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Abstract

Recent x-ray diffraction experiments on CeBg held at temperatures < Tq are
shown to be fully consistent with properties expected of phase II. Thomson scattering
at reflections (h/2, k/2, 1/2) with odd-integer Miller indices is successfully interpreted
on the basis of a distorted CsCl-type structure which supports an antiferro-
configuration of Is-type Ce quadrupole moments. Applied to resonant scattering at
Ce L, and L3 absorption edges the model also agrees with available data. Intensities
calculated as a function of the azimuthal angle show a wealth of strong features which

are attributed to the crystal physics of Ceionsin the low symmetry structure.



l. I ntroduction

The monovalent metal CeBg (cerium hexaboride) is an interesting example of
a dense Kondo compound with a smple local f-electron state, and its physical
properties have been extensively studied with a variety of experimental techniques.
Two recent developments have refreshed the interest in CeBg. First, NMR and
neutron diffraction® data gathered in phase Il (Tn<T<Tg) have been reconciled, by
showing that the Ce quadrupole-quadrupole and octupole-octupole interactions are
similar in magnitude®. Secondly, x-ray diffraction experiments have been performed®
with aview to improving our knowledge of the charge distribution in phase 11, which

is believed to support an antiferro-configuration of Ce quadrupoles.

Cerium hexaboride at room temperature crystallizes in a CsCl-type structure
(space group Pm3m, no. 221) in which boron octahedra replace Cl ions. In this

structure, Ce ions occupy sites with symmetry O, and there is no ordering of
quadrupoles. Evidence of alower symmetry at Ce sites, and a different space group,
comes from the observation’ at low temperature of J + %2 = 3 levels in the Ce crystal
potential, for Kramers ions with a cubic environment are not expected to obey this
rule. More direct evidence is the observation® of Thomson scattering in phase Il at
(h/2, ki2, 1/12), where h, k and | are odd integers, which are reflections not indexed by
the space group 221. The intensity of the Bragg reflection (5/2, 3/2, 3/2) as a function
of temperature is observed to increase below Tq = 3.19K, which indicates that it is an
order parameter of a structural phase transition at Tq. Additionally, resonance
enhancement of (h/2, k/2, 1/2) intensities is observed™® as the primary x-ray energy is

varied in theimmediate vicinity of Ce L, and L3 absorption edges.

We report afirst interpretation of the available x-ray diffraction data and point
the way to future experiments that can have a significant impact on our knowledge of
the structural and magnetic properties of CeBg. The x-ray diffraction data is found to
be consistent with a reduction of symmetry at T, compatible with changes in Bg
octahedra which preserve a cubic Ce lattice. A minimal structure allows two types of
octahedra, and if they are nearest neighbours they form two interpenetrating face-
centred cubic lattices displaced by a cell edge. Ce ions occupy sites with



orthorhombic symmetry and an ordering of Ce quadrupoles is alowed. Use of the
two-sublattice model to describe phase |1 is a working hypothesis which is supported
by experimental data. Various mechanisms for the lattice distortion that setsin at Tg

have been discussed’.

Sections |l and 111 report our findings for nonresonant and resonant x-ray
diffraction based on the distorted CsCl-type structure. Additional detail on the

calculations are relegated to an appendix. Conclusions are gathered in section 1V.
. Nonresonant diffraction

The amplitude of Thomson scattering is proportional to the overlap of the
polarization vectors for the primary (¢) and secondary (¢') beams of x-rays. The

amplitude in question is e [¢' F (k) , where the charge structure factor of anion,

F.(k) =<ze><p(ik ERJ-)>, (2.1)

and k = q — ' is the change on scattering in the wavevectors. Angular brackets in
(2.1) denote a thermal or, equivalently, a time average of the enclosed quantity, and

the sum on j is over al eectrons in the ion. In the exponential the dependence on
k =k /k and electron orientation éj are separated by application of a standard
identity that employs spherical Bessel functions jk(kR) and spherical harmonics
Y, (k) and Y(R,). Onefinds,

Fak) = (4m02 5 (i )¥e () * (1), (2.2)
q
where <j> isthe Bessel function transform of the electron radial density. The atomic
tensor for charge scattering (T, ) =i"(4m*?y <YqK(|ij)>. When the unit cell
contains several ions, at positions {d}, the corresponding structure factor is derived

from (2.2) by substituting for (T,) the quantity,



WE =5 exp(ik m)<TqK>

q .
d cd

(2.3)

