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Cherenkov radiation provides a valuable way to identify high energy particles in a wide momentum range,
through the relation between the particle velocity and the Cherenkov angle. However, since the Cherenkov
angle depends only on material’s permittivity, the material unavoidably sets a fundamental limit to the
momentum coverage and sensitivity of Cherenkov detectors. For example, Ring Imaging Cherenkov
detectors must employ materials transparent to the frequency of interest as well as possessing permittivities
close to unity to identify particles in the multi GeV range, and thus are often limited to large gas chambers.
It would be extremely important albeit challenging to lift this fundamental limit and control Cherenkov
angles at will. Here we propose a new mechanism that uses the constructive interference of resonance
transition radiation from photonic crystals to generate both forward and backward effective Cherenkov
radiation. This mechanism can control the radiation angles in a flexible way with high sensitivity to any
desired range of velocities. Photonic crystals thus overcome the material limit for Cherenkov detectors,
enabling the use of transparent materials with arbitrary values of permittivity, and provide a promising
versatile platform well-suited for identification of particles at high energy with enhanced sensitivity.

1

T

he relation between the angle of Cherenkov radiation cones (denoted as Cherenkov angle 𝜃
below) [1,2] and the velocity 𝑣 of charged particles is of fundamental importance to many
applications [3-6]. For example, this determines the sensitivity of different types of Cherenkov

detectors such as the Ring Image Cherenkov (RICH) detectors [7, 8] for particle identification.
However, the relation between the Cherenkov angle and the particle velocity is inherently limited
by the material in which the Cherenkov radiation is emitted. This unavoidably sets a strict limit on the
design of Cherenkov detectors. For conventional Cherenkov radiation generated in a nonmagnetic material,
when the particle velocity is known, the Cherenkov angle relies only on the material’s relative permittivity
𝑣
𝑐

𝜀𝑟 (which determines the refractive index 𝑛 = √𝜀𝑟 ) through the formula cos𝜃 = (𝑛𝛽 )−1 , where 𝛽 = and
𝑐 is the speed of light in free space. Regular transparent dielectrics are not suitable for conventional
Cherenkov detectors. This is because these materials have a relative permittivity far above unity and the
Cherenkov angle would saturate to a value independent of the particle velocity. As an example, quartz has
relative permittivity around 2, limiting the useful momentum range to below 3.5 GeV/c (and even that
requires using water instead of air to out-couple the light) [9]. Large volumes of gas radiators with relative
permittivity very close to unity are typically used to detect particles with momentum higher than 10 GeV/c
[10-12].
The limitation of Cherenkov radiation in regular transparent dielectrics also comes from another
reason: the total internal reflection at the air-dielectric interface will prevent the Cherenkov radiation
generated by relativistic particles from being observed for relative permittivity 𝜀𝑟 > 2, as coincidentally
happens for most transparent dielectrics, and especially in the visible spectrum [13]. Having 𝜀𝑟 > 2 leads
𝜀𝑟 𝜔 2
𝑐2
𝑣→𝑐

to the following inequality: lim (

𝜔2

1/2

− 𝑣2 )

>

𝜔
𝑐

for Cherenkov radiation fields inside the dielectric, and

then the fields outside the dielectric become evanescent. Besides, material losses (bulk absorption) have a
large impact on the performance of Cherenkov detectors. Recently, anisotropic metal-based metamaterials
with a complex permittivity, which still requires one component of the relative permittivity very close to
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one, have been proposed to control Cherenkov angles [14]. However, the existence of loss, which is
particularly unavoidable in metal-based system, will destroy the relation between the Cherenkov angle and
the particle velocity, as described in Supplementary Section 4. Therefore, it shall be necessary to use purely
transparent systems to gain efficient control of the Cherenkov angle.
The studies of Cherenkov radiation and its applications have a long history [3-6, 15-19], and
recently there is renewed interest and progress in the topic [20-29]. But the ability to control the Cherenkov
angle in a flexible way is still limited by the permittivity of the radiator material as described above and
remains very challenging.
In this paper, we propose a new underlying mechanism for the generation of Cherenkov radiation
from a one-dimensional (1D) photonic crystal composed of widely-available transparent dielectrics, which
can transmit into air and thus can be used in Cherenkov detector designs like the RICH. This comes from
the constructive interference of the forward or backward resonance transition radiation from periodic
dielectric interfaces. Therefore, along with the availability of many lossless dielectrics and the flexibility in
the design of periodic structures [30], this mechanism allows photonic crystals to flexibly control both the
forward and backward Cherenkov angles. We note that while many phenomena based on Cherenkov
radiation have been studied in photonic crystals [22, 27, 31], including the backward (or reversed)
Cherenkov radiation [20], spectroscopy of photonic nanostructures [3], and novel compact radiation sources
[4, 17-19], the possibility of using photonic crystals to tailor the Cherenkov angle has not been directly
addressed. In addition, the proposed Cherenkov detectors based on photonic crystals are different from
transition radiation detectors [32], where the latter relies only on the intensity of transition radiation from
multilayer structures and disregards the information of radiation angles [33-35].
To illustrate the underlying physics, we begin by schematically showing in Fig. 1 that the effective
Cherenkov radiation can be generated by the constructive interference of resonance transition radiation
excited from multiple interfaces in 1D photonic crystals. The simplest 1D photonic crystal can be
constructed by alternating two different dielectric materials with relative permittivities denoted as 𝜀𝑟1 and
3

