
0.4 mm-mrad are attained. The slice energy spread is below 2 × 10−4 for most of

the bunch. A region of duration ∼100 fs centred around the peak of the electron

bunch current was selected for FEL simulations as indicated in 7.2. The sdds
rountine elegant2genesis [93] was used to convert the electron distribution output
from Elegant into input for the FEL code Genesis 1.3 [56].

7.3

Mode-locked amplifier method

The resonant wavelength of the FEL was chosen to be 1.24 nm, corresponding to
the highest photon energy of the NLS FEL designs [89]. Undulator modules of
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Figure 7.2: Bunch properties on entrance to the FEL in 1 fs slices: Top left - longitudinal phase
space, Top right - current profile, Bottom left - slice emittance, Bottom right - slice energy
spread. The region selected for FEL simulations is highlighted.

8 periods were chosen (i.e. l = 8λr ) and the slippage in the chicanes was set to
δ = 23λr , giving a slippage enhancement factor of Se = 3.9.

7.4

FEL modelling

The FEL modelling method follows that of [57], using the three-dimensional FEL
code Genesis 1.3 [56], as described in Section 2.11. In the FEL design, a short
modulator section is used to introduce electron energy modulation of period s,
matching the total slipppage per undulator-chicane module. A sinusoidal energy
modulation was manually added to the electron beam distribution to account
for this. The modulation amplitude was varied over a range of values and the
optimum value of 0.05% was selected.
The modular undulator-chicane structure was modelled in Genesis 1.3, using
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the tracked electron distribution. No seed was used hence the process starts
from self-amplification of spontaneous emission (SASE) [43]. The radiation power
output close to saturation (145 modules) is shown in Figure 7.3, with details of
the initial electron beam energy and current profile. The total undulator length
to saturation (∼40 m) and the peak power (∼1 GW), are similar to that of a
conventional FEL with the same parameters.
The peak of the radiation power occurs slightly off the peak of the highest
current region of the bunch, where both the energy spread and chirp are lower.
Due to the increased propagation distance along the bunch, the ML-FEL might
be expected to be less tolerant to energy chirp than a conventional high-gain
FEL. The envelope of the pulse train retains the SASE noise. Analysis of the
radiation phase shows coherence in the pulse train is limited to ∼ Se × lc . In

addition, the variation in energy along the electron bunch leads to a variation in
radiation wavelength along the train, which acts to broaden the modal structure
of the spectrum.
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Figure 7.3: Top - radiation power profile output close to saturation (145 modules), and the
corresponding radiation spectrum (inset); Middle - initial electron beam energy profile; Bottom
- electron beam current profile.
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In Figure 7.4, an inset of the radiation power profile is given in order to
show the pulse properties, together with the electron beam energy and bunching
(b = heiθ i). The pulse duration is ∼30 as FWHM; which is approximately 8

optical cycles, corresponding to the number of undulator periods per module.

Figure 7.4 also shows the radiation pulse alignment relative to the electron
beam at the centre of the 145th undulator module. In general, the highest intensity
radiation pulse trains develop such that they align with the minimum energy
positions of the sinusoidal energy modulation. However it is noted that in some
regions of the beam, the pulses aligning with the maximum energy positions have
higher intensity than those at the minima. This is in contrast to most results
with an ideal beam.
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Figure 7.4: Top - radiation power at the centre of the 145th undulator module; Middle - sliceaveraged electron beam energy offset from the resonant energy (in terms of electron rest mass
energy); Bottom - electron beam bunching at the centre of the 145th undulator module. The
radiation pulses align with the positions of minimum energy gradient.

Since two pulses develop per modulation period; the minima and maxima of
the energy modulation effectively support two separate sets of modes with the
higher electron energy set centred about a shorter wavelength than the lower
electron energy set. Due to the energy variation along the bunch, different lon121
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gitudinal regions of the beam have a different central wavelength. These effects
contribute to broadening of the modes in the radiation spectrum of Figure 7.3.
The electron beam bunching is again seen to have a similar pulse train structure
to the radiation.

7.5

Conclusions

The mode-locked amplifier scheme has been modelled in three-dimensional FEL
simulations using an electron distribution tracked through full start-to-end accelerator simulations of a modern particle accelerator design. The mode-locked
scheme is predicted to generate pulses of ∼30 as FWHM (approximately 8 opti-

cal cycles, corresponding to the number of undulator periods per module), with
peak power and saturation length typical of a conventional high-gain FEL with
the same parameters (∼1 GW in ∼40 m) More realistic effects are included in

the start-to-end modelling, compared to the ideal case, such as energy variation
along the beam, and current variation. The energy variation along the beam
acts to broaden the modal structure of the ML-FEL spectrum, since different
longitudinal regions of then beam have different central resonant wavelengths.
Ultimately the mode-locked FEL configuration has been shown to be compatible with predicted output from the present generation of particle accelerators,
however, to deliver the few-cycle pulses demonstrated here, very short undulator
modules (∼8 periods) would be required. This would require the construction of
dedicated undulator lines for this purpose. In the following chapters, an alternative approach is developed which could be added to existing undulator lines.
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Chapter 8

Long-Scale Energy Modulation in
a Conventional High-Gain FEL
8.1

Introduction

In previous chapters, the cases have been considered of the mode-coupled FEL
(consisting of periodic shifting with no energy modulation), and the mode-locked
FEL (periodic shifting with energy modulation). For completeness the case was
also considered of energy modulation without periodic shifting. It is shown in
this chapter and in Chapter 9 that this can also produce very interesting results.
This chapter is essentially concerned with a conventional high-gain amplifier
FEL configuration, in which the role of a long-scale (relative to the resonant FEL
wavelength) energy modulation is introduced to the electron beam. A method
for generating short pulses from this approach is described in Section 8.3. This
work was presented in [94].

8.2
8.2.1

Effect of energy modulation
System parameters and modelling method

Simulations have been carried out to assess the effect of an energy modulated electron beam, with long-scale modulation period relative to the resonant FEL wavelength, on a conventional SASE FEL. A resonant FEL wavelength of λr =1.24 nm
was chosen for the simulations, and a modulation period of ≈ 30λr was used, since

this is a typical value used in mode-locked FEL simulations. Undulator and elec123
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tron beam parameters similar to those of the UK New Light Source design [89]
were used. The FEL code Genesis 1.3 [56] was used. For simplicity, the beam
modulation step was accounted for by applying a sinusoidal energy variation to
the electron beam distribution. There was assumed to be no other longitudinal
variation in electron beam parameters. The amplitude of the modulation was
varied and the effect on FEL behaviour observed.
8.2.2

Amplification rate

In Figure 8.1, the maximum power in the simulated window is plotted against
distance through the undulator, for several different values of the initial energy
modulation amplitude (0.01 %, 0.05 %, 0.1 % and 0.5 %). For an energy mod-

Figure 8.1: Maximum power (top) and maximum bunching (bottom) in the simulated window
plotted against distance through the undulator, for different values of initial energy modulation
amplitude.
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ulation amplitude of 0.01 % the peak power and saturation distance are not
significantly different to the case with no energy modulation. As the energy
modulation amplitude is increased, the gain length of the FEL is increased. Also
shown in Figure 8.1, is the maximum of the bunching (b = eiθ ) in the simulated
window plotted against distance through the undulator.
8.2.3

Temporal properties

Figure 8.2 shows the longitudinal profile of the radiation power and that of the
electron beam bunching for the different values of initial energy modulation amplitude. For each case the plotted data is near to FEL saturation (the 0.5 %
energy modulation case is not shown since saturation was not reached in the
simulated undulator distance). For an energy modulation of 0.1 %, there is sig-

Figure 8.2: Longitudinal profile of the radiation power (top) and that of the electron beam
bunching (middle) are shown for different values of the initial energy modulation amplitude.
For each case the plotted data is near to FEL saturation. The beam energy at the entrance to
the FEL is shown for the 0.1 % energy modulation case (below), to show the position of the
bunching peaks relative to the modulation phase.
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nificant pulse-train structure observed in the bunching profile. This structure
is also evident to a lesser extent at 0.05 % energy modulation, and to a much
lesser extent at 0.01 %. The peaks of the bunching profile occur at the positions
of minimum electron beam energy. The length of these bunching peaks is only
a few optical cycles, indicating that few-cycle structures can be generated in a
conventional high-gain FEL.
The radiation profile does not exhibit a similar structure to the bunching
profile, even when there is significant structure in the bunching profile. Instead
the radiation profile characteristics are similar to typical SASE output with a
relatively small undulation on the scale of the bunching structure. This is to
be expected since the radiation slips forward relative to the electrons, so that
any structure is washed out. This example therefore shows that the ‘symmetry’
between the temporal profiles of the radiation and electron beam properties described in Section 2.10.1 can be broken.
8.2.4

Proposed description

The development of the peaks in the temporal profile of the micro-bunching is
attributed to a similar mechanism as in the mode-locked FEL - as described in
Section 5.3.1. As in the case of the ML-FEL, energy modulation results in two
positions of minimum energy gradient, at the minima and maxima of the energy
modulation, and regions of higher gradient (chirp) in between. It is noted that
the required modulation amplitude to generate the comb structure in the microbunching profile is ∼ ρ. This corresponds to putting the two sets of minimum
energy gradient just outside the bandwidth of one another.

The difference compared to the ML-FEL is that the radiation slips continuously through the electron beam, rather than in discrete steps. Consequently
there cannot be two resonant interactions interleaved within the same longitudinal region. The two sets of minimum energy gradient are effectively put in
competition, with the faster growth rate dominating.
It has been shown for the ML-FEL that the minimum energy positions have
higher growth rate, with a theory for this put forward in Section 5.3.3. It is
assumed that the same reason applies here. It is noted that the bunching peaks
are less sharply defined than for the ML-FEL: this is thought to be because there
is not a corresponding radiation pulse train, as shown in Figure 6.2.
126

8.3. Short pulse generation

8.3

Short pulse generation

8.3.1

Concept

The previous section showed that few-cycle features can be generated in a conventional high-gain FEL, but they occur in the electron beam and not in the
radiation profile - it requires a further step to develop this idea into a source
of few-cycle radiation pulses. In this section a very simple scheme is proposed
to utilise the bunching structure shown in the previous section to deliver radiation output with similar temporal properties but limited power. a method of
delivering high power is developed in Chapter 9.
The layout of the proposed scheme is shown in Figure 8.3, including details of
the parameters used in simulations. A short modulator section is used to apply
an energy modulation to the beam with long-scale period relative to the resonant
FEL wavelength. This energy-modulated beam then enters a long conventional
FEL amplifier undulator, in which the FEL interaction proceeds to near to saturation. As described in the previous section, a fine structure is generated in the
bunching with peaks corresponding to the minimum energy gradient positions.
However the radiation temporal profile has only small ripples corresponding to
this fine-structure since it slips across both the highly bunched and less bunched
regions.
When the bunching is maximised (near saturation) the radiation and electrons
are separated (e.g. through used of a chicane) and the electrons are passed
through a very short undulator ( 10 periods) to emit radiation with fine structure
corresponding to the bunching.

Figure 8.3: Schematic of the simple short pulse generation scheme. A short modulator section
(‘Modulator 1’) is used to apply an energy modulation to the beam with long-scale period
relative to the resonant FEL wavelength. The beam then enters a long undulator section
(‘Modulator 2’), in which the FEL interaction proceeds to near to saturation, generating a fine
structure in the bunching but not the radiation profile. The radiation and electrons are then
separated and the electrons are passed through a very short undulator (10 periods) to emit
radiation with fine structure corresponding to the bunching.
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It is emphasised that no additional chicane-delay slippage in the main undulator line is required (as applied in [57]).
This method has some similarities to a proposal [78], to manipulate an electron
beam to generate significant bunching in a short region of the beam, such that
an isolated pulse of significantly less than the coherence length (20 as FWHM
at λr =1 nm) is generated upon passing through a short (12 period) undulator
(see Section 3.2.5). The method proposed in this section differs in using FEL
amplification to generate microbunching, and trains of pulses are generated.
8.3.2

Modelling results

Simulations of the scheme shown in Figure 8.3 have been carried out using a
0.1 % amplitude energy modulation. Bunching structure develops as shown in
Figure 8.2 with a maximum bunching factor of ≈ 0.6. In the radiator section a

pulse train structure develops with ∼30 as FWHM radiation pulses at ∼30 MW
peak power after 10 undulator periods. This corresponds to pulse durations of

only ∼ 8 optical cycles, however the peak power is a factor of ∼ 30 lower power

than normal FEL saturation for these parameters.

A short region of the radiation power profile and spectrum at this point are
shown in Figure 8.4. The spectrum shows several discrete frequencies. Figure 8.5
shows the radiation phase and power over a longer time window. The envelope
of the pulse train shows fluctuations typical of SASE, with phase correlation
between radiation pulses over a co-operation length. The output is similar to the
SASE ML-FEL case but at lower power.

Figure 8.4: Radiation power profile and spectrum in the radiator after 10 undulator periods.

Only a basic optimisation has been carried out to demonstrate the principles
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Figure 8.5: Radiation phase (with plot colour correlated to radiation intensity) and normalised
power profile in the radiator after 10 undulator periods, for the simulated 30 fs time window
(left), and zoomed to show a 4 fs region (right). The phase is continuous on the scale of a
co-operation length.

of the scheme, and improved output would be expected with further optimisation, however peak powers are not expected to remain significantly below FEL
saturation levels.