For phase Il we adopt a chemica structure, described in the introduction,
which contains two sublattices of Bg octahedra and Ce ions at sites on a cubic lattice
with orthorhombic symmetry. The distorted structure is compatible with space group
Fmmm (69) with Ce ions at sites 8(f) and a point-group symmetry 222 (D,). The
phase transition that reduces space group 221 to space group 69 is not allowed to be
continuous in Landau and renormalization group theories. In our model calculation
we assume that distortions of Bg octahedra are extremely small. This, coupled with
weak scattering by a B ion, leads to a negligible contribution from B ions at Bragg
reflections of interest.

With our model of CeBg diffraction at k = (h/2, k/2, 1/2) is described by,
W ={1+ (- HL- ™ H(TS) - (D (TH) ). (2.4)

In arriving at (2.4) we have used operations that relate Ce ions in a cell of the two-

sublattice model. These operations include reflection in planes normal to the x and y

axes, namely, (T, ) - (=" (TX) and (T, ) ~ (=)**%(T% ). The other relation is
rotation by 102 about the z-axis, which merely multiplies (T,) by the phase

exp(itgy/2).

The finding LIJq":0 =0 says scattering at (h/2, k/2, 1/2) is caused by anisotropy
in the Ce charge distribution. The orthorhombic symmetry of Ce ion sites restricts the

projection g to even integers, and LIJqK can be different from zero for g =+ 2, + 6, [l

Moreover, the atomic tensor for charge scattering, discussed in the appendix, is zero

for the rank K egual to an odd integer and thus W =-Wr.  Since
<T_';>:(—1)q <TqK>* the allowed W :8Im.<TqK>C. These features of W, describe

an array of multipoles of even rank that aternate in sign on moving between nearest-



neighbour Ce sites. The face-centred cubic arrays of charge multipoles are nicely
illustrated by Nakao et al..

In the application of (2.4) to Ce ions the maximum rank K = 4, and the
structure factor for Thomson scattering is a linear combination of a quadrupole and a
hexadecapole. Wefind, for k = (h/2, k/2, 1/2),

n n

F. (k) =8v30k,k, {(i,)(T5) +3+3(j, )72 -D(T5) }. (2.5)

The spherical quadrupole tensor can be written in terms of purely real Cartesian

components of arank 2 tensor,

(T%) = % (Ta —Ty +2T5), (2.6)
with,
<sz>" =(2/139"2(T2). 2.7)

There is no unique decomposition of a hexadecapole in terms of Cartesian

components of a rank 4 tensor. In a CsCl-type structure <TX§> belongs to the

irreducible representation I's, whereas in Fmmm it belongsto Is.

On turning to an interpretation of data reported by Yakhou et al.° for
(512, 312, 3/12), (5/2, 1/2, 1/2) and (7/2, 1/2, 1/2) the first thing to note about F. (k) is
that the factor (7I222 —1) has opposite signsfor k=1 =3/2and k=1 = 1/2. The sign

difference is a possible explanation of the observation that Thomson intensities at
(5/2, 3/2, 3/2), and (5/2, 1/2, 1/2) and (7/2, 1/2, 1/2) differ by afactor 10°.

To go further with an interpretation, we ascribe Thomson scattering in phase 11
of CeBg to the f state of Ce* (°F), and construct the ground-state Kramers doublet



from the g quartet. Using the notation adopted by Shiba et a.?, we find a ground
state consistent with orthorhombic symmetry and a saturation magnetic moment® =

1y is spanned by,

-1

)=

Qerjeet=ip W=l e-ch o

where 3 is an unknown phase angle. (Note that the choice & = T2 makes |J) an

eigenfunction of T, .) We then find,

n n n

<sz> . :%(2/5)1’2%5, <T;;> _=(5/4/3) <sz> o) (2.9)
and the corresponding structure factor for Thomson scattering is,

Fc<k):ﬁﬁxﬁysné{uzw%m(?ﬁf—1)}. (2.10)