𝜀𝑟2 that are taken to be transparent (lossless); the impact of loss on the effective Cherenkov radiation from
photonic crystals is described in Supplementary Section 6. When the relativistic particle with a charge of 𝑞
and a velocity of 𝑣̅ = 𝑧̂ 𝛽𝑐 penetrates through a 1D photonic crystal, forward (backward) radiation can be
generated in the bottom (top) air region, as shown in Fig. 1a. As a conceptual demonstration of resonance
transition radiation, Fig. 1b presents the radiation field distribution (without the charge field) generated
from a swift electron (𝛽 = 0.5022) passing through a 1D photonic crystal (𝜀𝑟1 = 2 and𝜀𝑟2 = 2.3).
Resonance transition radiation from 1D photonic crystals is analytically calculated by extending
Ginzburg and Frank’s theory of transition radiation [34, 35] to a 1D photonic crystal structure; the detailed
calculations are in Supplementary Sections 1-2. Since the particle velocity is below the Cherenkov threshold,
i.e. 𝛽 < [𝑚𝑎𝑥(𝜀𝑟1 , 𝜀𝑟2 )]−1/2 , there will be no conventional Cherenkov radiation within each dielectric.
However, due to the transition radiation at each interface, plane-like waves are still emitted within the
photonic crystal near the particle trajectory, as Fig. 1b clearly shows. Interestingly, the 𝑧-component of the
Poynting’s vector 𝑆 (which represents the direction of power flow) is antiparallel to the direction of motion
of the particle. Consequently, more radiation energy enters into the top air region than into the bottom air
region. These are characteristic features of the effective backward Cherenkov radiation, which originates
entirely from the constructive interference of resonance transition radiation in the backward direction. This
new mechanism for the generation of Cherenkov radiation is different from that of conventional Cherenkov
radiation described by the theory developed by Frank and Tamm [2, 33] and from that of Smith-Purcell
radiation [36, 37]. For the latter two cases, the generated fields are directly emitted into the air region
without the intermediate modulation by a periodic dielectric environment, and the charged particle moves
only within one material without crossing interfaces between different materials.
We would like to emphasize that all the radiation into air in the photonic crystal designs we propose,
comes only from the interference of resonance transition radiation. When the resonance transition radiation
interferes constructively in air, it behaves similar to the conventional Cherenkov radiation. In this sense,
such resonance transition radiation can be treated as the effective Cherenkov radiation of photonic crystal
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Bloch modes that can couple out to air, and whose phase velocity is smaller than the particle velocity; this
is elaborated in Supplementary Section 6. In contrast, when the resonance transition radiation interferes
destructively in air, it behaves similar to the conventional transition radiation, and is devoid of the
characteristic features of the Cherenkov radiation (because the corresponding Bloch modes that get emitted
cannot couple out to air and are trapped inside the photonic crystal by total internal reflection). Importantly,
the Cherenkov angles from photonic crystals can be sensitive to relativistic particle velocities as shown in
Fig. 1c-g.
The resonance transition radiation from 1D photonic crystals can be devised for manipulating the
effective Cherenkov angles. To gain an intuitive understanding of such schemes, we qualitatively analyze
the interaction between the charged particle and the eigenmodes of the photonic crystal. When the particle
𝑞𝑣

is assumed to move along the z-direction, it induces a current density of 𝐽𝑞̅ (𝑟̅ , 𝑡) = 𝑧̂ 2𝜋𝜌 𝛿(𝑧 − 𝑣𝑡)𝛿(𝜌) in
cylindrical coordinates [34, 35, 38]. By transforming all quantities to the frequency domain, we have the
𝜔
𝑣

particle-induced fields proportional to exp(𝑖 𝑧) [34, 35, 38], at each angular frequency 𝜔. From the
momentum-matching condition, the charged particle is prone to excite the eigenmodes of photonic crystals
𝑐

with the wavevector along the z-direction being 𝑘𝑧 = 𝑣 ∙

𝜔
𝑐

[17]. Moreover, in order to guarantee that the

excited modes inside the photonic crystal can reach the detectors – which are generally located in the air
region (or more generally, in an external medium) – we need to avoid the total internal reflection at the
photonic crystal-air interface. This requires the wavevector along the 𝜌-direction of the excited modes being
𝜔

𝑘𝜌 ≤ 𝑐 . Due to the momentum matching along the 𝜌-direction at the photonic crystal-air interface, 𝑘𝜌
determines the Cherenkov angle 𝜃 in the air region, i.e., 𝑘𝜌 =

𝜔
𝑠𝑖𝑛(𝜃).
𝑐

From the above analysis, the relation between the Cherenkov angle in air and the particle velocity
is effectively determined by the isofrequency contour of photonic crystals at each frequency, i.e., the
relation between the wavevectors 𝑘𝑧 and 𝑘𝜌 . Two representative kinds of conceptual isofrequency contours
of photonic crystals are shown in Fig. 2; practical examples such contours can be seen in Supplementary
5