8.4

Conclusions

The effect of introducing an energy modulation with long-scale period (relative to
the resonant FEL wavelength) in a conventional high-gain FEL has been assessed
in simulations. A particularly interesting aspect of the result is that a pronounced
comb in the electron bunching of period λm is seen to develop for optimised values
of the modulation amplitude. This is significant since it shows that the standard
high-gain FEL amplification process can support the amplification of extremely
short temporal features - down to a few cycles - albeit in the bunching profile
rather than the radiation profile. The radiation profile does not exhibit a similar
structure to the bunching profile, even when there is significant structure in the
bunching. Instead the radiation profile characteristics are similar to typical SASE
output with a relatively small undulation on the scale of the bunching structure.
This is to be expected since the radiation slips forward relative to the electrons,
so that any structure is washed out.
A scheme has been devised to deliver radiation output with similar temporal
properties to the mode-locked FEL scheme (i.e. a train of few-cycle radiation
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pulses), without the requirement for a bespoke undulator-chicane system, but
with reduced peak output power. This scheme could be a precursor to the more
complex scheme detailed in Chapter 9.
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Chapter 9

Mode-Locked Afterburner FEL
9.1

Introduction

In Chapters 4, 5, and 6, the mode-locked amplifier technique was analysed and
developed in several directions. It was shown in Chapter 7 that the technique
could be used to generate few-cycle pulses, but to do so requires few-period undulators: a significantly different undulator configuration than other FEL operating
modes, and one that is not in place at existing facilities. In Chapter 8 it was
shown that short-pulses could be generated with relatively little modification of
existing facilities, but at low power.
This chapter details the development of a new concept for few-cycle and highpower pulses - the ‘mode-locked afterburner’ (ML-AB) - which could be applied
relatively straightforwardly as a short extension to existing facilities. The scheme
is modelled in 3D simulations for a soft x-ray case and a hard x-ray case, as well
as for the parameters of the FEL test facility CLARA [59]. Some of the content
of this chapter has been published in [95].

9.2

Mode-locked afterburner concept

As was described in Section 2.8, the FEL process consists of an initial start-up
phase, an exponential growth phase and saturation. This means that the majority
of the radiation from an high-gain FEL is emitted in the final gain length, typically
corresponding to a few metres (at least when tapering is not implemented). It is
this key point that is now combined with the results of the previous chapter to
give a concept to generate few-cycle and high-power radiation pulses.
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9.2.1

Overview and layout

The layout of the mode-locked afterburner method is shown schematically in
Figure 9.1. It is proposed to generate trains of few-cycle radiation pulses similar
to that of the ML-FEL but by using a short ‘afterburner’ extension that could
relatively easily be added to existing facilities.
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Figure 9.1: (a) Schematic layout of the proposed technique and (b) Example simulation results.
An electron beam is sliced (e.g. using an external laser and a short undulator to apply an
energy modulation, as shown), such that a comb structure develops in the FEL-induced electron
micro-bunching (b) in a long undulator (amplifier stage). Further amplification of the radiation
intensity (P ) with periodic electron delays (mode-locked afterburner stage) generates a train of
few-cycle radiation pulses.

The technique involves preparing an electron beam with periodic regions of
high beam quality, each region of length  lc , prior to injection into a normal
FEL amplifier. Only these high quality regions undergo a strong FEL interaction

within the amplifier to generate a periodic comb structure in the FEL-induced
micro-bunching. Once the micro-bunching comb is sufficiently well developed, but
before any saturation of the FEL process, the electron beam is injected into a
‘mode-locked afterburner’, which maps the comb structure of the electron microbunching into a similar comb of the radiation intensity. The afterburner comprises
a series of few-period undulator modules separated by electron delay chicanes similar to that used in the ML-FEL [57]. These undulator-chicane modules maintain
an overlap between the comb of bunching electrons and the developing radiation
comb, each pulse of length  lc , allowing it to grow exponentially in power to
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saturation. The pulses are delivered in trains, since amplification occurs over
a number of afterburner modules, and would be naturally synchronised to the
modulating laser (Figure 9.1).

9.3
9.3.1

Amplifier-stage modelling
Modelling method

Modelling of the method was carried out using the simulation code Genesis 1.3 [56]
using the parameters of Table 9.1 in both the soft and hard x-ray.
For the soft x-ray case, with resonant FEL wavelength of λr =1.24 nm, the
modulation period λm = 38.44nm (= 31λr ) and λm  lc . This is a typical
value used in previous mode-locked FEL simulations for few-cycle pulses.

This

Table 9.1: Parameters for soft and hard x-ray simulations.

Parameter

Soft x-ray

Hard x-ray

2.25
1.1
1.6×10−3
0.3
0.007 %
3.2
78
1.24
38.44
0.1 %
34.1

8.5
2.6
6×10−4
0.3
0.006 %
1.8
277
0.1
3
0.06 %
36.0

8
28.52
∼15

8
2.2
∼40

Amplifier stage
Electron beam energy [GeV]
Peak current [kA]
ρ-parameter
Normalised emittance [mm-mrad]
RMS energy spread, σγ /γ0
Undulator period, λu [cm]
Undulator periods per module
Resonant wavelength, λr [nm]
Modulation period, λm [nm]
Modulation amplitude, γm /γ0
Extraction point [m]
Mode-locked afterburner
Undulator periods per module
Chicane delays [nm]
No. of undulator-chicane modules

modulation could be achieved using a modulating undulator seeded by current
HHG sources [3, 89], or upconversion of a longer wavelength seed. The undulator
and electron beam parameters are those of the UK New Light Source design [89].
The electron pulse length was  lc with no other longitudinal variation of beam
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parameters.
9.3.2

Optimisation of energy modulation for ML-AB

The performance of the amplifier stage was optimised by varying the relative
amplitude, γm /γ0 . The growth of the radiation power and electron bunching are
plotted for a range of electron energy modulation in Figure 9.2.
Increasing the energy modulation amplitude decreases the region about the
extrema able to lase and the mean amplification rate decreases. However, a pronounced comb in the electron bunching of period ≈ λm is seen to develop, as seen

in Chapter 8. Since the radiation propagates through the beam, only a relatively
small undulation of the radiation power on the scale of λm is present. The optimum modulation amplitude was determined to be γm /γ0 ≈ ρ, with γm /γ0 =0.1 %
used for injection into the afterburner. As the modulation amplitude increases
the rate of FEL amplication decreases, as would be expected since the beam is
being more disrupted.
The extraction point from the amplifier stage was chosen to be 34.1 m, as
shown in Figure 9.2. Hence, no increase in the amplifier length from that for
normal saturated SASE operation is required.

9.4

Few-cycle bunching to few-cycle radiation pulses

In Chapter 8 it was showed that with a long-scale energy modulation in the
electron beam, a conventional high-gain FEL can generate few-cycle features
in the micro-bunching structure. The next step is clearly to use this structure in the electron beam to generate few-cycle radiation pulses, and a simple
method to do so was developed in Section 8.3, and is now referred to as a singlemodule afterburner. The mode-locked amplifier, consisting of a series of undulator
modules/electron-delay chicanes is modelled in the next section.
To clarify the nomenclature, note that the term ‘afterburner’ is sometimes
used to describe undulators with different period to the main undulator added
at the end of the undulator line to generate light of different wavelength to the
main output. This is not the case here: both afterburner schemes have the same
undulator period as the main line (though changing to harmonics would be an
interesting investigation).
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Figure 9.2: Optimisation of the amplifier stage for the soft x-ray case. Maximum radiation
power (top) and electron micro-bunching (middle) with distance through the amplifier, for
different γm /γ0 . Bottom panel: Longitudinal profiles of radiation (left) and bunching (right)
for different γm /γ0 : (a) 0 %, (b) 0.04 %, (c) 0.06 %, (d) 0.1 %. Each case is at an equivalent
level of micro-bunching. A section of length ∼ lc from a longer bunch is shown; lc increases
with increasing γm /γ0 .
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9.5

Mode-locked afterburner modelling

In this section, the method, shown schematically in Figure 9.1, is optimised to
generate trains of few-cycle radiation pulses.
9.5.1

Soft x-ray case

The extraction point from the amplifier stage was chosen to be 34.1 m, as shown
in Figure 9.2. Hence, no increase in the amplifier length from that for normal
saturated SASE operation is required. Both the electron beam and radiation from
the amplifier stage propagate into the afterburner (Figure 9.1). Each afterburner
module has 8 undulator periods followed by a chicane that delays the electron
beam by 23 resonant wavelengths, so that the total electron delay per module
s = (8 + 23) × λr = λm . Energy dispersion effects in the chicanes were included,
although new chicane designs that reduce dispersive effects may be possible [96].

Figure 9.3 plots the radiation power and spectrum at different positions in
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Figure 9.3: Soft x-ray mode-locked afterburner simulation results: Radiation power profile and
spectrum after (a) 2, (b) 5 and (c) 15 undulator-chicane modules. The duration of an individual
pulse after 15 modules is ∼9 as rms.
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bunching combs are regularly re-phased by the chicanes to maintain overlap in
the amplifying undulator sections. The growth within the undulator modules of
the afterburner is exponential of rate comparable to that in the amplifier stage
with no beam energy modulation. The growth in the afterburner is also enhanced
by the additional bunching caused by the dispersive chicanes [57].
After 15 afterburner modules the output consists of a train of ∼9 as rms radia-

tion pulses separated by ∼ 124 as and of ∼0.6 GW peak power. The correspond-

ing spectrum is multichromatic with bandwidth envelope increased by ∼50 over

that of SASE. The pulse train envelope has fluctuations typical of SASE, with
phase correlation between individual radiation pulses over a co-operation length.
Each afterburner module consists of an undulator module of length 0.26 m and
a chicane of length 0.2 m, giving a total length of 6.9 m (excluding diagnostics
etc.) for the 15-module afterburner.
9.5.2

Hard x-ray case

A hard x-ray case of resonant FEL wavelength of λr =0.1 nm was also simulated,
with the aim of demonstrating shorter pulse generation.
A modulation period of λm =3 nm was used (λm =30×λr ) which may be feasible
using HHG sources that are now being developed [11]. Both the undulator and
electron beam parameters used are similar to those of the compact SACLA x-ray
FEL facility [21, 22], and are detailed in Table 9.1. A reduced peak current is
used, typical for a lower electron bunch charge. This allows a slightly reduced,
but still realistic, emittance to be assumed to attain a more compact afterburner
stage.
As for the soft x-ray case above, the amplifier stage was optimised and a beam
energy modulation of γm /γ0 =0.06 % chosen. The amplifier section consists of
six 277-period undulator modules (36 m). Each afterburner module consists of
an undulator module of 8 periods and a chicane with delay of 22×λr . The total
electron delay per afterburner module is then equal to λm . The total afterburner
consists of 40 modules each consisting of an undulator of length 0.144 m and a
chicane of length 0.2 m to give 13.8 m in total. Figure 9.4 plots the radiation
power and spectrum after 40 undulator-chicane modules.
A pulse train structure of approximately 700 zeptosecond rms duration radiation pulses separated by 10 as and of 1.5 GW peak power is generated. This two
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Figure 9.4: Hard x-ray mode-locked afterburner simulation results: Radiation power profile and
spectrum after 40 modules. The duration of an individual pulse is ∼700 zs rms.

orders of magnitude shorter than presently available from any light source.
The radiation mode separation is determined by the modulation period of
3 nm corresponding to photon energy difference of ≈ 412 eV. The final spectrum

is multichromatic with bandwidth envelope of the modes increased by a factor
∼100 over SASE.

9.6

CLARA test facility example

The mode-locked afterburner concept has also been modelled for the parameters
of the UK FEL test facility CLARA [59], which is currently being developed to
test advanced FEL concepts.
The undulator modules of CLARA are being designed to be short in terms
of number of periods, and with chicanes between modules to enable testing of
schemes such as the mode-locked FEL [57], as well as methods for improving
the temproral properties [54]. However, for the mode-locked afterburner scheme
would the amplifier stage would simply use the main undulator line of CLARA
FEL without chicane delays, in order to represent the more standard undulator
lines available at user facilities. CLARA has a modulator section that could be
used, and short pulses would be generated via the additon of a relatively short
afterburner comprising several few-period undulators separated by chicanes.
A case has been considered of CLARA operating at λr =100 nm, for which the
electron bunch energy would be modulated with period 3 µm using an Optical
Parametric Amplifier (OPA) driven by the Ti:sapphire laser. Simulation results
using Genesis 1.3 are shown in Figure 9.5 using the following afterburner param-
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eters: each undulator module has 8 periods and the chicanes comprise four 2.9
cm length, 0.25 T dipoles.
Pulse durations of 700 attoseconds rms are predicted, with peak power reaching
≈20 MW in 10 undulator-chicane modules, such that the total afterburner length

is just over 4 m. The spectrum shows clearly separated distinct wavelengths, over
a broad bandwidth of ∼13%.
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Figure 9.5: CLARA mode-locked afterburner simulation results at 100 nm: Radiation power
profile and spectrum after 20 modules. The duration of an individual pulse is ∼700 as rms.