Values of F¢(k) are consistent with data® gathered using Te-polarized x-rays of
energy = 5.68 keV. The factor multiplying the unknown quantity sind on the right-
hand side of (2.10) has the value® 0.36 (—0.49), 0.08(0.06) and 0.03 (-0.77) for
reflections (5/2, 3/2, 3/2), (5/2, 1/2, 1/2) and (7/2, 1/2, 1/2), respectively. To find the
value which represents the observed intensity one multiplies these figures by the x-ray
polarization factor ¢[&' = cos(20) in which 6 is the Bragg angle, and its value
appears in brackets behind the foregoing estimates of F¢(k). The intensity at (5/2,
3/2, 3/2) is by far the largest, in accord with the observation, and this result comes
from favourable values of cos(20) and Fi(k). The latter is very small for
(712, 1/2, 1/2), because of a near cancellation of contributions with K = 2 and K = 4,
while for (5/2, 1/2, 1/2) the two factors cos(20) and F(k) contrive to give and
exceptionally small intensity. The reflection (5/2, 3/2, 3/2) was measured also a a
lower x-ray energy = 5.218keV. Changing the energy does not change F.(k) but there

Isachange in intensity through cos(20).



Absolute values of atomic tensors are rather uncertain. In addition to a quite
major uncertainty arising from a poor knowledge of the Ce crystal potential, Kondo
fluctuations and the dynamical Jahn-Teller effect have an influence which is difficult
to assess. Thomson scattering experiments can improve our knowledge of these
effects because intensities are on an absolute scale, unlike signals from resonance

enhanced diffraction.

Turning to the temperature dependence of nonresonant Bragg diffraction it is
noted that with a cubic site for a Ce ion the quadrupole and hexadecapole in F(k) are
zero. With this in mind, our explanation of Thomson scattering appearing at
reflections (h/2, k/2, 1/2) as the sample temperature is lowered through Tq isin terms
of a structural phase transition, heralded by a reduction in site symmetry and

n

concomitant non-zero values of <T+*§> . A simple non-ferroelectric soft-mode phase
Cc

transition has the same critical exponents as the Ising model and the corresponding
exponent B ~ 0.33 is consistent with data™®. Nagao and Igarashi® give a mean-field
treatment (B = 0.5) of a particular model* of CeBg, and aso consider the influence of
an external magnetic field. In our model, the diffracted intensity from the distorted
crystal arises from a quadrupole, and a hexadecapol e whose contribution to scattering
can be made small by working at reflections with (7l222 -1 ~0, eq. (7/2, 1/2, 3/2).
With the sample temperature taken below Ty there is additiona intensity, which
might be due to diffraction by magnetic moments.

The four amplitudes for diffraction by a magnetic crystal are denoted by Gy
where s and t, respectively, label states of secondary and primary polarization. In
keeping with a convential notation, o denotes polarization normal to the plane of
scattering and Tt polarizartion lies in the plane. Compact expressions for Gy are

achieved by using four complex partial amplitudes™ such that,

Gyo =(B)+(As), G = (B) —(0t3),
(2.12)

Gy =(0y) —i{0ar,), Gyy = (a1,) +i(a1,).



Here, <a;> and <a,> are purely magnetic and vanish if the spin and orbital
magnetizations are normal to the plane of scattering. <as> is a linear combination of
charge (F¢) and orbital (F|) structure factors, while <3> is a linear combination of F,
F and the structure factor for spin magnetism, Fs. If the spin and orbita
magnetizations lie in the plane of scattering <az> and <B> are non-magnetic. With
regard to orbital magnetism, the amplitudes are independent of the projection of F; on

the scattering wavevector, k.

For moderate values of k Fs and F; can be constructed from the spin and
orbital magnetic moments, to a good approximation. In the event that scattering is by
lanthanide ions with properties adequately described by states taken from one
manifold of J-states, Fs and F, are proportional to the structure factor of the total
angular momentum Fj, namely, Fs=(g—1) F;and F, = %42 — g)F; where g is the
Landé factor. For general k these limiting forms of the magnetic structure factors
might not provide a satisfactory interpretation of data. In particular, the limiting forms
of Fs and F; do not contain any information on octupole moments® which are believed
to be significant in CeBg. An approach to such features of magnetic x-ray diffraction

is offered by developments made for magnetic neutron diffraction®2.
[11.  Resonant diffraction