Section 5. As the particle velocity increases in the range [𝑣𝑚𝑖𝑛 , 𝑣𝑚𝑎𝑥 ], the Cherenkov angle in air increases
in the range [𝜃𝑚𝑖𝑛 , 𝜃𝑚𝑎𝑥 ] in Fig. 2a, but decreases in the range [𝜃𝑚𝑎𝑥 , 𝜃𝑚𝑖𝑛 ] in Fig. 2b.
Controlling Cherenkov angles using these two schemes in Fig. 2 are illustrated in Fig. 3 and Fig. 4.
In these figures, the working wavelength in air is set to be 700 nm, and the relative permittivities of the two
dielectric constituents of the photonic crystals configured are set to be 𝜀𝑟1 = 10.6 (such as GaP) and 𝜀𝑟2 =
2.1 (SiO2) [13]. Here, although the charge particles can create conventional Cherenkov radiation inside
each dielectric layer, those photons remain trapped by total internal reflection at the dielectric-air interface
and cannot contribute to radiation in the air. This is because the conventional Cherenkov radiation emerges
with 𝑘𝜌 =

𝜔
√𝜀𝑟
𝑐

− 𝛽 −2 [33] that satisfies the condition of total internal reflection 𝑘𝜌 >

𝜔
𝑐

(here 𝜀𝑟 > 2 and
𝑑𝑊

𝛽 → 1). In these figures, the forward (backward) angular spectral energy density 𝑈(𝜆, 𝜃) = 𝑑𝜔𝑑𝛺 [34, 35,
38], which represents the energy 𝑊 radiated per unit angular frequency 𝜔 per unit solid angle 𝛺 (𝑑𝛺 =
2𝜋𝑠𝑖𝑛𝜃𝑑𝜃), is adopted to characterize the forward (backward) radiation in the bottom (top) air region shown

in Fig.1; more details are in Supplementary Section 3.
Figure 3 illustrates the first scheme of controlling Cherenkov angles as proposed in Fig. 2a. Figures
3a,b show the angular spectral energy density from the photonic crystal. The resulting radiation energy in
the air region flows predominantly along paths such that in each case the corresponding radiation angle is
highly dependent on the particle velocity. Moreover, the forward radiation energy in Fig. 3a is ~100 times
larger than the backward radiation energy in Fig. 3b. Therefore, the resonance transition radiation from this
photonic crystal can be effectively considered as the forward Cherenkov radiation. The weak backward
radiation in Fig. 3b is attributed to the mostly-destructive interference of resonance transition radiation in
the backward direction.
Although conventional transition radiation has no threshold for the particle velocity, the resonance
transition radiation that constructively interferes in air has a threshold for the particle velocity 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑
(as described in Supplementary Section 6.6), which in Fig. 3a is 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 = 0.99𝑐. The appearance of
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such a threshold emphasizes the deep connection of this particular resonance transition radiation with the
effective Cherenkov radiation of the Bloch modes. Altogether, the radiation into air can be classified into
two regimes, i.e., Cherenkov-like radiation when 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 and (non-resonance) transition-like
radiation when 𝑣 < 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 . These two categories of radiation can also be distinguished from their
radiation spectra, as delineated in Supplementary Section 6.7. Here, for particle identification, we utilize
the radiation with 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 .
The Cherenkov angle from photonic crystals is well-suited for high-energy particle identification.
For example, by applying the angle-velocity relation of Fig. 3a, we show the relation between the particle
momentum and the Cherenkov angle for four types of particles in Fig. 3c. Here, for the hypothesis of the
particle being electron, pion, kaon or proton with a momentum of 6.6 GeV/c, the corresponding Cherenkov
angles are 10.3o, 10.2o, 8.7o or 0o, respectively. This would enable the different particle types to be
effectively distinguished from one another in the region near this momentum. As another example, Fig. 3d
shows the use of photonic crystals for particle identification at very high momenta (~500 GeV/c). It may
also be noted that, as with conventional radiators, Cherenkov angles for all particle types in Fig. 3c,d tend
to converge as the particles’ momenta increase to large values (as described in Supplementary Section 6),
thus requiring to have different photonic crystal designs for different momentum ranges.
Figure 4 shows the second scheme of controlling Cherenkov angles as proposed in Fig. 2b. The
backward radiation energy in Fig. 4b is ~10 times larger than the forward radiation energy in Fig. 4a. This
is attributed to the constructive (destructive) interference of resonance transition radiation in the backward
(forward) direction. Here also, the angular spectral energy density in air shows that the radiation angles are
sensitive to the particle velocity. As a schematic demonstration of the effective backward Cherenkov
radiations, the far field distribution of radiation from an electron with different velocities highlighted by
yellow dots in Fig. 4b are shown in Fig. 1c-g. Figure 4c shows the relation between the Cherenkov angles
and the particle momenta for backward Cherenkov radiation from photonic crystals. In this figure, for
particles with a fixed momentum of 4 GeV/c (20 GeV/c), the Cherenkov angles corresponding to electron,
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pion, kaon and proton hypothesis are 0o, 2.6o, 9.5o and 18o (0o, 0.48o, 1.88o and 3.58o), respectively. From
this one can infer that this scheme is also suitable for identification of high energy particles and that it can
be used in different momentum ranges.
These two schemes above help to surmount the limitations posed by conventional radiators. For
example, to cover the momentum range 1-10 GeV/c, there is a dearth of suitable conventional materials
with permittivity around 1.06. The silica aerogels [12] which are typically used for this, suffer from
significant losses due to Rayleigh scattering. To cover high momenta near 500 GeV/c would require using
a gas at extremely low density and such a Cherenkov detector is difficult to operate.
While the forward Cherenkov radiation has been extensively studied [9, 10], the backward
Cherenkov radiation [39] has never been considered for the design of Cherenkov detectors. When photonic
crystal is used for backward Cherenkov radiation in the second scheme, the emitted photon and the particle
are naturally separated in opposite directions and hence their physical interference is minimized. This can
lead to Cherenkov detector designs with two radiators for two different momentum ranges where the
emitted photons go in forward or backward directions depending on the momentum of the charged particle.
Such designs would reduce the hit occupancy in the corresponding photon detector planes and thus improve
the particle identification performance, compared to the configuration where all the photons go forward and
reach a single photon detector plane. As another illustration, since the difference between Cherenkov angles
from electron and pion in Fig. 4c is much larger than that in Fig. 3c, the second scheme may offer a better
precision in distinguishing between these particles than the first scheme and what is achievable from
conventional radiators.
In order to facilitate the potential design of Cherenkov detectors based on photonic crystals, some
of the salient features of the effective Cherenkov radiation from photonic crystals are described below. The
number of photons emitted per unit length from the photonic crystal described in this paper is similar to
that from anisotropic metamaterials in Ref. [14], but is one order of magnitude smaller than what could be
achieved from an isotropic material of hypothetical similar refractive index as can be inferred from Fig. 3a
8