This result shows that by significantly reducing the number of cycles per pulse
in the FEL, the mode-locked afterburner could allow attosecond science to be
studied even at relatively low energy facilities.
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9.7

Conclusions

The mode-locked afterburner examples in this chapter were optimised towards
minimising pulse durations using parameters close to those available from current
x-ray FEL sources, and test facilities. Using short (8-period) undulator modules
in the afterburner, ∼5 optical cycles FWHM were attained. The time structure
could be modified by changing the number of undulator periods, electron delay

lengths, and λm , suggesting a development route from present attosecond pulse
train experiments [1, 6, 7, 8, 9, 10] to the ultimate capability of the scheme.
Amplification in the afterburner was set to occur just before saturation, allowing a short afterburner to attain high contrast ratio of the pulse train over
the amplifier radiation. Further development to maximise the peak power and
flexibility of the pulse structure could include investigation of saturation effects
in the afterburner (e.g. chicane dispersion, radiation diffraction) and their mitigation through e.g. undulator tapering [41], optimised phase-shifting [97], use of
low-dispersion [96] or more compact chicanes. Methods to improve the temporal
coherence and stability developed for SASE, may also be applicable.
If the mode-locked afterburner pulse durations were to be scaled to still higher
photon energies, e.g to the 50 keV of the proposed x-ray FEL of [98], then pulse
durations of 140 zs rms may become feasible. Operation at harmonics of λr may
be another route to shorter pulse durations. Furthermore, if a relativistic counterpropagating target nuclear beam were used with such pulse trains, as discussed
in [99], in addition to the increased doppler-shifted photon energies that the nuclei
experience in their boosted frame, the pulse durations may be further reduced
towards the timescales of highly ionised heavy elements and nuclear dynamics [19].
The mode-locked afterburner is potentially a relatively simple upgrade to existing x-ray FEL facilities. It offers a flexible route towards the generation of
discretely multichromatic output under a broad bandwidth envelope, and so offers few-cycle x-ray pulse trains with GW peak-powers in the temporal domain.
This would help facilitate the direct study of the temporal evolution of complex
correlated electronic behaviour within atoms, and push capability into the regime
of electronic-nuclear dynamics and towards that of the nucleus.
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Chapter 10

Conclusions and Future
Development
There are a number of conclusions to draw from this work, and a number of steps
for potential future development:

Ultra-short pulses:
• Shortest absolute pulse durations:

A key result of the mode-locked FEL and mode-locked afterburner studies
is to show the potential of FELs to generate few-cycle pulses at high power:
approximately two orders of magnitude shorter than the FEL co-operation
length, and, when the mode-locked afterburner is applied at at x-ray wavelength it is predicted to deliver pulse durations down to a single attosecond
- and verging into the zeptosecond scale. This is approximately two orders
of magnitude shorter than can presently be generated from other sources.

• Attosecond science at relatively long wavelength FELs:

The prospect of reducing FEL pulse durations to a few cycles at any given
wavelength also suggests at transformative changes in capability of relatively
long wavelength FEL facilities. A test facility such as CLARA [59] operating
at relatively low energy (250 MeV: ∼30-40 times less than a hard x-ray
FEL) and relatively long wavelength (100 nm: ∼1000 times longer than
hard x-ray), would be on the verge of accessing attosecond science; shorter
wavelength FELs would be able to generate attosecond-scale pulses.
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• Pulse trains:

An integral feature of the mode-locked amplifier [57], and mode-locked afterburner [95] schemes, is their use of pulse trains to enable high power,
few-cycle pulses. Highly significant steps for the future development of this
work will be both to demonstrate the methods in experiment, and to identify
and bring about experiments requiring such output.

Broad bandwidth envelope, multi-colour:
• The corollary of the ultra-short pulse durations predicted in this thesis, is

very broad bandwidth envelope. Since the pulses are delivered in trains, the
spectra contain discrete modes, or ‘multi-colour’ output. The bandwidth
envelope is increased by two orders of magnitude compared to conventional
SASE output. This could potentially find applications. The spectral features
may also be more straightforward to detect in experiments.

Stabilising mode-locked FEL properties/amplifying HHG:
• It has been shown that seeding the mode-coupled/locked FEL with an HHG
source has the effect of cleaning up the temporal and spectral properties of
the output. This would be expected to improve its utility for experiments.
• The mode-coupled/locked FEL can be considered a promising amplifier for
HHG sources: simulations indicated that the radiation can be amplified
while retaining a pulse train structure (by two orders of magnitude, given the
seed properties of [81]). However, where the bandwidth of the HHG source
exceeds that of the single undulator module bandwidth, the bandwidth of
the amplified radiation quickly falls to that of the single undulator module
bandwidth. By minimising the number of periods per undulator module and
using energy modulation, the amplified bandwidth can be maximised.

Insight into the workings of the mode-locked FEL:
• Temporal description:

The results in this thesis indicate that many properties of the the mode-
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locked FEL can be described by analogy to the conventional amplifier FEL.
The ‘natural’ unit of both systems seems to be a region of the electron
beam/radiation field consisting of total length approximately that of the
co-operation length. Conventionally this is a continuous region, but in the
mode-locked FEL it is a series of discrete regions. Disregarding increased
amplification rates due to the mode-locked optical klystron effect, both systems have very similar growth rates, and macroscopic properties. A simple
model in terms of collective variables has been developed to describe the
system, and results show a good match to simulations.
• Role of energy modulation:

It has been shown that energy modulation serves to produce a longitudinal
variation in the quality of the electron beam for FEL amplification. This
longitudinal variation both defines the positions where pulses develop, and
constrains pulse broadening that would otherwise occur. Conditions for
the required energy modulation properties have been derived. The required
properties of electron beam modulation were identified, and using current
modulation as an alternative to energy modulation was demonstrated in
simulations. Having described the required properties of the electron beam
modulation it is possible to envisage other possibilities to deliver the modelocking effect.

Future developments:
This single-module afterburner scheme detailed in Section 8.3 could potentially
act as a precursor to the mode-locked afterburner scheme detailed in Chapter 9.
It could be attempted on an existing machine without requiring the construction
of a dedicated undulator-chicane system. It would allow principles related to the
mode-locked FEL mechanism to be tested, engender the development of appropriate diagnostics and potentially test the utility of the pulse-train structure for
experiments. The scheme could potentially be a useful source in its own right.
The mode-locked amplifier [57], and mode-locked afterburner [95] schemes
are both considered as promising schemes to be tested at the FEL test facility CLARA [59]. There is potential for an afterburner, once developed and tested
on CLARA, to be moved to a shorter wavelength facility to push to shorter
143

wavelengths, and so to shorter pulse durations.
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Abstract
It is shown using three-dimensional simulations that the temporal structure of an attosecond
pulse train, such as that generated via high harmonic generation in noble gases, may be
retained in a free electron laser amplifier through to saturation using a mode-locked optical
klystron configuration. At wavelengths of ∼12 nm, a train of attosecond pulses of widths
∼300 as with peak powers in excess of 1 GW are predicted.
(Some figures in this article are in colour only in the electronic version)

tend to have durations lc /c  2 fs at the ∼12 nm wavelengths
considered here.
An alternative method, that applies the concepts from
mode-locked cavity lasers in FEL amplifiers, has also been
proposed [16] that may generate a train of pulses with
durations not restricted by the FEL coherence length lc .
In this technique, a series of spatiotemporal shifts are
introduced between the radiation and the co-propagating
electron bunch that define a set of axial radiation modes. The
spatiotemporal shifts are achieved by delaying the electron
bunch using magnetic chicanes inserted between undulator
modules. Introducing a modulation of the electron beam
properties at the mode spacing periodically suppresses or
enhances the FEL interaction at different longitudinal positions
along the beam, so that a train of equally spaced pulses develop
aligned with the regions of strongest FEL interaction. In the
frequency domain, this is equivalent to the modes developing
sidebands that overlap neighbouring modes, allowing modelocking to occur and is analogous with mode-locking in
conventional cavity lasers [17].
The spectrum generated by the XUV mode-coupled SASE
system of [16] has a modal structure with mode-spacing
ω similar to the spacing of harmonics in an HH source.
Equivalently, the temporal structure of the two systems form
an attosecond pulse train. By matching the spectral/temporal
structures of a mode-coupled FEL amplifier to an HH seed, it
may therefore be possible to amplify the HH seed to saturation
while retaining its attosecond train structure. Furthermore,

1. Introduction
Attosecond pulses from high harmonic generation in noble
gases can been used to great effect in capturing and controlling
ultra-fast events in atomic and molecular physics [1, 2]. While
many techniques require single attosecond pulses, methods
that utilize trains of attosecond pulses, as generated in the
normal mode of operation of an HH source, have also been
employed to both capture and control electronic processes
within atoms and molecules [3–8].
High-gain free-electron lasers (FELs) operating at similar
wavelengths typically have longer pulse durations but offer
peak powers several orders of magnitude greater than the
HH sources. If a FEL is seeded by and amplifies an HH
source, the initial HH power, P0 , is exponentially amplified as
a function of distance
√ through the FEL interaction region as
P (z) ≈ P0 exp(z/ 3lg ) where lg = λu /4πρ is the nominal
gain-length, ρ is the FEL scaling parameter that determines
the FEL coupling strength and efficiency and λu is the period
of the undulator [9]. However, due to the relative propagation
of the radiation pulses through the amplifying electron bunch,
such amplification of the HH source tends to ‘wash out’ the
HH attosecond pulse train structure [10].
Several techniques have been proposed to achieve
attosecond pulse durations in FELs (see e.g. [11–15]). The
widths of the light pulses generated are limited by the
coherence length of the FEL interaction lc = λr /4πρ,
where λr is the resonant FEL wavelength [9], and pulse widths
0953-4075/11/065404+08$33.00
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Figure 1. Schematic of the mode-coupled amplifier FEL interaction operating with an HH seed. The inset shows details of the electron
delay.

it should be possible to achieve this without the need for
introducing a modulation at the mode spacing as the HH
attosecond seed already comprises a pulse train structure.
In this paper it is demonstrated via 1D and 3D numerical
simulations that this is the case.

The delay provided by a four-dipole chicane is of the order
of its R56 . The HH pulses are separated by one half the drive
laser wavelength, i.e. ∼400 nm, so the R56 of the slippage
enhancing chicanes are of this order. By comparison, a bunch
compression chicane used prior to electron injection into the
FEL has an R56 typically of several cm, and the slippage
enhancing chicanes placed between the undulator modules are
seen to be weaker by several orders of magnitude. Any CSR
disruption caused by these chicanes can therefore be assumed
to be negligibly small.

2. Mode generation in an amplifier
The spatio-temporal shifts that generate the equally spaced
modal structure in the amplifier spectrum are achieved by
periodically delaying the electron bunch using magnetic
chicanes between undulator modules [16], as shown
schematically in figure 1.
The notation used here follows that of [16]. The total
propagation distance of a radiation wavefront ahead of the
electron bunch per module in units of the cooperation length
lc is s̄ = s/ lc = l̄ + δ̄, where l̄ is the similarly scaled
slippage occurring in the undulator and δ̄ is that within the
chicane. The scaled FEL radiation frequency is defined as
ω̄ = (ω − ωr )/2ρωr where ωr is the resonant FEL frequency.
The slippage enhancement factor is defined as Se = s̄/l̄. In
[16], a solution is obtained for the one-dimensional wave
equation describing the field evolution of a small, constant
electron source term for a series of N undulator–chicane
modules. For Se > 1 the spectrum takes the form of a
sinc-function envelope (the single undulator module spectrum)
modulated by a frequency comb centred at the scaled resonant
frequency ω̄, with mode separation ω̄ = 2π/s̄ corresponding
to ω = 2π/Ts , where Ts = s/c = s̄lc /c is the time taken
for radiation to travel the slippage length. The number of
modes under the central peak of the spectrum is shown to be
N0 = 2Se − 1.

3. Amplification of an HH seed
The temporal profile of the HH seed is a comb of attosecond
pulses separated by half the wavelength of the drive laser
λd and modulated by the drive laser power envelope. The
spectral and temporal structure of the radiation generated by
the undulator–chicane system is matched to that of the HH
seed by setting s̄ = λ̄d /2, where λ̄d = λd / lc is the scaled
drive laser wavelength.
For a typical FEL parameter of ρ = 2 × 10−3 , similar
to that for an FEL operating in the XUV, then for undulator
modules of eight periods, l̄ = 0.201. The value of the scaled
slippage generated by the chicanes is chosen to be δ̄ = 0.616
so that s̄ = λ̄d /2, matching the undulator–chicane system to
the spectral and temporal structure of the HH seed. This gives
a slippage enhancement factor of Se = 4.0625.
The HH seed was modelled in a similar way to that
described in [10] with a FEL resonant wavelength chosen to
be the 65th harmonic of the drive laser wavelength of λd =
805 nm (e.g. Ti:sapphire), i.e. λr = λd /65. The HH field was
constructed by first summing over a weighted harmonic series
2
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Figure 2. Scaled longitudinal intensity profile top and middle (detail) as a function of the scaled distance within the pulse z̄1 measured in
cooperation lengths, and scaled spectral power distribution for the HH seed (bottom).

modulated by an envelope determined by the Gaussian drive
laser centred at t = t0 and of width σd ≈ 3 fs:


(t − t0 )2 
EHH ∝ exp −
Eh e−i(ωh (t−t0 )+φh )
(1)
2σd2
h

harmonic. We choose this form to approximate the slow
decline in harmonic yield of one to two orders of magnitude
between the beginning of the plateau and the cutoff that has
been observed in experiments [18]. A different smoothly
falling function or small variations of individual harmonic
amplitudes from this dependence do not significantly alter the
attosecond character of the seed.
Most numerical FEL simulation codes, like those used in
this paper, average both the electron motion and the radiation
field locally within the pulses over a radiation wavelength.
The Nyquist theorem then limits the bandwidth of frequencies
that can be properly modelled to ωr /2 < ωr < 3ωr /2 [10]
which, for the resonant harmonic h = 65 considered here,
corresponds to an harmonic range 33 < h < 95, all of which
fall within the harmonic plateau region. We include only these
harmonic orders in the simulation.
The attosecond character of the seed is sensitive to
variations in the relative phases, φh , of the harmonics [19];
when these phases vary, the pulse train can have more
structure than that of the ‘clean’ pulse train of figure 2,
in which it was assumed φh = 0 for all harmonic orders.
While we use the phase-locked seed of figure 2 in our
simulations below for clarity, we have also varied these phases
and run the simulations using a more structured seed and

where h = 1, 3, 5, . . ., ωh = hωd are the odd harmonics of the
drive laser frequency and φh and Eh represent the phases and
amplitudes of individual harmonic components, respectively.
In a typical HH spectrum, the harmonic yield drops
quickly over the first few harmonic orders, then much more
slowly over a ‘plateau region’, up to a wavelength and
intensity-dependent cutoff order, beyond which the yield drops
precipitously. Both the amplitude of particular harmonics and
their relative phases are sensitive functions of the experimental
conditions. We consider here a somewhat idealized HH source
while retaining its essential features. The field amplitude
dependence is assumed to be of the form
p
 h / h  h h−h


ln(ηp /ηm )
ηpm p m p
exp −
h
(2)
Eh =
ηm
hm − hp
where hm = 95 is the maximum harmonic, hp = 11 is the
harmonic where the plateau region begins, ηp = 5×10−6 is the
harmonic yield efficiency of the HH process at the beginning
of the plateau and ηm = 5 × 10−7 is that at the maximum
3
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Figure 3. Scaled longitudinal intensity profile (top and middle) and scaled spectral power distribution of the amplified HH radiation for
l̄ = 0.201 (Se = 4.0625), after 22 undulator–chicane modules.