With the primary x-ray energy tuned to a Ce absorption edge structure factors

for resonant diffraction are derived directly from W, given in (2.4), after replacing
<TqK>c by the appropriate atomic tensor. Atomic tensors for resonant scattering™

depend on the quantum numbers for the specific absorption edge, and they are
different for E1 (electric dipole) and E2 (electric quadrupole) absorption events.
Absorption at the L, and L3 edges make E1 events sensitive to Ce states with d-like
character, and most likely 5d states about which we know very little. E2 events at L,
and L3 absorption edges are a direct probe of the 4f valence state.  In an E1 (E2)
event the maximum rank K = 2(4), and in the absence of long-range magnetic order,
or an applied magnetic field, tensors with an odd rank are zero. Thus, E1 enhanced
diffraction at (h/2, k/2, 1/2) by phase Il of CeBg is described by one tensor of rank 2



that we shall denote by(T?) . Moreover, from properties of WX discussed

5d

following (2.4), we know that for our model of CeBg only one component of <qu>5d

contributes to scattering, namely, the imaginary part of <T+22>5d .

While it is often the case that E1 events are much more intense than E2 events,
at present, there is insufficient data for CeBg to be confident that E2 events are not a
significant contribution to the diffracted signal. This is an important issue, because
E2 events are a direct probe of the 4f valence state, that might be settled by
performing azimuthal-angle scans in which the crystal is rotated about the Bragg
vector. We also predict that such scans on CeBg are very different for unrotated and

rotated states of polarization.

Intensities as a function of azimuthal angle Y derived from the result (2.4) for

WX aredisplayed in Figures 1 and 2. In all cases, k = (5/2, 3/2, 3/2) and the origin

q
=0 places (0, 1, 1) normal to the plane of scattering and parallel to the o component
of polarization. Intensity in scattering channels in which the primary polarization is
not rotated is two-fold periodic in ), and we display results for { in the range
O<y<180°.

In the case of diffraction enhanced by an E1 event the amplitude is expressed

in units of 8<T+22> s - BY way of an example, the E1 structure factor for a'c is,

Fyo (k) = —sin®Bsin(2y), (3.1)
where the Euler angles 3 and y are determined by,

%simp)/\/i, coty = (5++/43/tany) /6. (3.2)

cosp = (cosy -



The coefficients in these equations for 3 and y are determined by k and the choice of
origin. (To illustrate this point, the equations that determine 3 and y in (3.1) when
k = (% % %) and Y = 0 finds (L1L2)norma to the scattering plane are
cosP = — (2/3)Y?cosyp and tan(y + T74) = V3 tany).) The quantity displayed in Fig. 1
is |[Foo(k)?. Equations for Fro(k) and Frr(k) depend on three Euler angles and the

Bragg angles and, in view of their complexity, we do not write than out.

Looking at Fig. 1 we see that intensities as a function of azimuthal angle are
quite different in the three channels of scattering. With the origin set by (0,1,1), one
finds a Y = 0 Fgo(k) = 0 and approximately equal intensities in the 1'c and TTU'Tt
channels. After adjusting measured intensities for nonresonant diffraction, our
finding for 1T'c and Tttt intensities are in accord with observations at the Ce Lj
adsorption edge®. Away from = 0, maximum intensities in the three channels are
about the same but they occur at distinctly different values of . Because the atomic
tensor is a common factor in the three structure factors their variation with ), and
differences between them, is fixed by the crystal physics, namely, the elements of
spatial symmetry which enter LIJqK and the direction of the Bragg wavevector relative

to crystal axes.

The situation is different for diffraction enhanced by an E2 event because
structure factors depend on the ratio of tensors of rank four and two. Using results
contained in the appendix we find at the L, edge,

n

() [irz) =5l 43,

and at the L3 edge theratio is ~16/+/3. The large variation in the ratio is caused by

<T+22> which is exceptionally small at the Ce L3 edge; explicit values, (A8) and (A9),

are derived from the state | ) of Ce* whichisgivenin (2.8). |Fﬂn(k)|2, asafunction

of Y, at the L, and L3 absorption edges is shown in Fig. 2. Maximum intensities

differ by afactor 6, and they occur at different values of the azimuthal angle.
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V. Conclusions