and Supplementary Sections 3 and 4. One option to increase the photon yield is to increase the thickness of
the crystal. Various options to increase the yield are described in Supplementary Section 7. The fraction of
the effective Cherenkov radiation emitted into the relevant direction is over 75% as shown in
Supplementary Section 6.
The prospect of a thin photonic structure for the design of Cherenkov detectors is highly desirable
because the gas radiators used for particle identification above 10 GeV/c are typically at least one meter
long. Using photonic crystals, the radiator length may be reduced to few millimeters, considering that such
crystals will have ~10000 periods, with the potential to create sufficient number of photons. The constraint
in increasing the number of layers is that the amount of radiation energy loss introduced by the photonic
crystal should be small enough to keep a low rate of secondary particle production. This would require
using transparent dielectric materials made from combinations of materials with low atomic number like
silicon, oxygen, carbon, and nitrogen. One also needs to ensure that the material used is radiation hard so
that its properties do not degrade when used in a high radiation environment like the particle detector
regions of the Large Hadron Collider (LHC).
We also note that using photonic crystals to design Cherenkov detectors might suffer from the
chromatic aberration induced by the periodic structure. This also happens for Cherenkov detectors from
anisotropic metal-based metamaterials [14], due to the high frequency dispersion of the permittivity in
metals. The chromatic aberration will cause the Cherenkov angle to be sensitive to the frequency. Mitigating
the chromatic effect is part of optimizing the photonic crystal design for a particular Cherenkov detector
and some options for this are summarized below. They are described in more detail, in Supplementary
Section 6.
A simple option is to use filters to limit the frequency range and to compensate for corresponding
reduction in photon yield, the number of layers may be increased. Another option is to limit the maximum
momentum envisaged for particle identification from a given photonic crystal. For example, for the
photonic crystal structure used in Fig. 3c, when the particle momentum is less than 3 GeV/c, the impact of
9

chromatic aberration is negligible. A different approach is to measure the time of arrival of the photons on
the detector plane to infer its wavelength and apply the required correction to the angle as described in [40].
This method makes use of the variation in group velocity coming from the variation in wavelength of the
photons produced.
A general approach, which minimizes the chromatic aberration inside the photonic crystal, is to use
gain materials with anomalous dispersion [41-43] to construct the photonic crystal, since the material’s
anomalous dispersion can help to cancel the dispersion caused by the periodic structure. In Supplementary
Section 6, this is elucidated with a numerical example for the 1-16 GeV/c range. The usage of such gain
materials may also help to augment photon yield while keeping the radiator thin, since the photons emitted
will be amplified during their propagation.
Alternately, the usage of optical elements (such as the achromatic doublets) to apply such
corrections, as done in many microscopes [44, 45], is also worth exploring. Moreover, the anisotropy in the
crystal in the plane normal to the charged track direction, may also help to magnify the Cherenkov angles
produced [14] and thus reduce the effect of chromatic aberrations. After applying the correction to
chromatic aberration using such approaches, the bandwidth can potentially be extended to over several tens
to a few hundreds of nm, depending on the photonic crystal design and the dielectric materials used. The
potential for such approaches are evinced with numerical examples in Supplementary Section 6.
It is also important to note that typical Cherenkov detectors receive particles along different
trajectories. In experiments like those at the LHC, several high energy particles are produced in the region
near the nominal interaction point of the beam particles, and then they move outward from that region. For
example, the particles produced in the pseudorapidity range from 2 to 5 (i.e, travelling within a cone of
about 300 mrad around the axis of collision), would be incident at small angles on a flat plane of the
photonic crystal. For such cases, corrections can be applied to the above formalism [34] to estimate the
Cherenkov angle. One can also design the photonic crystal such that it forms a spherical segment to facilitate
normal incidence of a large fraction of such particles and thus minimize any such corrections. Since the
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radius of curvature of such a segment is much larger than the structural periodicity, we can consider the
curved crystal as effectively a planar structure to a very good approximation. The fabrication of such a
structure is different from that of conventional 1D photonic crystals. Nevertheless, a number of viable
approaches already exist as indicated in Supplementary Section 7. These include multilayer polymer sheets
(used as 1D photonic crystals in a number of applications [46-48]) that can be easily bent.
During the production of photonic crystals, one can deposit layers so that the required thickness of
each layer can be attained with single-nanometer precision over large areas (tens of cm2 and even square
meters, e.g. [49, 50]). Some of the options available for this in the industry, are described in Supplementary
Section 7.
To conclude, this paper introduces a new mechanism, i.e. the constructive interference of resonance
transition radiation in the forward or backward direction, to generate the Cherenkov radiation from a 1D
photonic crystal. This new mechanism allows to control both the forward and backward Cherenkov angles
in a flexible way, despite using transparent dielectrics with their relative permittivities far above unity, and
thus overcomes the material limit for the design of conventional Cherenkov detectors. In particular, the
Cherenkov angle from photonic crystal can be engineered to be suitable for particle identification in very
different momentum ranges, some of which cannot be achieved with conventional radiator materials. With
the combined advantages of the abundant choice of dielectrics and the flexibility in the structural design,
photonic crystals thus provide a new viable platform for the design of Cherenkov detectors with enhanced
sensitivity and for the design of novel radiation sources.