chicanes D = R56 /2lc ≈ 10δ̄/6 reduces the gain length as
discussed in [16].)

find, unsurprisingly, that the amplified output also has more
structure, although a well-defined pulse train is retained.
The system is modelled using a 1D code similar to that
described in [20]. The HH seed is injected into the amplifying
undulator–chicane modules with a cold electron beam. Note
that no energy modulation of the electron beam was used. This
is different from the mode-locked SASE case of [16] which
starts up from noise and requires a beam energy modulation
at the mode spacing ω̄ to generate an isolated train of
equally spaced pulses. Here, the HH seed is modelled as a
set of in-phase modes; hence, it consists of a train of equally
spaced pulses in the temporal domain. It will be seen that
while this temporal structure is retained, a broadening of the
individual pulses occurs. The pulse durations attained are
in agreement with
√ the scaling observed in [16] for the pulse
width, τp ∝ 1/ N0 , where N0 is the number of amplified
modes.
After 22 undulator–chicane modules, the amplified scaled
radiation power and spectrum are as shown in figure 3. It
is seen that the HH seed is amplified and the comb of
temporal spikes is retained, but with increased pulse widths as
discussed. This number of modules corresponds to a scaled
FEL interaction length of 22 × l̄ ≈ 4.4. This is just prior
to saturation where scaled powers of |A|2 ≈ 1 are achieved.
However, the temporal structure of the pulses begins to break
up at saturation. (Note that the dispersive strength of the

4. Optimizing the system
In [16] it is demonstrated that the pulse widths
√ in modelocked SASE simulations are proportional to 1/ N0 ; this is
in agreement with an analogous relation from mode-locked
conventional cavity lasers.
The maximum bandwidth of the amplified radiation
spectrum is that of the single undulator module spectrum, with
the minimum number of optical cycles per pulse approximately
equal to the number of undulator periods per module. In order
to attain narrower amplified HH pulses, the bandwidth of the
system (and hence the number of modes amplified) is increased
by reducing the number of undulator periods per module. To
reduce l̄ while continuing to satisfy the condition s̄ = λ̄d /2,
the value of δ̄ is increased to keep s̄ constant. The system
is simulated for a case with the number of undulator periods
per module set to 4. The corresponding value of the slippage
enhancement factor is Se = 8.125.
The spectral power distributions for the two cases Se =
4.0625 and Se = 8.125 are shown in figures 3 and 4,
respectively. It is seen that the width of the spectral envelope of
the amplified radiation is increased with the reduced undulator
module length l̄. The number of modes, N0 , under the
4
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Figure 4. Scaled longitudinal intensity profile (top and middle) and scaled spectral power distribution of the amplified HH radiation for
l̄ = 0.101 (Se = 8.125), after 34 undulator–chicane modules.

central peak of the spectrum increases, narrowing the temporal
duration of the pulses. The variations of the peak intensity and
pulse width with scaled distance through the undulator are
plotted in figure 5 for the two cases Se = 4.0625 (l̄ = 0.201)
and Se = 8.125 (l̄ = 0.101). For both cases, there is an initial
rapid broadening since only the modal content that falls under
the envelope of the single undulator spectrum is amplified.
The pulse durations continue to increase more slowly during
further amplification. This slow pulse broadening effect is
attributed to slippage in the undulators. For Se = 8.125,
34 undulator–chicane modules are required to produce the
same amplification of the 22-module Se = 4.0625 case.
This corresponds to a reduction in the total undulator length
from 4.4 to 3.4, which can be attributed to more effective
seeding since a broader spectral range of the seed is amplified,
and reduced gain length due to an increased number of
chicanes.
For larger values of Se , the broadening of the modal sincfunction envelope becomes restricted by the Nyquist limit.
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¯
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¯
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P ulse width (z̄1 )
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5. Energy spread
The effects of energy spread on the interaction have been
investigated using the 1D model by introducing a relative
Gaussian energy spread of width σγ /γ = ρ/10 = 0.02% for
the case Se = 8.125. The results close to saturation are plotted
in figure 6, which is the equivalent of figure 4. While the
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Figure 5. Scaled peak intensity (top) and pulse width in units of lc
(bottom) plotted against the scaled interaction length, z̄ [16], for the
two cases Se = 4.0625 (l̄ = 0.201) and Se = 8.125 (l̄ = 0.101). It is
seen that by reducing the number of undulator periods per module,
both the pulse duration and the gain length are reduced.
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Figure 6. Scaled longitudinal intensity profile (top and middle) and scaled spectral power distribution of the amplified HH radiation for
l̄ = 0.101 (Se = 8.125) and an initial energy spread σγ /γ = 0.02%, after 42 undulator–chicane modules.

modulation) including an energy spread of width σγ /γ =
0.01%. The seed power and spectrum show the attosecond
pulse train structure and frequency comb, as seen in
figure 7. The peak power of the seed is 3 MW in an envelope of
σd ≈ 25 fs. (This peak power is a reasonable estimate of what
can be expected from HH sources in the present to near future
[22] and can be reduced by an order of magnitude while still
retaining a good amplified pulse train structure that dominates
competing SASE. Methods that enhance HH yields by orders
of magnitude have been demonstrated [23, 24], although
the impact of these methods on the attosecond character
of the source has not been investigated.) It was assumed
that the wavelength of the Ti:sapphire drive laser was λd =
780 nm and the FEL was then tuned to be resonant with the
63rd harmonic of the drive laser with λr = 12.4 nm. The
repetition rate of the seed pulses is the same as that of the
drive laser which could be expected to rise from the current
10s of Hz to ∼1 kHz in the next few years [22].
Each undulator module had four periods of 3.1 cm
and each chicane had a delay of 28 radiation wavelengths
corresponding to a slippage enhancement Se = 8. These
parameters for the undulator–chicane modules then match the
mode spacing of the HH seed. The amplified seed approaching
saturation, after 47 modules, is plotted in figure 8 and the pulse
temporal and spectral properties agree well with the equivalent

cold beam case took 34 undulator–chicane modules, the case
here took 42 modules. Note that the temporal and spectral
structure of the radiation power remains largely unaffected
by the energy spread. Larger energy spreads have also been
simulated with the main effect being that a larger number of
modules are required to achieve saturation.

6. Results of 3D simulations
The system has also been modelled using the threedimensional FEL simulation code Genesis 1.3 [21]. The main
results of the 1D simulations are reproduced using the 3D code
and show amplification of an HH seed pulse retaining its pulse
train structure. The Genesis simulation code models both
the radiation field and the electron beam in 3D and requires
careful matching of the electron beam to the undulator/chicane
lattice structure which additionally contains an electron beam
quadrupole focussing lattice to maintain a good electron–
radiation field coupling through the long structure. The
focussing lattice was optimized for normal FEL interaction
in the absence of the chicane fields and it was found that this
set-up also worked well when the chicanes were included to
generate the radiation modes matched to the HH seed.
Similar parameters as for the XUV mode-coupled FEL
amplifier of [16] were used (i.e. without electron beam
6
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one-dimensional Se = 8.125 case of figure 6. The FWHM
length of each pulse in the amplified train is 300 as. Further
3D simulations (not shown) with Se = 4 agreed well with the
Se = 4.0625 case of figure 3. As may be expected from an
amplifier seeded using a source of good temporal coherence
with power well above noise level, the temporal coherence
length of the amplified output is found, though not shown
here, to be retained with little reduction.

1.5 x10

4

1.0 x10

3

5.0 x10

10

12
λ [nm]

14

16

Figure 8. Longitudinal intensity profile (top and middle) and
spectral power distribution (bottom) of the amplified HH radiation
in 3D simulations, with Se = 8. The agreement with the equivalent
1D simulations shown in figure 6 is very good.

7. Conclusions
Acknowledgments
It was shown, using 1D and 3D simulations, that the attosecond
structure of the HH seed can be amplified to saturation using
a mode-locked optical klystron FEL amplifier configuration
of [16] to increase the peak power by a factor ∼300. No
pre-conditioning of the electron beam (e.g. energy or current
modulation) was required. The only requirement is for an
undulator–chicane modular structure, the radiation spectrum
of which matches an HH seed source.
The maximum bandwidth of the amplified radiation is
critical to achieving the minimum pulse durations (maximum
mode number) from the system, and is set by the single
undulator module spectrum.
Reducing the number of
undulator periods per module therefore appears to be the
most effective route to achieving the shortest possible pulse
durations. The introduction of a modulation to the electron
bunch at the mode spacing may well restrict the slow
pulse broadening effect observed and so allow shorter pulse
durations than those reported here. This will be investigated
in future work. The behaviour of the MLOK system when
modelled in a code allowing a greater spectral bandwidth, and
so shorter pulse lengths, such as that of [25], will also be
investigated.
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Start-to-end modelling of a mode-locked optical klystron free electron laser
amplifier
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A free electron laser (FEL) in a mode-locked optical klystron (MLOK) configuration is modelled
using start-to-end simulations that simulate realistic electron beam acceleration and transport
before input into a full three-dimensional FEL simulation code. These simulations demonstrate that
the MLOK scheme is compatible with the present generation of radiofrequency accelerator
designs. A train of few-optical cycle pulses is predicted with peak powers similar to those of the
equivalent conventional FEL amplifier. The role of electron beam energy modulation in these
results is explained and the limitations of some simulation codes discussed. It is shown how
seeding the FEL interaction using a High Harmonic seed laser can improve the coherence
C 2011 American Institute of Physics. [doi:10.1063/1.3605027]
properties of the output. V

I. INTRODUCTION

The successful commissioning of the Linac Coherent
Light Source (LCLS) x-ray free electron laser amplifier1 has
introduced a new era of short wavelength free electron laser
(FEL) facilities2 enabling unprecedented high brightness spatial resolution at the atomic scale 1 Å. In such FELs, a relativistic electron beam is injected into a magnetic undulator
which causes the electrons to oscillate transversely to their
direction of propagation along an undulator axis of period ku.
The interaction of these undulating electrons with the radiation they emit results in a collective instability which bunches
the electrons at a resonant wavelength kr, causing them to
emit coherently at that wavelength.2 An initially small light
along the z axis
signal of power P0 is exponentially amplified
pﬃﬃﬃ
of the undulator as PðzÞ  P0 =9 expð 3z=lg Þ until saturation
when the electrons begin to de-bunch. The nominal gain
length of the collective instability lg ¼ ku=4pq, determines
the rate of amplification of both the electron bunching and
the radiation power and also the efficiency of the amplifier
via q, the FEL parameter.3 Within the electron pulse, a radiation wavefront will propagate ahead of the copropagating
electrons by one cooperation length lc ¼ kr=4pq in one gain
length through the undulator.4 Thus, the cooperation length
also determines the coherence length lcoh of the radiation field
with lcoh  lc. At short x-ray wavelengths, there are presently
no external seed fields available for amplification and the
FEL amplifier starts from noise. When the electron pulse
lengths lb are long with respect to the cooperation length,
lb  lc, many autonomous regions evolve from the noise that
are uncorrelated in phase giving a “spikey” output with poor
longitudinal (temporal) coherence. Each spike is of width lc
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with spike separation of 2plc.5 For shorter electron pulses lb
. 2plc, it is possible to have a single spike output of width
lc. Thus, the cooperation length sets an approximate lower
limit for the radiation pulse duration for unmodified FEL amplifier operation. Several schemes have been proposed to generate such short isolated radiation pulses from an FEL
amplifier (see e.g., Refs. 6–8 and references therein), all with
output pulse durations Zlc=c, which in the x-ray gives typical
minimum pulse durations 200 as. Other methods are, therefore, required to achieve shorter durations towards the atomic
unit of time of 24 as, which would allow interrogation and
possible control of events at both the spatial and temporal
resolution of the atom.9,10
Two methods have been suggested that may achieve this
goal. In Ref. 11, a modified echo enhanced harmonic generation scheme uses laser induced electron beam modulation
and magnetic chicane dispersion to generate a single 20 as
full width at half-maximum (FWHM) pulse of peak power
180 MW at wavelength of 1 nm. The second method is that
of the mode locked optical klystron,12–14 which uses a
method with similarities to mode generation and locking in
conventional cavity oscillator lasers. Initial simulations predict that a MLOK FEL can generate a train of 23 as
(FWHM) pulses, separated by 150 as, with peak powers of
5 GW at a wavelength of 1.5 Å.
In a normal FEL amplifier, a resonant radiation wavefront propagates, or “slips,” one resonant wavelength kr over
an electron in one undulator period.2 In the MLOK, additional slippage is introduced between the electrons and radiation by a periodic series of chicanes that delays the electrons.
The FEL interaction then occurs in a periodic series of undulator-chicane modules. This creates radiation modes centred
about the resonant wavelength and separated in frequency by
Dx ¼ 2pc=s where s is the total relative slippage between
electrons and radiation in one undulator-chicane module.
Despite operating as an amplifier, the MLOK method is
similar to the process of mode-locking in conventional cavity
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FIG. 1. (Color online) Schematic layout of the NLS recirculating accelerator. The 200 MeV injector includes a third harmonic cavity (3x), laser heater (LH),
and bunch compression chicane (BC1). Two passes of a 1 GeV main linac and two further bunch compression stages (BC2 and BC3) follow.