We have explored some features in Bragg diffraction patterns from CeBg
created by a structural transition at Tg. All observations to hand are consistent with a
working hypothesis in which the room-temperature cubic CsCl-type structure (space
group 221) distorts to a structure compatible with the space group Fmmm(69).
Observed features that are consistent with the hypothesis include: a structual phase
transition®, Bragg pesks (h/2, ki2, 1/2) where Miller indices are odd integers’;
J + %2 = 3 energy levels’ in the Ce crystal potential; Ce quadrupole moments™® with
Is-type symmetry; a configuration of quadrupole moments in which moments on
nearest-neighbour Ce sites have opposite signs’; Thomson intensities® which vary
strongly with h, k and |; the resonant enhancement of diffraction at Ce L, and L3

absorption edges™®.

Because structure factors for resonant scattering are very sensitive to
properties of the resonant ions which are determined by crystal physics azimuthal
angle scans (rotation of the crystal about the Bragg wavevector) are potentially very
interesting. With thisin mind, we have calculated azimuthal-angle scans on the basis
of the successful interpretation of Thomson scattering from CeBg held in phase Il
(T <Tg). Cdculated structure factors, for E1 and E2 events, show awealth of strong
features as functions of the azimuthal angle and the x-ray polarization and beg

experimental observation.

While an applied magnetic field causes a significant change in Tq diffracted
intensities will not be much effected, because the structure factor (2.4) is robust with
respect to modest magnetic fields. Such fields will only sightly modify atomic
tensors of even rank and induce arelatively weak rank-3 tensor (octupole).
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Figure Captions

1 The three panels show intensity at the reflection (5/2, 3/2, 3/2) which is
enhanced by an E1 event at the Ce L3 absorption edge (Bragg angle 6 =
59.1°). Intensity in channels of scattering with unrotated polarization is two-

fold periodic with respect to the azimuthal angle Y.

2. Intensity at (5/2, 3/2, 3/2) in the unrotated Techannel of scattering with
intensity enhanced by an E2 event at the Ce L, (dashed curve, 6 = 52.8°) and
L3 (solid curve, 8 = 59.1°) absorption edges. To aid presentation intensity at
the L, edge is reduced by a factor 2.5; the maximum L intensity, at () = 140°,
is6 timesthe Lz intensity at Y= 70°.
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Appendix

A matrix element of an arbitrary spherical tensor TqK between atomic states

[IMOand [JM'0 (for brevity of notation we suppress in these states the quantum

numbers S L, v etc.) is,

<JM A

J) (AD)

JM > = (-1)°™ ErJM z I\J/I',EJW(K)

where the (purely real) reduced matrix element (J|T(K)|J")can depend on all

guantum numbers apart from the projections M,q and M'(M =g + M’). Using (A1) one
obtains mean values of T for the state |Cbf Ce** which is defined in (2.8);

I

<T+22>’ =sind (J|T(2)[J)/2v210, (A2)
and

" > _10(J|T(4)]3)

(ra) I(rz) = 3T (A3)

For Thomson scattering we have introduced a tensor based on a spherical

harmonic, namely,
(), =i (4ﬂ>”2<ZYqK R, )> - (A%)

Intensity collected at space-group forbidden reflections is described by projections
g > 0, and participating charge is in the valence shell. The corresponding reduced
matrix element is conveniently expressed in terms of a unit reduced matrix element
that depends on al quantum numbers needed to specify the valence shell.
Additionally, the charge reduced matrix element contains the one-electron reduced

matrix element of a spherical harmonic. We find,

14



(J|T(K)[I), =i v8r(l|Y (K)|Hw (A5)

and the right-hand side is zero for K an odd integer. In (I|Y(K)|I) the maximum K is

set by the angular momentum of the one-electron state, |, and K < 2l. The unit atomic
matrix element W is zero for K larger than 2J. Results given in (2.9) are derived
from (A2), (A3) and (A5).

Turning to matrix elements needed for diffraction enhanced by an E2 event,

reduced matrix el ements for Ce** are'®,

T @]9y =Z@" 123+ =3, (A6)
and
T @)9) = &L () [~(23 +1) + 18] (A7)

Here J :%(%) for the L, (L3) absorption edge and the negative (positive) sign. At

the L, edge,

n

T2) =-sind/45V7, (A8)
(%)

and at the L3 edge,

n

T2) =-sind/441.7. (A9)
(%)
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