Methods
Methods, including statements of data availability and any associated accession codes and references, are
available at https://doi.org/xx.xxxx/sxxxxx-xxx-xxxx-x.
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Methods
Advantage of using photonic crystals to control Cherenkov radiation. Using the two schemes described
in the text, photonic crystals can control forward and backward Cherenkov angles, while conventional
radiator materials, such as aerogels, gases, or anisotropic metal-based metamaterials, can control only the
forward Cherenkov angle [9, 10, 14]. Moreover, photonic crystals do not suffer from the strict limitations
on the available values of dielectric permittivities, and instead overcome this material limit since they
enable the use of transparent materials with arbitrary values of permittivity for the design of Cherenkov
detectors.
Derivation of resonance transition radiation. Resonance transition radiation from 1D photonic crystals,
which are composed by isotropic materials, is rigorously calculated by extending Ginzburg and Frank’s
theory of transition radiation within the framework of macroscopic electrodynamics. Since we mainly
consider the case with 𝛽 very close to one, the high-energy particle can safely pass through the photonic
crystal and its velocity is treated as constant.
In Supplementary Sections 1-2, an analytical expression of the radiated fields induced by a swift charged
particle is obtained. By applying the Sommerfeld integration [38], numerical calculation of the field
distribution of resonance transition radiation is carried out as shown in Fig. 1.
Based on these radiation fields, the angular spectral energy densities of photons emitted in the top and
bottom air regions shown in Fig. 1, are derived in Supplementary Section 3. The angular spectral energy
density from an isotropic slab is shown in Supplementary Fig. 3 and that from a photonic crystal is shown
in Fig. 3, Fig. 4 and Supplementary Fig. 4. Since Maxwell equations are scalable, one can scale the
wavelength by any factor and keep the same radiation characteristics (such as those in Figs. 3 and 4), as
long as the structure of the photonic crystal scales by the same factor. We note that when the particle
velocity increases, the radiation energy of the backward Cherenkov radiation decreases in Fig. 4b (see also
Fig. 1c-g), while that of the forward Cherenkov radiation increases as in Fig. 3a.
The transition radiation from the interface between an isotropic material and a uniaxial material is also
derived by using Ginzburg and Frank’s theory of transition radiation. By following the principle of
resonance transition radiation between isotropic materials, further derivation of the resonance transition
radiation between uniaxial materials and the transition radiation from a uniaxial slab, is carried out in
Supplementary Section 4. The angular spectral energy density from a uniaxial slab is shown in
Supplementary Fig. 5, where the influence of material losses on the relation between the Cherenkov angle
and the particle velocity is discussed.
Various features of Cherenkov radiation in our proposed photonic crystal designs. These are provided
in Supplementary Section 6, including: the impact of local disorders in photonic crystals (Supplementary
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Section 6.1 and Supplementary Fig. 7), angular spread of Cherenkov radiation (Supplementary Section 6.2
and Supplementary Fig. 8), and momentum range for particle identification (Supplementary Section 6.3).
The equivalence between the effective Cherenkov radiation into Bloch modes and the resonance transition
radiation that constructively interferes in air are discussed in Supplementary Section 6.4. The radiation
mechanism is further elaborated in Supplementary Section 6.5 and Supplementary Fig. 9, by presenting the
phase velocity of the excited Bloch modes that can couple out to air.
Additional supplemental studies include the exploration of the velocity threshold in our mechanisms
(Supplementary Section 6.6 and Supplementary Fig. 10), the similarity between radiation spectra from our
photonic crystal designs and a dielectric slab (Supplementary Section 6.7 and Supplementary Figs. 11 and
12), the bandwidth and chromatic aberration correction of Cherenkov radiation from photonic crystal
(Supplementary Section 6.8 and Supplementary Figs. 13-18), the angular spectral energy density and the
angle-integrated radiation spectrum at a fixed velocity (Supplementary Section 6.9), the fraction of
Cherenkov radiation emitted into the desired direction (Supplementary Section 6.10), and the impact of
loss in material on our mechanism of Cherenkov radiation from photonic crystals (Supplementary Section
6.11 and Supplementary Fig. 19).
Photonic crystals. The band structure and isofrequency contour of the proposed 1D photonic crystal
designs are calculated in Supplementary Section 5; see Supplementary Fig. 6.
Production and usage of photonic crystals in high energy physics experiments. These are provided in
Supplementary section 7. This section includes the references to the various methods available in the
industry for the production of large area photonic crystals and flexible photonic crystals (Supplementary
Section 7.1) and the options to increase the photon yield obtained from photonic crystals (Supplementary
Section 7.2).