oscillator lasers, where the slippage distance s is equivalent
to the round-trip cavity length of the conventional laser.
Locking between modes is achieved, again in a manner similar to conventional lasers, by introducing a modulation at the
mode spacing Dx. This, essentially optical method, results
in the generation of a train of short pulses of duration lc=c,
uniformly spaced at the modulation period.
In this paper, the MLOK method is modelled using a realistic electron beam generated by a full start-to-end simulation to demonstrate its compatibility with the predicted
output from present generation accelerator designs for 1
nm FEL output wavelength. The role of energy modulation
of the electron beam to lock the modes is described in more
detail than previously, in particular by considering the amplification of a high harmonic seed source. Amplification of a
high harmonic (HH) source has previously been investigated
using simulations in the absence of any beam energy modulation14 where a slow broadening of the individual radiation
pulses was observed in simulations as the interaction progressed through the MLOK system. Some electron beam
dispersive effects that are not included in the simulation
model are identified, and the potential effects and benefits
discussed.

entrance. The accelerator design is a two-pass recirculating
machine based on nine TESLA-type accelerating cryomodules with longitudinal bunch compression carried out in three
dedicated bunch compression stages. Following the linac are
a beam switchyard, collimation, and diagnostic tomography
sections. A laser heater is used to mitigate the effects of
Coherent Synchrotron Radiation-induced microbunching.
Figure 1 shows a schematic layout of the design.
The properties of the tracked electron distribution at the
entrance to the FEL are given in Figure 2. The longitudinal
phase space, current profile, slice emittance, and slice energy
spread, binned in 1 fs slices, are shown. Peak current of >1
kA is achieved, but with some variation over 100 fs. Slice
emittances of less than 0.4 mm-mrad are attained. The slice
energy spread is below 2  104 for most of the bunch. A
region of duration 100 fs centred around the peak of the
electron bunch current was selected from this distribution for
FEL simulations. The rountine elegant2genesis19 was used
to convert the electron distribution output from Elegant into
an input distribution for the three dimensional FEL simulation code Genesis 1.3.20

II. START-TO-END MODELLING

The MLOK FEL amplifier12,14 uses similarities from
mode-locking in conventional lasers to generate a train of
short, uniformly spaced pulses, with individual pulse lengths
significantly less than the cooperation length, lc. An equally
spaced modal structure is generated in the spectrum by periodically delaying the electron bunch using magnetic chicanes inserted between the undulator modules. The total
relative slippage of the radiation through the electron bunch
per undulator-chicane module is s ¼ l þ d, where l ¼ Nukr is
the slippage occurring in the undulator module of Nu periods
and d that within the chicane. The slippage enhancement factor is defined as Se ¼ s=l. For Se > 1, the spectrum takes the
form of a frequency comb modulated by the sinc-function
envelope of the single undulator module spectrum centered
at the resonant FEL frequency, xr. The mode separation of
the frequency comb is Dx ¼ 2p=Ts, where Ts ¼ s=c is the
time taken for radiation to propagate the slippage length.
This mode spacing, therefore, determines the number of
modes falling under the central envelope of the single undulator module spectrum, N0 ¼ 2Se – 1.
In Ref. 12, the introduction of a sinusoidal modulation
of the electron beam energy, of frequency equal to the mode
spacing, causes the equally spaced modes to develop sidebands that overlap with neighbouring modes allowing modelocking to occur. This phase matches the modes to generate
a temporal train of uniformly spaced short pulses. The effect

The MLOK method is modelled in full three-dimensional FEL simulations using an electron distribution tracked
through full start-to-end accelerator simulations of a superconducting re-circulating linac design. It is emphasised that
the MLOK method is independent of the choice of accelerator configuration: the aim here is to demonstrate that the
MLOK FEL is compatible with present accelerator designs.
An overview of the method of generation of the electron distribution used in the simulations is given, and full threedimensional modelling of a MLOK FEL starting from noise
is presented.
A. Accelerator modelling

An electron distribution for use in FEL modelling was
generated in start-to-end simulations of an accelerator
design15 for the UK New Light Source (NLS) project. The
design comprises of a 200 MeV injector followed by two
recirculation passes of a 1 GeV main linac. The photoinjector16 consists of a normal conducting L-band (1.3 GHz) photocathode gun and a superconducting L-band (1.3 GHz)
cavity module and was simulated, for these lower energies,
by using the simulation code ASTRA.17 The electron distribution generated by ASTRA was imported into the Elegant18
code for tracking through the accelerator lattice to the FEL

B. The mode locked optical klystron FEL amplifier
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FIG. 2. (Color online) Bunch properties
in 1 fs bins on entrance to the modulator
prior to entry to the MLOK FEL: Top
left—longitudinal phase space, Top
right—current profile, Bottom left—
slice emittance, and Bottom right—slice
energy spread. The region selected for
FEL simulations is highlighted.

of this energy modulation is considered in more detail in the
following work.
The exemplar system used here has a resonant FEL
wavelength of kr ¼ 1.24 nm, corresponding to the highest
photon energy of the designs for the NLS FEL proposal.21
Undulator modules of Nu ¼ 8 periods were chosen so that
l ¼ 8kr, and the relative electron beam=radiation slippage
induced by the dispersive effects of each chicane placed
between the undulator modules was set to d ¼ 23kr, giving a
slippage enhancement factor of Se ¼ 3.9.

emission (SASE).3 The radiation output power close to
saturation after 120 undulator-chicane modules is shown in
Fig. 3 and includes details of the initial electron beam energy
and current profile. The total undulator length to saturation is
33 m and yields peak powers of 1 GW similar to the
results for a FEL amplifier operating in SASE mode using
the same parameters. The peak of the radiation power occurs
in the high current, low energy chirp section of the electron
bunch. The pulse train retains the effects of SASE noise but

C. Modelling the MLOK FEL interaction

The three-dimensional FEL code Genesis 1.3 (Ref. 20)
was used to model the FEL interactions. A short modulator
section was used to introduce a sinusoidal electron energy
modulation in the tracked electron distribution of Fig. 2, of
scaled amplitude cm about the mean energy c0  4356 and of
period s to match the total slippage per undulator-chicane
module. The modulation amplitude was varied over a range
of values and a value of cm=c0 ¼ 0.02% was chosen. The
modulation amplitude that optimised the generation of the
narrowest pulses was cm=c0  0.05%, however, as discussed
in Sec. IV, the effects of larger energy modulations may not
be modelled sufficiently well by the current state of the art
computer simulation codes like Genesis 1.3. Details of the
effects of varying the modulation amplitude are presented
and discussed in Sec. III.
The modular undulator-chicane structure was also modelled using Genesis 1.3, using the energy modulated tracked
electron distribution. No seed was used so that the amplification process started from self-amplification of spontaneous

FIG. 3. (Color online) Top—radiation pulse output power close to saturation (120 modules) and the corresponding radiation spectrum (inset); Middle—the initial energy modulated electron beam energy; and Bottom—
electron beam current profile.
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FIG. 4. (Color online) Top—radiation power at the centre of the 120th
undulator module; Middle—slice-averaged electron beam energy offset
from the resonant energy (in terms of electron rest mass energy); Bottom—
electron beam bunching at the centre of the 120th undulator module. The
radiation pulses align with the positions of minimum energy gradient.

with a longer envelope modulation. This longer modulation
occurs as the cooperation length is increased by the slippage
enhancement factor: Se  lc.12 Analysis of the radiation
phase also shows that the coherence in the pulse train is
extended by the same factor so that the coherence length
lcoh  Se  lc. The energy chirp along the electron bunch
results in a corresponding chirp in resonant radiation wavelength along the pulse train.
Fig. 4 shows a more detailed plot of the radiation power
profile at the centre of the 120th undulator module, together
with the electron beam energy and the modulus of the complex bunching parameter, b ¼ heihi. The individual pulses
within the train have durations 30 as FWHM, with the number of optical cycles corresponding to approximately the number of undulator periods per module. The radiation pulse
alignment relative to the modulated electron beam can also be
observed. The radiation pulse trains align with either the minimum or maximum of the sinusoidal energy modulation. It is
intuitively reasonable that these regions of minimum energy
gradient appear to preferentially support the FEL interaction,
allowing the radiation pulses to develop. Two pulses at the
minima and maxima of the energy modulation, therefore,
develop per modulation period, and two separate sets of
modes develop with the maxima of the energy beam modulation supporting a set of shorter wavelength modes than those
of the modulation minima by a factor Dk=k  4cm=c0. These
are observed in the spectrum inset of Fig. 3 as a splitting of
the spectrum at each of the main mode wavelengths, although
other effects will be present which will cause further structure
in the spectrum due to the energy chirp of the beam. The electron beam bunching parameter is also observed to have a similar pulse train structure as that of the radiation.
III. ROLE OF ENERGY MODULATION

In Sec. II C, the amplitude of the energy modulation
was chosen by performing simulations with different

Phys. Plasmas 18, 073104 (2011)

modulation amplitudes and selecting the optimum for pulse
train generation. Radiation pulse trains were shown to
develop at the positions of minimum beam energy gradient
at the extrema of the energy modulation. Here, the role of
energy modulation in the mode-locked amplifier is considered further. To avoid noise in the temporal properties associated with SASE, a MLOK FEL amplifier simulation was
seeded using a model developed to describe an attosecond
pulse train from a high harmonic source.14
Previous studies14 have shown that the pulse train structure of an HH source can be retained during amplification to
saturation in the mode-locked FEL without modulation of
the electron beam. However, the radiation pulses broaden as
the FEL interaction progresses. Here, it is shown that an
electron beam energy modulation can restrict this pulse
broadening effect, and a novel method for seeding the modelocked configuration is proposed which requires no phase
matching between the seed and modulated beam.
A. Modelling method

Simulations were carried out assuming a uniform electron beam current using a 1-D code similar to that described
in Ref. 22. The notation follows that of Ref. 12, with the
scaled units of Refs. 3 and 4 being used. In these units, 
z1 is
the local distance measured within the electron beam in units
of the cooperation length, lc. The relative propagation, or
“slippage,” of a radiation wavefront with respect to the electron bunch per undulator-chicane module in these units is
 where l is the slippage in the undulator
s ¼ lþ d,
ðl ¼ Nu kr =lc Þ and d is that within the chicane. The scaled
 ¼ ðx  xr Þ=2qxr and the slipresonant FEL frequency is x

page enhancement factor is Se ¼ s=l.
The temporal profile of the HH seed is given by a comb
of attosecond pulses separated by half the wavelength of the
drive laser, kd. The HH seed was modelled in a similar way
to that described in Refs. 14 and 23 with the resonant FEL
wavelength chosen to be the 65th harmonic of the drive
laser, i.e., kr ¼ kd=65. For a typical drive laser wavelength of
kd ¼ 805 nm (e.g., Ti:Sapphire), the 65th harmonic is 12.4
nm. The temporal and modal structure used to model the
seed is shown in Fig. 5.
With a FEL parameter of q ¼ 2  103 (typical for an
FEL operating in the extreme ultraviolet (XUV) and with 8
periods per undulator module, the scaled undulator slippage
is l ¼ 0:201. The spectral and temporal structure of the radiation generated by the undulator-chicane system was
matched to the HH seed by setting the scaled chicane slippage to be d ¼ 0:616 so that s ¼ kd =2, where kd ¼ kd =lc is
the scaled drive laser wavelength, giving a slippage enhancement factor of Se  4.1.
B. Beam modulation and seed phase-matching

An electron beam energy modulation was introduced of
period kd =2 equal to both the slippage in an undulatorchicane module and the HH seed pulse train spacing. Figure
6 shows a schematic of two different initial phases of the HH
seed with respect to the beam energy modulation phase. The
subsequent slippage of a radiation wavefront relative to the
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FIG. 5. (Color online) Scaled longitudinal intensity profile (top) and spectral power distribution (bottom) for the HH seed.

electron beam due to that occurring in the undulators and
chicanes are also shown. It is clear that the FEL interaction
in the undulators will differ for the two initial phases due to
the different electron energy chirps experienced by the radiation pulses.
The initial phase z10 of a peak of the HH seed pulse with
respect to the beam energy modulation was varied over one
modulation period and the scaled power of the radiation
 The results are plotted
recorded for fixed undulator length l.
in Fig. 7 for a range of energy modulation amplitudes. For
zero energy modulation, there is clearly no dependence on
the initial phase 
z10 of the seed. As the amplitude increases,
the initial phase alignment of the seed becomes more significant. The optimum amplification of the seed was seen to
 behind the maxima and
occur with seed pulses phased l=2
minima of the energy modulated electron beam at the
beginning of each undulator as shown in Fig. 6(b). This

Phys. Plasmas 18, 073104 (2011)

FIG. 7. (Color online) Peak radiation intensity after 40 modules against initial longitudinal position of the seed pulses (top) relative to the electron
beam energy modulation (bottom), for varying energy modulation amplitude. The initial alignment of the seed becomes more critical as the energy
modulation amplitude increases. The optimum initial alignment of the peak
powers of the seed was found to be half of the undulator slippage behind the
positions of zero energy gradient.

corresponds to the optimum radiation peak powers being
coincident with the zero energy gradient of the electron
beam at the middle of each undulator module and concurs
with the results of the start-to-end simulations of Sec. III C
where the amplification started from noise.
For larger beam energy modulation amplitudes, it may
be expected that those regions of the beam that have sufficiently large energy gradients, such as Fig. 6(a), will not
support FEL lasing. Assuming an energy modulation of the
form
 z1 Þ;
c ¼ c0 þ cm cosðDx

(1)

then a radiation wavefront propagating about the maximum
of the beam energy gradient will experience a beam energy
 l in one undulator module. If this range
range of Dc  cm Dx
is sufficiently large that Dc=c0 > q, then the FEL interaction
will be suppressed.3 Hence, for a beam modulation period
 ¼ 2p=
defined by the radiation mode spacing, Dx
s, then, for
beam energy modulation amplitudes,
cm =c0 > qSe =2p;

FIG. 6. (Color online) Alignment of the HH seed pulses relative to the electron beam energy modulation at the start of an undulator module for two
 behind the central energy of the modulation and (b) l=2
 behind
cases (a) l=2
the minima of the energy modulation. Here, p ¼ (c – c0)=qc0 is the scaled
electron beam energy.