Data availability. The data that support the plots within this paper and other findings of this study are
available from the corresponding author upon reasonable request.

Figure Captions
Fig. 1 | Schematic of controlling Cherenkov angles with photonic crystals. a, Structural schematic. The
forward (backward) radiation is collected in the bottom (top) air region. b-g, Field distribution of backward
Cherenkov radiation induced by the constructive interference of resonance transition radiation in the
backward direction. In b, plane-like waves are excited near the particle trajectory (dashed green arrow),
with the 𝑧-components of both the Poynting’s vector 𝑆 and phase velocity 𝑣𝑝 being antiparallel to the
direction of motion of the particle. In c-g, the Cherenkov angle is shown by the phase fronts of the far field
in the top air region, exhibiting high sensitivity to the particle velocity 𝑣 = 𝛽𝑐. Here, and in the following
figures, the working wavelength in air 𝜆 = 2𝜋𝑐/𝜔 is set to be 700 nm. In b, the photonic crystal consists
of 40 unit cells; the thickness of the unit cell is 𝑑𝑢𝑛𝑖𝑡 = 0.9346𝜆; within each unit cell, the thicknesses for
the two dielectric constituents are 𝑑1 = 𝑑2 = 0.5𝑑𝑢𝑛𝑖𝑡 ; 𝜀𝑟1 = 2 and 𝜀𝑟2 = 2.3. In c-g, the thickness of the
photonic crystal is 2 mm, with 𝑑𝑢𝑛𝑖𝑡 = 0.2792𝜆, 𝑑1 = 0.6𝑑𝑢𝑛𝑖𝑡 , 𝑑2 = 0.4𝑑𝑢𝑛𝑖𝑡 , 𝜀𝑟1 = 10.6 and 𝜀𝑟2 = 2.1.
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Fig. 2 | Two conceptual schemes of controlling forward and backward Cherenkov angles with
photonic crystals. Hypothetical isofrequency contours of photonic crystals, i.e. the relation between
𝑘

𝜌
wavevectors 𝑘𝜌 and 𝑘𝑧 , determines the relation between the Cherenkov angle in air (𝜃 = 𝑎𝑠𝑖𝑛(𝜔/𝑐
)) and

𝑣

the particle velocity (𝑐 =

𝜔/𝑐
).
𝑘𝑧

The goal of the two schemes is to create a wide range of Cherenkov angles

for a narrow range of the particle velocity. The maximum Cherenkov angle corresponds to the maximum
particle velocity in the first scheme in a, and corresponds to the minimum particle velocity in the second
scheme in b.

Fig. 3 | Controlling Cherenkov angles with photonic crystals using the first scheme proposed. a,b,
Angular spectral energy density of forward (backward) radiation in the bottom (top) air region. The highly
directional radiation in a shows the relation between the Cherenkov angle and the particle velocity. c
Cherenkov angles versus the particle momenta for four types of particles, where the velocity in a is
converted to the momentum using the masses of the different particles. The thickness of the photonic crystal
is 2 mm, with 𝑑𝑢𝑛𝑖𝑡 = 1.0205𝜆, 𝑑1 = 0.3𝑑𝑢𝑛𝑖𝑡 , 𝑑2 = 0.7𝑑𝑢𝑛𝑖𝑡 , 𝜀𝑟1 = 10.6 and 𝜀𝑟2 = 2.1. d Cherenkov
angles versus the particle momenta, where 𝑑𝑢𝑛𝑖𝑡 = 1.0144𝜆 and the other parameters are the same as those
in c. The results in this figure follow the proposed scheme in Fig. 2a.

Fig. 4 | Controlling Cherenkov angles with photonic crystals using the second scheme proposed. a,b,
Angular spectral energy density of forward (backward) radiation in the bottom (top) air region. The highly
directional radiation in b shows the relation between the Cherenkov angle and the particle velocity.
Cherenkov angles at five different particle velocities, denoted as yellow dots in b, are schematically shown
by the far field radiation in the top air region in Fig. 1c-g. c, Cherenkov angles versus the particle momenta
for four kinds of particles, where the velocity in b is converted to the momentum using the masses of the
different particles. The thickness of the photonic crystal is 2 mm, with 𝑑𝑢𝑛𝑖𝑡 = 0.2792𝜆, 𝑑1 = 0.6𝑑𝑢𝑛𝑖𝑡 ,
𝑑2 = 0.4𝑑𝑢𝑛𝑖𝑡 , 𝜀𝑟1 = 10.6 and 𝜀𝑟2 = 2.1. The results in this figure follow the proposed scheme in Fig. 2b.
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Supplementary Information for
“Controlling Cherenkov angles with resonance transition radiation”