(2)

the radiation peak powers will start to become confined to
grow about to the extrema of the beam energy modulation
where the energy gradients are smallest. For the above
parameters used here, this corresponds to cm=c0 > 0.13%.
The effect can be seen from Fig. 7 where radiation output is
suppressed with increasing beam energy modulation amplitude for pulses that are phased to evolve in the regions of
high energy gradient about 
z10  0:3 and 0.7.
The optimal longitudinal phase alignment of the seed of
z10 ¼ 0:51 from Fig. 7 was used in the simulations and the

energy modulation amplitude varied. The scaled pulse width
lr and the peak scaled radiation power jAj2peak are plotted as a
function of the interaction distance through the undulator 
z,
in Figure 8. With zero energy modulation, the radiation
pulses are seen to broaden in agreement with previous
studies.14 An energy modulation amplitude of 0.1%–0.2% is
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While in the HH seeded MLOK FEL, the seed pulses
are optimally amplified when aligned to the positions of minimum beam energy gradient at the extrema of the modulation. In the SASE mode, when the system starts from noise,
the extrema now define the positions about which the radiation pulses preferentially grow as observed in the start-toend simulations of Sec. III A. This pinning of the radiation
pulses to these well defined phases, in both the seeded and
SASE cases, is of significant benefit where the phasing of the
output pulses to an external signal is important e.g., in
pump-probe type experiments.
C. Filtered seed

FIG. 8. (Color online) Scaled radiation pulse width lr (top) and peak intensity jAj2peak (bottom) plotted as a function of scaled distance, z, through the
undulator for different energy modulation amplitudes. The optimal initial
seed alignment is used (z10  0:51 in Fig. 7). An energy modulation amplitude of cm=c0  0.2% is sufficient to restrict pulse broadening. Increasing
the modulation amplitude further does not reduce the pulse width but does
reduce the growth rate.

seen to be sufficient to restrict the pulse broadening effects
in accord with condition (2). Increasing the modulation amplitude above this value does not reduce the output pulse
width further, which has a lower limit determined by the relative slippage in one undulator module, to give lr  l ¼ 0:2.
Increased beam energy modulation amplitude does however
decrease the radiation growth in accord with the condition
(2).
A condition for the upper limit of the energy modulation
that accommodates the dual criteria of allowing sufficient
growth rate while minimising the pulse duration may be
obtained by considering the beam energy range a radiation
 about the
pulse interacts with when propagating 6l=2
extrema of the modulated beam. By expanding cos(x)  1 –
x2=2 in the modulation term of Eq. (1), and letting
 then setting the energy range to the upper limit of
D
z1 ¼ l=2,
q, the condition for the upper limit of the energy modulation
is obtained
cm =c0 < 2qS2e =p2 :

(3)

For the parameters used above, this corresponds to a beam
energy modulation of cm=c0 < 0.68%.
The conditions (2,3) may be combined to give the range
of electron beam energy modulation that allow the pinning
of the radiation pulses to the beam modulation extrema while
allowing for a satisfactory radiation growth rate
Se
c
2S2
< m < 2e :
2p qc0
p

The Sec. III B showed that use of an HH seed allows
control of the envelope and relative phases of the radiation
pulse train over lengths significantly greater than the cooperation length, and that pulse broadening effects14 could be
reduced by seeding an energy modulated beam. However,
phase-matching of the HH seed pulse train to the correct
phase of the electron beam energy modulation was necessary
to achieve optimum output. It is now shown that it is possible
to seed the MLOK FEL with an HH source that is filtered to
remove all harmonics except the resonant harmonic of the
central mode. As this filtering removes the attosecond pulse
train structure of the seed, no phase-matching of seed and
energy modulated beam is required at the start of the interaction. However, the temporal coherence of the seed is retained
during amplification and the mode-locked pulse train structure grows as the interaction proceeds.
The HH seed field of Fig. 5 was filtered to preserve only
 ¼ 0, removing the attosecond
the central resonant mode, x
structure so that the seed retains the simple Gaussian envelope of the HH drive laser. A beam energy modulation
amplitude of cm=c0 ¼ 0.2% was used in these simulations.
The minimum of the modulated beam energy, with the larger
growth rate, was chosen to be resonant with the seed. Other
parameters are similar to those used in Sec. III B and results
of the simulations are shown in Fig. 9. While the interaction
was seeded at the central mode frequency only, the mode frequencies quickly develop, lock, and were amplified to generate a pulse train which retains the good temporal coherence
properties of the seed. At saturation similar pulse widths and
powers to those of Fig. 8 of Sec. III B were obtained.

(4)

The difference in gain between the maxima and minima of
the energy modulations is noted with the minima (positive
energy curvature) giving slightly greater gain, however further analysis is required to fully understand this effect.

IV. SIMULATION MODEL LIMITATIONS AND
POTENTIAL FUTURE DEVELOPMENT

Most computational codes that model the FEL interaction, like those used in the results presented above, assume
that the simulation electrons are confined to their initial
localised ponderomotive potentials and that the FEL interaction is averaged over an undulator period. For some parameters, these approximations may not be valid when simulating
FEL interactions that utilise energy modulated electron
beams, such as the MLOK.
For a sufficiently large energy modulation amplitude of
the electron beam, longitudinal electron transport on scales
greater than the resonant radiation wavelength cannot be
modelled easily using simulation codes such as those used in
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FIG. 9. (Color online) Simulation
results for the MLOK FEL with a filtered, single mode, HH seed. The left
plots show the initial scaled power (top)
and scaled spectral power (bottom) of
the seed at z ¼ 0. The right plots show
the equivalent close to saturation at
z ¼ 5.

this paper. On propagation through the undulator-chicane
modules, dispersion will cause beam energy modulation,
with a period of the radiation mode spacing, to develop into
a density (current) modulation of the same period. While this
current modulation will not affect the creation of the radiation modes, which is essentially an optical process, the current modulation can by itself couple and lock the radiation
modes to generate a train of short pulses.24 This effect may,
therefore, be beneficial to the mode-locking process. However, to investigate these effects will require new simulation
methods that allow for beam current evolution as the interaction progresses. In order for such dispersive effects to be
small, as required by the simulation codes used in this paper,
the growth rate of the current modulation should be significantly smaller than the FEL interaction in a gain length lg,
and a condition that describes this is now derived.
From Ref. 12, the effect of chicane dispersion on
the scaled position of the jth electron with scaled energy
pj ¼ (cj – c0)=qc0 is given by
z1j ! z1j þ 2qDpj ;
 is the scaled dispersive strength
where D ¼ R56 =2lc  10d=6
of a single chicane. The dispersive effects can act to enhance
the FEL electron bunching process at the radiation wavelength so reducing the gain and saturation lengths in what
has been called a distributed optical klystron.25–27 However,
these dispersive effects will also have an effect on a beam
with energy modulation of period greater than the radiation
wavelength, such as that employed to couple the modes in
the MLOK FEL. In this case, the dispersive bunching would
maximise for an approximate propagation in z1 of s=4 by the
maximum and  s=4 by the minimum of energy modulation.
The effects of such bunching may be considered negligible if
it is much less than the modulation period in a FEL saturation length, which may be written as the condition
2qNsat Dpm 

s
4

where Nsat ¼ 
zsat =l is the number of undulator chicane modules in saturation length zsat and pm ¼ cm=qc0 is the scaled

beam energy modulation amplitude. The definition of the
slippage enhancement factor Se ¼ s=l and the relation above
for the scaled dispersive strength D, may be used to obtain
cm
3
Se
:

40Nsat Se  1
c0
In the start-to-end simulations, using the tracked electron
beam of Sec. II, this inequality is satisfied by a factor of
approximately four, while for the simulations of Sec. III, it
is satisfied by a factor of approximately two for the
cm=c0 ¼ 0.2% modulation amplitude case. Some effects due
to dispersion on the energy modulated beam may, therefore,
be expected. Such effects, as now discussed, may in fact be
beneficial to radiation generation.
Modulation of the electron beam energy, and the current
modulation that results, can also be a significant source of
coherent spontaneous emission (CSE), another process not
modelled by averaged codes.28 Initial studies29 indicate that
this is the case and that the increased frequency content able
to be to be modelled (due to a larger Nyquist frequency)
introduces further, shorter duration, pulse structure. This
may occur without any collective high-gain FEL interaction,
i.e., relying on CSE only, and the MLOK may be able to
generate pulse trains from beams that may not be able to operate as an FEL e.g., due to deleterious beam quality effects.
This may open up new opportunities for light sources and
will be the subject of future research.
V. CONCLUSIONS

The MLOK FEL configuration has been shown to be
compatible with the predicted output from the present generation of accelerators by using so-called start to end numerical
simulations. The role of electron beam energy modulation
has been described and explains the relative phasing of the
radiation pulse evolution with respect to the beam energy
modulation. A relatively simple method of seeding the
MLOK FEL with a filtered HH source was shown to control
the envelope and phase of the mode-locked pulse train. Such
control would assist in the phasing of the short pulse train
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with respect to a pump field in pump-probe type experiments. The limitations of present, averaged, FEL simulation
codes were considered and a criteria for the validity of these
codes derived when energy modulated beams are employed.
Finally, the use of coherent spontaneous emission in a
MLOK configuration was discussed. Such systems may offer
a new method of generating short pulse trains of coherent,
high power radiation without the need to rely upon the FEL
interaction.
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A method is proposed to generate trains of few-cycle x-ray pulses from a free-electron laser (FEL)
amplifier via a compact ‘‘afterburner’’ extension consisting of several few-period undulator sections
separated by electron chicane delays. Simulations show that in the hard x ray (wavelength 0:1 nm;
photon energy 10 keV) and with peak powers approaching normal FEL saturation (GW) levels, root
mean square pulse durations of 700 zs may be obtained. This is approximately two orders of magnitude
shorter than that possible for normal FEL amplifier operation. The spectrum is discretely multichromatic
with a bandwidth envelope increased by approximately 2 orders of magnitude over unseeded FEL
amplifier operation. Such a source would significantly enhance research opportunity in atomic dynamics
and push capability toward nuclear dynamics.
DOI: 10.1103/PhysRevLett.110.104801

PACS numbers: 41.60.Cr

Pulses of light, tens to hundreds of attoseconds in duration, have enabled the exploration and control of processes
that occur at atomic time scales [1,2]. A common source of
such pulses results from high harmonic generation (HHG)
in a laser driven gas [3] from which isolated pulses may be
generated or, more commonly, a periodic train of pulses
that can act as an ultrafast strobe. This fast stroboscopic
property has been successfully applied to a range of experiments to image and control electron wave packet behavior
in atoms [4,5]. Reducing pulse durations toward 1 as, and
beyond into the zeptosecond regime, with high (GW) peak
powers may extend opportunities to directly resolve electronic behavior within inner shells of atoms, the imaging
and possible control of electronic-nuclear interactions such
as nuclear excitation by electron transition or capture
(NEET/NEEC) [6], and move toward the resolution
of nuclear dynamics [7]. However, this will require a
sufficient flux of photons with energies in the hard x ray
(* 10 keV) that are not available from HHG sources.
The recently realized x-ray free-electron laser (FEL),
which can generate the higher photon energies at multiGW powers, would offer this enhanced temporal resolution
if few-cycle, hard x-ray radiation pulses could be generated. The FEL is currently a unique source for scientific
experiments, with facilities such as FLASH [8], LCLS [9],
SACLA [10] and FERMI@elettra [11] in operation, and
others in development [12], including proposals for a very
hard x-ray source of coherent 50 keV photons [13]. The
normal x-ray FEL operating mode is via a high-gain
amplifier generating self-amplified spontaneous emission
(SASE) [14], which has noisy temporal and spectral properties [15], although new methods are being introduced to
improve on this [12]. The characteristic minimum pulse
duration for such high-gain amplifier FELs is determined
by the FEL bandwidth [15,16], which for present x-ray
FELs corresponds to durations * 100 as. In this Letter a
0031-9007=13=110(10)=104801(5)