Supplementary section 1: Transition radiation from a single interface
We begin with the analysis of transition radiation from a charged particle perpendicularly crossing a single
interface between two different isotropic regions; see Supplementary Fig. 1. The swift particle with a charge of
𝑞 propagates along the +𝑧 direction with a velocity of 𝑣. The two regions are denoted as region 𝑗 and region 𝑗 +
1 , and have a relative permittivity of 𝜀𝑟,𝑗 and 𝜀𝑟,𝑗+1 , respectively, where 𝑗 is a positive integer. The
corresponding plane of the interface between these two regions is at 𝑧 = 𝑑𝑗 . The detailed analytical calculation
of transition radiation for the case with 𝑑𝑗 = 0 has been extensively studied [22, 34, 35, 38], including that in
our recent work [38]. For the convenience of following discussions, we briefly introduce the calculation
procedure of transition radiation for the case with arbitrary 𝑑𝑗 below [38].

region j

charged particle

y
z

zinterface=dj

x

region j+1
Supplementary Fig. 1 | Structural schematic of transition radiation when a charged particle perpendicularly crosses a single
interface.

Within the framework of classical electrodynamics, the current density induced by a swift charged particle is
[34, 35]:
𝐽𝑞̅ (𝑟̅ , 𝑡) = 𝑧̂ 𝑞𝑣𝛿(𝑥)𝛿(𝑦)𝛿(𝑧 − 𝑣𝑡)

(1)

By decomposing all the quantities in Fourier components in time and in the coordinates 𝑟̅⊥ = 𝑥̂𝑥 + 𝑦̂𝑦
perpendicular to the moving charge’s trajectory, one has
𝑞

𝑞

𝐽𝑞̅ (𝑟̅ , 𝑡) = 𝑧̂ 𝐽𝑧 (𝑟̅ , 𝑡) = 𝑧̂ ∫ 𝑗𝜅̅⊥,𝜔 (𝑧)𝑒 𝑖(𝜅̅⊥ ⋅𝑟̅⊥ −𝜔𝑡) 𝑑𝜅̅⊥ 𝑑𝜔

1

(2)

̅ (𝑟̅ , 𝑡) = ∫ 𝐻
̅𝜅̅ ,𝜔 (𝑧)𝑒 𝑖(𝜅̅⊥ ⋅𝑟̅⊥ −𝜔𝑡) 𝑑𝜅̅⊥ 𝑑𝜔
𝐸̅ (𝑟̅ , 𝑡) = ∫ 𝐸̅𝜅̅⊥ ,𝜔 (𝑧)𝑒 𝑖(𝜅̅⊥ ⋅𝑟̅⊥ −𝜔𝑡) 𝑑𝜅̅⊥ 𝑑𝜔, 𝐻
⊥
𝑞

𝑞

(3)

𝜔

where 𝜅̅⊥ = 𝑥̂𝜅𝑥 + 𝑦̂𝜅𝑦 . From equations (1-2), one obtains 𝑗𝜅̅⊥ ,𝜔 (𝑧) = (2𝜋)3 𝑒 𝑖 𝑣 𝑧 . Below we will mainly use the
𝑞

̅𝜅̅ ,𝜔 (𝑧)) in the Fourier decomposition. For the sake of simplicity, we will not
fields (such as 𝑗𝜅̅⊥ ,𝜔 , 𝐸̅𝜅̅⊥ ,𝜔 and 𝐻
⊥
give the indices 𝜅̅⊥ and 𝜔 for the corresponding Fourier components. By solving Maxwell equations, one can
find the following equation for 𝐸𝑧 (the component along the charge’s trajectory):
𝜕2
𝜕𝑧 2

𝜔2

(𝜀𝑟 𝐸𝑧 ) + 𝜀𝑟 (

𝑐2

𝑖𝜔𝜇 𝑞

𝑐2

𝜔

𝜀𝑟 − 𝜅⊥2 ) 𝐸𝑧 = − (2𝜋)03 (𝜀𝑟 − 𝑣 2)𝑒 𝑖 𝑣 𝑧

(4)

where 𝜀𝑟 is the relative permittivity (i.e. 𝜀𝑟 = 𝜀𝑟,𝑗 or 𝜀𝑟,𝑗+1 ); 𝜀0 and 𝜇0 is the permittivity and the permeability
of free space, respectively; 𝑐 is the speed of light in free space. Equation (4) can be solved in each region, and
the solutions should be joined by matching the boundary conditions at 𝑧 = 𝑑𝑗 , i.e.
̅⊥,𝑗 − 𝐻
̅⊥,𝑗+1 )|𝑧=𝑑 = 0
𝑛̂ × (𝐸̅⊥,𝑗 − 𝐸̅⊥,𝑗+1 )|𝑧=𝑑𝑗 = 0, 𝑛̂ × (𝐻
𝑗

(5)

where 𝑛̂ = −𝑧̂ , and 𝐽𝑠̅ is the surface current density. Such a solution will be a sum of a field induced by the
𝑞

𝑞

charge in a homogeneous medium (𝐸𝑧 ) and the freely radiated field (𝐸𝑧𝑅 ) [34, 35], i.e. 𝐸𝑧 = 𝐸𝑧 + 𝐸𝑧𝑅 , where
𝑞
𝐸𝑧,𝑗

=

𝑞
𝐸𝑧,𝑗+1

−𝑖𝑞
𝜔𝜀0 (2𝜋)3

=

𝑐2
𝑣2 𝜀𝑟,𝑗
2
𝑐2 𝜅 𝑐2
(𝜀𝑟,𝑗 − 2 − ⊥2 )
𝑣
𝜔

1−

−𝑖𝑞
𝜔𝜀0 (2𝜋)3

𝑅
𝐸𝑧,𝑗
= 𝜔𝜀

𝑖𝑞
3
0 (2𝜋)