new operating method is proposed that, via a relatively
simple upgrade, would allow existing x-ray FELs to generate trains of high-power (GW), few-cycle pulses into the
zeptosecond regime—at least 2 orders of magnitude
shorter than currently achievable. The corresponding spectrum is discretely multichromatic within a broad bandwidth envelope. Potential applications of such sources
are the stroboscopic interrogation of matter [4] with intensities enhanced by orders of magnitude compared with
current sources, while the multiple narrow frequency
modes may be exploited in applications such as resonant
inelastic x-ray scattering [17]. High energy photon pulses
of zeptosecond duration begin to make feasible access to
the temporal behavior of the nucleus, in what has been
coined nuclear quantum optics [18].
In a high-gain FEL amplifier, a relativistic electron beam
propagates through a long undulator, allowing a resonant,
cooperative interaction with a copropagating radiation
field of resonant wavelength r ¼ u ð1 þ a 2u Þ=220 [12],
where u is the undulator period, a u is the rms undulator
parameter, and 0 is the mean electron energy in units of
the electron rest mass energy. The cooperative instability
results in an exponential amplification of both the resonant
radiation intensity and the electron microbunching, b ¼
heij i [14], where j is the ponderomotive phase [12] of
the jth electron. In the one-dimensional limit, the length
scale of the exponential gain is determined by the gain
length lg ¼ u =4, where  is the FEL coupling parameter [14]. A resonant radiation wave front propagates
ahead of the electrons at a rate of r per u . This relative
propagation, or ‘‘slippage’’ in one gain length lg is called
the ‘‘cooperation length,’’ lc ¼ r =4 [19], which
determines the phase coherence length and bandwidth of
the interaction.
Several methods have been proposed to generate short
radiation pulses by ‘‘slicing’’ short regions of high beam
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quality from within a longer electron pulse [20–23], with
the shortest pulses generated at LCLS to date of * 1 fs
duration [24]. However, the FEL bandwidth restricts the
minimum pulse length from such schemes to * lc [15,16],
with typical value lc  200r corresponding to 100 as
for x-ray FELs. By inserting electron delays between modules within the long undulator, the phase coherence length
of the interaction can be discretized, increasing the bandwidth. The mode-locked FEL amplifier (ML-FEL) proposal [25] uses this to generate a train of pulses with
lengths  lc and peak powers approaching FEL saturation. The number of optical cycles per pulse is approximately the number of undulator periods per module, so
could potentially deliver few-cycle pulses. However, this
would require significantly modifying existing FELs,
which typically have several hundred periods per module.
In this Letter, a method, shown schematically in Fig. 1,
is proposed to generate trains of few-cycle radiation pulses
similar to that of the ML-FEL but by using a short ‘‘afterburner’’ extension that could relatively easily be added to
existing facilities. The technique involves preparing an
electron beam with periodic regions of high beam quality,
each region of length  lc , prior to injection into a normal
FEL amplifier. Only these high quality regions undergo a
strong FEL interaction within the amplifier to generate a
periodic comb structure in the FEL-induced microbunching. Once the microbunching comb is sufficiently well
developed, but before any saturation of the FEL process,
the electron beam is injected into a ‘‘mode-locked afterburner,’’ which maps the comb structure of the electron
microbunching into a similar comb of the radiation intensity. The afterburner comprises a series of few-period
undulator modules separated by electron delay chicanes
similar to that used in the ML-FEL [25]. These undulatorchicane modules maintain an overlap between the comb of
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bunching electrons and the developing radiation comb,
each pulse of length  lc , allowing it to grow exponentially in power to saturation. The pulses are delivered in
trains since amplification occurs over a number of afterburner modules, and would be naturally synchronized to
the modulating laser (Fig. 1).
Several methods could be used to generate the periodically bunched electron beam prior to the afterburner,
including energy modulation [20,26], emittance spoiling
[22], and current enhancement [27,28]. Here, electron
beam energy modulation is used as illustrated in Fig. 1.
For a sufficiently large sinusoidal energy modulation of the
form ðtÞ ¼ 0 þ m cosð!m tÞ, where !m is the modulation frequency, those regions of the beam about the mean
energy 0 will be ‘‘spoiled’’ due to the larger energy
gradients, whereas about the extrema,   0  m , a
higher beam quality exists due to smaller energy gradients.
Only these latter regions may be expected to experience a
strong FEL interaction within the amplifier to generate the
comb structure in the electron bunching parameter. In fact,
strong microbunching develops only at the minima of the
energy modulation. It is noted from FEL linear theory [14]
that there is an asymmetry about the resonant frequency for
the rate of exponential gain with a critical radiation frequency below which no exponential instability exists. It
may be intuitively expected that electrons about the minima will experience radiation fields generated by higher
energy electrons, and so greater than their resonant
frequency. Due to this gain asymmetry favoring higher
frequencies these lower energy regions of the modulated
beam may be expected to dominate any FEL interaction
in the amplifier. This is what is observed in simulations
here and in other work [26] and has also been confirmed
in a more complete linear theory for an energy modulated
beam [29].

(a)

(b)

FIG. 1 (color). (a) Schematic layout of the proposed technique and (b) Example simulation results. An electron beam is sliced (e.g.,
using an external laser and a short undulator to apply an energy modulation, as shown), such that a comb structure develops in the FELinduced electron microbunching (b) in a long undulator (amplifier stage). Further amplification of the radiation intensity (P) with
periodic electron delays (mode-locked afterburner stage) generates a train of few-cycle radiation pulses.
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radiation power and spectrum at different positions in
the afterburner. A pulse train structure develops rapidly
as the radiation and bunching combs are regularly rephased
by the chicanes to maintain overlap in the amplifying
undulator sections. The growth within the undulator modules of the afterburner is exponential of rate comparable to
that in the amplifier stage with no beam energy modulation.
The growth in the afterburner is also enhanced by the
additional bunching caused by the dispersive chicanes
[25]. After 15 afterburner modules the output consists of
a train of 9 as rms radiation pulses separated by 124 as
and of 0:6 GW peak power. The corresponding spectrum
is multichromatic with bandwidth envelope increased by
50 over that of SASE. The pulse train envelope has
fluctuations typical of SASE, with phase correlation
between individual radiation pulses over a cooperation
length. Each afterburner module consists of an undulator
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Simulations of the method were carried out using the
simulation code GENESIS 1.3 [30] using the parameters of
Table I in both the soft and hard x ray. For the soft x-ray
case, with resonant FEL wavelength of r ¼ 1:24 nm, the
modulation period m ¼ 38:44 nm (¼ 31r ) and m 
lc . This modulation could be achieved using a modulating
undulator seeded by current HHG sources [2,31]. The
undulator and electron beam parameters are those of the
UK New Light Source design [31]. The electron pulse
length was  lc with no other longitudinal variation of
beam parameters. The performance of the amplifier stage
was optimized by varying the relative amplitude, m =0 .
The growth of the radiation power and electron bunching
are plotted for a range of electron energy modulation in
Fig. 2. Increasing the energy modulation amplitude
decreases the region about the extrema able to lase and
the mean amplification rate decreases. However, a pronounced comb in the electron bunching of period  m
is seen to develop. Because the radiation propagates
through the beam, only a relatively small undulation of
the radiation power on the scale of m is present. The
optimum modulation amplitude was determined to be
m =0  , with m =0 ¼ 0:1% used for injection into
the afterburner. The extraction point from the amplifier
stage was chosen to be 34.1 m, as shown in Fig. 2.
Hence, no increase in the amplifier length from that for
normal saturated SASE operation is required. Both the
electron beam and radiation from the amplifier stage
propagate into the afterburner (Fig. 1). Each afterburner
module has eight undulator periods followed by a chicane
that delays the electron beam by 23 resonant wavelengths,
so that the total electron delay per module s ¼ ð8 þ 23Þ 
r ¼ m . Energy dispersion effects in the chicanes were
included, although new chicane designs that reduce dispersive effects may be possible [32]. Figure 3 plots the
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TABLE I. Parameters for soft and hard x-ray simulations.
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FIG. 2 (color online). Optimization of the amplifier stage for
the soft x-ray case. Maximum radiation power (top) and electron
microbunching (middle) with distance through the amplifier, for
different m =0 . Bottom panel: Longitudinal profiles of radiation (left) and bunching (right) for different m =0 : (a) 0%,
(b) 0.04%, (c) 0.06%, (d) 0.1%. Each case is at an equivalent
level of microbunching. A section of length lc from a longer
bunch is shown; lc increases with increasing m =0 .
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1.4

6000

FIG. 3 (color online). Soft x-ray mode-locked afterburner
simulation results: Radiation power profile and spectrum after
(a) 2, (b) 5, and (c) 15 undulator-chicane modules. The duration
of an individual pulse after 15 modules is 9 as rms.

module of length 0.26 m and a chicane of length 0.2 m,
giving a total length of 6.9 m (excluding diagnostics, etc.)
for the 15-module afterburner.
A hard x-ray case of resonant FEL wavelength of r ¼
0:1 nm was also simulated, with the aim of demonstrating
shorter pulse generation. A modulation period of m ¼
3 nm was used (m ¼ 30  r ), which may be feasible
using HHG sources that are now being developed [33].
Both the undulator and electron beam parameters used are
similar to those of the compact SACLA x-ray FEL facility
[10] and are detailed in Table I. A reduced peak current is
used, typical for a lower electron bunch charge. This allows
a slightly reduced, but still realistic, emittance to be
assumed to attain a more compact afterburner stage. As
for the soft x-ray case above, the amplifier stage was
optimized and a beam energy modulation of m =0 ¼
0:06% chosen. The amplifier section consists of six 277period undulator modules (36 m). Each afterburner module
consists of an undulator module of eight periods and a
chicane with delay of 22  r . The total electron delay per
afterburner module is then equal to m . The total afterburner consists of 40 modules, each consisting of an undulator of length 0.144 m and a chicane of length 0.2 m to
give 13.8 m in total. Figure 4 plots the radiation power and
spectrum after 40 undulator-chicane modules. A pulse train
structure of approximately 700 zs rms duration radiation
pulses separated by 10 as and of 1.5 GW peak power is
generated. The radiation mode separation is determined by
the modulation period of 3 nm corresponding to photon
energy difference of  412 eV. The final spectrum is
multichromatic with the bandwidth envelope of the modes
increased by a factor 100 over SASE.
Both examples in this Letter were optimized toward
minimizing pulse durations using parameters close to those
available from current x-ray FEL sources. Using short
(8-period) undulator modules in the afterburner, 5 optical
cycles FWHM were attained. However, the time structure

FIG. 4 (color online). Hard x-ray mode-locked afterburner
simulation results: Radiation power profile and spectrum after
40 modules. The duration of an individual pulse is 700 zs rms.

could be modified by changing the number of undulator
periods, electron delay lengths, and m , suggesting a development route from the present attosecond pulse train
experiments [4,5] to the ultimate capability of the scheme.
Amplification in the afterburner was set to occur just
before saturation, allowing a short afterburner to attain a
high contrast ratio of the pulse train over the amplifier
radiation. Further development to maximize the peak
power and flexibility of the pulse structure could include
an investigation of saturation effects in the afterburner
(e.g., chicane dispersion, radiation diffraction) and their
mitigation through, e.g., undulator tapering [34], optimized
phase-shifting [35], use of low-dispersion [32] or more
compact chicanes. Methods to improve the temporal coherence and stability developed for SASE may also be
applicable. A potential proof-of-principle experiment
would be to use a single-module afterburner [36]. This
is similar to other proposals [37,38] to attain pulse lengths
 lc , but at relatively low power, since they operate via
coherent spontaneous emission in a single short undulator
rather than exponential amplification.
If the above results are scaled to higher photon energies,
e.g., to the 50 keV of the proposed x-ray FEL of Ref. [13],
then pulse durations of 140 zs rms may become feasible.
Operation at harmonics of r may be another route to
shorter pulse durations. Furthermore, if a relativistic
counter-propagating target nuclear beam were used with
such pulse trains, as discussed in Ref. [18], in addition to
the increased Doppler-shifted photon energies that the
nuclei experience in their boosted frame, the pulse durations may be further reduced toward the time scales of
highly ionized heavy elements and nuclear dynamics [7].
The mode-locked afterburner is potentially a relatively
simple upgrade to existing x-ray FEL facilities. It offers a
flexible route toward the generation of discretely multichromatic output under a broad bandwidth envelope, and
so offers few-cycle x-ray pulse trains with GW peak
powers in the temporal domain. This would help facilitate
the direct study of the temporal evolution of complex
correlated electronic behavior within atoms and push capability into the regime of electronic-nuclear dynamics and
toward that of the nucleus.
The authors would like to thank Ken Ledingham for
helpful discussions. This work received support from
STFC Memorandum of Agreement No. 4163192.
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Abstract
The aim of the workshop was to consider what developments might be achievable in the next generation of light sources. One area
of particular interest is the generation of ultra-short pulses of light. High harmonic generation (HHG) sources are now capable of
reaching pulse durations in the range of tens to hundreds of attoseconds, thereby facilitating the study of electron dynamics. Here
we consider the potential of free-electron lasers (FELs) to contribute to this field. First we make the case for FELs in general as a
particularly promising source of ultra-short pulses, and summarise some of the relevant proposals. Different classes of ultra-short
pulse techniques are identified—each with respective merits and potentially better suited to different types of application. Particular
focus is given to highlighting a recent proposal by the authors to generate trains of few-cycle pulses from amplifier FELs, which if
applied at hard x-ray wavelengths could generate pulses at the single attosecond scale, or even shorter—into the zeptosecond scale.
c 2013 The Authors. Published by Elsevier B.V.
Selection and peer-review under responsibility of the scientific committee of HBEB 2013.
Keywords: free-electron laser; FEL; short-pulse; attosecond; zeptosecond

1. Introduction
The motivation for generating short pulses of light is to study and influence ultra-fast dynamic processes. To do
this, radiation pulses on a shorter scale than the dynamics involved are required. The timescales of different processes
have been described by Krausz and Ivanov (1): Atomic motion on molecular scales occurs at femtosecond (10−15 s)
to picosecond (10−12 s) scales, electron motion in outer shells of atoms takes place on tens to hundreds of attoseconds,
and electron motion in inner shells of atoms is expected to occur around the scale of a single attosecond (10−18 s). At
faster scales still are nuclear dynamics, which are predicted to occur at zeptosecond (10−21 s) time scales .
The record for the shortest pulse of light has seen a progression from approximately 10 ps in the 1960s to around
67 attoseconds generated recently by Chang et al. (2)—a development of approximately five orders of magnitude in
five decades. As noted by Corkum et al. (3; 4), it is particularly relevant to consider the way in which this frontier
progressed. The duration of a pulse of light is its wavelength, λr multiplied by the number of optical cycles, N, divided
by the speed of light. Initially progress was made in conventional lasers operating at approximately a fixed wavelength
(λr ≈600 nm), by reducing the number of optical cycles. This continued until, in the mid 1980s, pulses of only a few
∗
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cycles could be generated (corresponding to a few fs), then could proceed little more. It took a transformative step—
high harmonic generation (HHG) (1; 3; 4), for progress to continue by (in very simple terms) reducing the wavelength
of the generated light. X-ray free-electron lasers (FELs) (reviewed in several recent papers (5; 6; 7)) presently surpass
HHG sources in terms of shortest wavelength by approximately two orders of magnitude, and it is this property which
suggests FELs as a candidate for progressing to still shorter radiation pulses than are available today.
2. Short-pulse potential of free-electron lasers
The free-electron laser in fact has two particular advantages which give it potential for pushing the frontier of
short pulse generation. The first, as described in the previous section, is short wavelength. Recent new FEL facilities
(LCLS (8) commissioned in 2009, and SACLA (9) commissioned in 2011) have extended FEL operation down to
approximately 0.1 nm. Assuming that pulses of only a few optical cycles could be attained, this would correspond to
pulse durations of approximately a single attosecond—approximately two orders of magnitude shorter than present
HHG sources, and four orders of magnitude beyond conventional lasers.
Of course x-ray sources other than FELs have been available for many years, however the peak powers are insufficient to deliver a significant number of photons within an attosecond timescale. It is the high peak power of the
free-electron laser (exceeding synchrotrons - the next highest intensity source of x-rays - by approximately 9 orders
of magnitude) which gives it potential to push the frontier of ultra-short pulse generation. A hard x-ray FEL typically
generates approximately 20 GW peak power, corresponding to 1025 photons/second. For a pulse duration of a single
attosecond this would correspond to 107 photons per pulse. The challenge for reaching the very shortest pulses from
FELs - as described in the following sections - will be to minimise the number of cycles per pulse.
3. Standard operating mode of a hard x-ray FEL - SASE
Present hard x-ray FELs normally operate in the high-gain amplifier mode generating self-amplified spontaneous
emission (SASE) (as described by Bonifacio et al. (10)), which has noisy temporal and spectral properties (11).
A relativistic electron bunch is injected into a long undulator (an alternating polarity magnetic field with period
λu ) which causes the electrons to oscillate transversely and so emit radiation. The electrons’ transverse oscillation
allows a resonant, co-operative interaction with the co-propagating radiation field of resonant wavelength λr = λu (1 +
ā2u )/2γ02 (6), where āu is the rms undulator parameter and γ0 is the mean electron energy in units of the electron
rest mass energy. The co-operative instability results in an exponential amplification of both the resonant radiation
intensity and the electron micro-bunching, b = he−iθ j i (10), where θ j is the ponderomotive phase (6) of the jth electron.
In the one-dimensional limit, the length-scale of the exponential gain is determined by the gain length lg = λu /4πρ,
where ρ is the FEL coupling parameter (10) (typically ρ ≈ 10−4 − 10−3 for x-ray FELs). The exponential growth
saturates when a fraction approximately equal to ρ of the electron beam power is extracted into radiation power. In
the undulator, a resonant radiation wavefront propagates ahead through the electron bunch at a rate of one radiation
wavelength, λr per undulator period, λu . This relative propagation, or ‘slippage’ in one gain length lg is called the ‘cooperation length’, lc = λr /4πρ (12), which determines the phase coherence length. The electron bunch is relatively
long, at least in the context of this paper, with a few-fs bunch corresponding to ≈ 104 × λr at 0.1 nm. The total
duration of the radiation emission is similar to that of the electron bunch length (e.g. a few fs), however it consists
of sharp spikes on the much shorter scale of the co-operation length, typically a few hundred radiation wavelengths,
corresponding to approximately 100 as for hard x-ray FELs, as shown in Figure 1 (a).
3.1. Slicing a single SASE spike
Since each SASE spike acts independently it has been proposed by a number of groups (e.g. 11; 13; 14; 15; 16)
that only one spike can be made to occur, either by reducing the bunch length or by slicing the electron beam quality.
Experimental progress has been made for a few of these methods, including reducing the electron bunch length (17),
and by slicing part of the beam via emittance spoiling (15; 18). A short-pulse technique using chirped electron beams
and a tapered undulator has been demonstrated at visible wavelengths (19; 20) and could be extended to x-ray.

D.J. Dunning, B.W.J. McNeil, N.R. Thompson / Physics Procedia 00 (2013) 000–000

3

A number of proposals (e.g. by Saldin et al. (13)) suggest using a few-cycle conventional laser pulse to pick out part
of the electron beam, as shown in Figure 1 (b), which has the advantage of generating a radiation pulse synchronised to
the external source. Picking out one SASE spike for present hard x-ray FEL parameters corresponds to a few hundred
optical cycles or ≈100 as, which would be close to the frontier presently set by HHG, and at shorter wavelength
and higher photon flux (methods are predicted to reach normal SASE saturation power levels or even higher). This
technique therefore has exceptional potential, however in terms of shortest pulse duration there is still potential for a
further two orders of magnitude reduction by reducing the number of cycles per pulse. Possible methods of doing this
are considered in the following sections.

Fig. 1. Figure to illustrate different concepts for FEL operation (not to scale): (a) Typical hard x-ray SASE FEL output consists of a number of
radiation spikes, each of length ≈ lc (a few hundred optical cycles); (b) Example of proposals to ‘slice’ the electron bunch such that a single pulse
of length ≈ lc (a few hundred optical cycles) is generated; (c) The mode-locked FEL concepts work by slicing the electron bunch into regions  lc ,
and periodically shifting the radiation to generate a pulse train with pulses on a similarly short scale.

4. Issues in generating few-cycle pulses from FEL amplifiers
Exponential amplification of the radiation power in an FEL amplifier requires a sustained interaction between the
radiation field and the electron bunch. This presents a difficulty for generating few-cycle radiation pulses from FELs,
since the slippage of the radiation relative to the electrons means that a few-cycle radiation pulse can only interact
with a fixed point in the electron beam for a few undulator periods before slipping ahead of it. For example if we were
to use one of the methods described in the previous section but were to slice a high quality section of the electron
beam much shorter than one SASE spike (e.g. a few cycles) then the rapid slippage of the generated radiation ahead
of the high quality region would significantly inhibit FEL amplification (11; 21). Future increases in electron beam
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brightness may reduce the FEL co-operation length and so enable reducing pulse durations from this method to some
extent.
Another route forward may be the superradiant regime in a seeded FEL amplifier, which has been addressed
in theory (22; 23), and in experiment, with short pulses generation observed in both direct seeding (24; 25) and
harmonic cascade (26; 27) configurations. In such techniques a short section of an electron bunch is seeded such that
it reaches saturation before the rest of the bunch (which starts up from noise). Beyond saturation the FEL interaction
proceeds into the superradiant regime in which the radiation intensity continues to increase (though quadratically with
distance through the undulator, z, rather than exponentially), and the pulse length reduces as z−1/2 . Compared to the
exponential regime, where the ‘centre-of-mass’ of a radiation spike is kept close to the electron longitudinal velocity
due to amplification, in this mode the radiation pulse propagates closer to the speed of light, so forward relative to
the electrons. Consequently it propagates into ‘fresh’ electrons, provided the rest of the bunch starting from noise
has not reached saturation. This technique has been demonstrated at longer wavelengths (24; 25; 26; 27), however its
scalability to hard x-ray wavelengths still requires significant development. Few-cycle pulses have been attained via
superradiance in FEL oscillators, but FEL oscillators operating at x-ray wavelengths are still under development (28),
and present ideas for suitable mirror cavities have very narrow bandwidth which would seem incompatible with the
broad-band operation required for few-cycle pulses.
An alternative might be to disregard FEL amplification to establish microbunching, and instead use an external
source (though this itself may be a FEL) to induce microbunching (or a single sharp current spike) over a region only
a few cycles in length and then make it radiate in an undulator, as shown in Figure 2. There are several proposals to do
this, such as by Zholents and Fawley (29) or by Xiang et al. (30), though again the slippage has a limiting effect. If the
number of undulator periods in the radiator is greater than the number of cycles in the microbunched region, then the
slippage effect dominates and lengthens the pulse. The undulator must therefore be similarly short - also a few periods
- otherwise slippage of the radiation relative to the electrons broadens the pulse. As a consequence proposals for this
type of technique predict relatively low power compared to FEL saturation, however the power could potentially be
increased by future improvements in electron beam brightness. Requiring the microbunching to be imposed by an
external source may also present difficulties in scaling such techniques to the shortest wavelengths of FELs in some
cases.

Fig. 2. Figure to illustrate a concept to generate an isolated few-cycle pulse from an electron bunch. Instead of using the FEL interaction, an
external source is used to induce microbunching over a region only a few cycles in length, followed by a few-period undulator to emit a few-cycle
pulse.

5. Few-cycle pulses via pulse-train operation
We noted in the previous section that the slippage of the radiation ahead of the electrons seems to imply a trade-off
between maximising the emitted power (requiring a long interaction), and minimising the pulse duration (requiring
a short interaction). However the mode-locked FEL amplifier concept proposed by Thompson and McNeil (31)
circumvents this by dividing the long FEL interaction into a series of short interactions separated by a longitudinal
re-alignment of the radiation and electron beam. Such re-alignment can be achieved via magnetic chicanes to delay
the electron beam relative to the radiation, as shown in Figure 3.
In this case the radiation always propagates ahead relative to the electrons, which is not advantageous for amplifying an isolated ultra-short pulse. However, it allows a train of ultra-short pulses to be amplified. If we consider
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one pulse in the train, it interacts with the electron beam for several undulator periods, increasing the intensity of the
radiation and increasing the microbunching of the electron beam over that region. It then is shifted forward relative
to the electrons, to interact with the region of the electron beam previously aligned with the radiation pulse preceding
it in the train. This allows a series of short interactions, thereby allowing the pulse duration to be minimised while at
the same time maximising the power.

Fig. 3. Schematic layout of a section of the undulator used in the mode-locked FEL amplifier and mode-locked afterburner techniques. Chicanes
are used to periodically delay the electrons to keep the developing radiation spikes overlapped with regions of high microbunching.

Though such a technique would allow an external pulse train source (such as that available from HHG) to be
amplified (32), such sources are not available at hard x-ray wavelengths so the FEL starts up from noise. In this case
multiple interleaved pulse trains may be supported, and a comb structure variation must be applied to the electron
beam properties (31; 33; 34) to select a single clean pulse train structure, as shown in Figure 1 (c). The minimum
number of optical cycles per pulse from this method is approximately the number of undulator periods per section,
so it could potentially deliver few-cycle pulses. However, this would require significantly modifying existing FELs,
which are typically divided into modules of several hundred periods.
5.1. Mode-locked afterburner
A new method has recently been developed by the authors (35) that would allow existing x-ray FEL facilities
to generate trains of few-cycle radiation pulses via the addition of only a relatively short ‘afterburner’ extension that
could relatively easily be added to existing facilities. The technique involves preparing an electron beam with periodic
regions of high beam quality, each region of length  lc , prior to injection into a normal FEL amplifier. This can
be achieved for example via electron beam energy modulation, where the extrema have less energy spread and are
able to lase more easily. Alternatively a current or emittance modulation could be used. Slippage occurring in the
amplifier washes out any short-scale structure in the radiation, however only the high quality regions of the electron
beam undergo a strong FEL interaction such that a periodic comb structure is generated in the FEL-induced microbunching.
Once the micro-bunching comb is sufficiently well developed, but before FEL saturation, the electron beam is
injected into a ‘mode-locked afterburner’, which maps the comb structure of the electron micro-bunching into a
similar comb of the radiation intensity. The afterburner comprises a series of few-period undulator modules separated
by electron delay chicanes similar to that used in the mode-locked amplifier FEL (31), as shown in Figure 3. These
undulator-chicane modules maintain an overlap between the comb of bunching electrons and the developing radiation
comb, each pulse of length  lc , allowing it to grow exponentially in power towards FEL saturation power levels
(&GW). The pulses are delivered in trains, since amplification occurs over a number of afterburner modules, and
would be naturally synchronised to the modulating laser. Alternatively a single short undulator could be used with the
advantage of increased simplicity but with lower power (36).
Because this method requires no modification of the main undulator we are free to choose the parameters of the
afterburner for minimum pulse duration i.e. short (few-period) undulators. Modelling of the concept at hard xray wavelengths, and with 8-period undulators in the afterburner predicts pulse durations of only five optical cycles
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FWHM, corresponding to 700 zeptoseconds RMS pulse duration (35). It is also relevant to note that the corresponding
spectral properties, which are multi-chromatic within a very broad (≈ 10%) bandwidth envelope, may also be useful
for some applications. If the above results are scaled to higher photon energies, e.g to the 50 keV of the proposed
x-ray FEL of (37), then pulse durations of 140 zs rms may become feasible (35).
6. Conclusion
There is much potential for generating ultra-short pulses from FELs, and a number of ideas have been proposed.
The concepts can be loosely grouped into several categories, each of which has respective merits. Slicing a single
SASE spike is predicted to generate isolated pulses with durations of several hundred radiation wavelengths, and high
peak power. Using an external source to impart microbunching over a few-cycle region of the beam is predicted to
give shorter pulses but relatively low power. A recent proposal by the authors is predicted to generate few-cycle pulses
with high powers by generating the pulses in a train, which if applied at hard x-ray wavelengths may allow pulses at
the single attosecond scale, or even shorter—into the zeptosecond scale. We anticipate significant development in this
field and look forward to future progress.
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