𝑅
𝐸𝑧,𝑗+1
= 𝜔𝜀

𝜔

𝑒𝑖 𝑣 𝑧

𝑐2
𝑣2 𝜀𝑟,𝑗+1
2
𝑐2 𝜅 𝑐2
(𝜀𝑟,𝑗+1 − 2 − ⊥2 )
𝑣
𝜔

1−

(6-1)

𝜔

𝑒𝑖 𝑣 𝑧

(6-2)

−
⋅ 𝑎𝑗|𝑗+1
⋅ 𝑒 −𝑖𝑘𝑧,𝑗𝑧

𝑖𝑞
3
0 (2𝜋)

(7-1)

+
⋅ 𝑎𝑗|𝑗+1
⋅ 𝑒 +𝑖𝑘𝑧,𝑗+1 𝑧

(7-2)
𝜀𝑟,𝑗 𝜔2

where the component of the wavevectors for the radiated fields along the 𝑧 direction are 𝑘𝑧,𝑗 = √
𝜀𝑟,𝑗+1 𝜔2

𝑘𝑧,𝑗+1 = √

𝑐2

𝑐2

− 𝜅⊥2 and

− 𝜅⊥2 , respectively. Both the backward radiated field in equation (7-1) and the forward

radiated field in equation (7-2) propagate away from the interface. By matching the boundary conditions, one
+
−
can obtain the two radiation factors 𝑎𝑗|𝑗+1
and 𝑎𝑗|𝑗+1
for the radiation fields in region 𝑗 and region 𝑗 + 1, i.e.
𝜔

−,𝑜
−
𝑎𝑗|𝑗+1
= 𝑎𝑗|𝑗+1
𝑒 +𝑖𝑘𝑧,𝑗𝑑𝑗 𝑒 𝑖 𝑣 𝑑𝑗

2

(8)

𝜔

+,𝑜
+
𝑎𝑗|𝑗+1
= 𝑎𝑗|𝑗+1
𝑒 −𝑖𝑘𝑧,𝑗+1 𝑑𝑗 𝑒 𝑖 𝑣 𝑑𝑗

−,𝑜
𝑎𝑗|𝑗+1

=

+,𝑜
𝑎𝑗|𝑗+1
=

(9)

2
𝑣 𝜅⊥ 𝑐2
𝑣2
𝑣 𝑘𝑧,𝑗+1
⋅
(𝜀
−𝜀𝑟,𝑗 )(1− 2 𝜀𝑟,𝑗 + ∙
)
𝑐 𝜔2𝜀𝑟,𝑗 𝑟,𝑗+1
𝑐 𝜔/𝑐
𝑐
𝑣2
𝑐

(1− 2 𝜀𝑟,𝑗 +

(10)

2
𝑘
𝑘𝑧,𝑗+1
𝑘𝑧,𝑗
𝜅2
⊥ 𝑣 )(1+𝑣∙ 𝑧,𝑗+1 )[𝜀
𝑟,𝑗 𝜔/𝑐 +𝜀𝑟,𝑗+1 𝜔/𝑐]
𝜔2
𝑐 𝜔/𝑐

2
𝑣 𝜅⊥ 𝑐2
𝑣2
𝑣 𝑘𝑧,𝑗
⋅
(𝜀
−𝜀𝑟,𝑗 )(1− 2 𝜀𝑟,𝑗+1 − ∙
)
𝑐 𝜔2 𝜀𝑟,𝑗+1 𝑟,𝑗+1
𝑐 𝜔/𝑐
𝑐
𝑣2
𝑐

(1− 2 𝜀𝑟,𝑗+1 +

(11)

2
𝑘
𝑘𝑧,𝑗+1
𝑘𝑧,𝑗
𝜅2
⊥ 𝑣 )(1−𝑣∙ 𝑧,𝑗 )[𝜀
𝑟,𝑗 𝜔/𝑐 +𝜀𝑟,𝑗+1 𝜔/𝑐]
𝜔2
𝑐 𝜔/𝑐

−,𝑜
+,𝑜
+
−
The factors of 𝑎𝑗|𝑗+1
in equation (10) and 𝑎𝑗|𝑗+1
in equation (11) correspond to 𝑎𝑗|𝑗+1
in equation (8) and 𝑎𝑗|𝑗+1

in equation (9) for the case with 𝑑𝑗 = 0, respectivley.
The fields in equation (3), expressed in the Cartesian coordinates (𝑥, 𝑦, 𝑧), can also be transformed into the
cylindrical coordinates (𝜌, 𝜙, 𝑧). After some calculations, one has
𝑞
𝐸̅𝑗 (𝑟̅ , 𝑡) = 𝐸̅𝑗 (𝑟̅ , 𝑡) + 𝐸̅𝑗𝑅 (𝑟̅ , 𝑡)
2

2

(12)
2

𝜔

2

+∞
−𝑞
𝜔
𝜔
𝜔
𝜔
(1)
𝑞
𝑖( 𝑧−𝜔𝑡)
𝐸̅𝑗 (𝑟̅ , 𝑡) = 𝑧̂ ∫−∞ 𝑑𝜔 8𝜋𝜔𝜀 𝜀 ( 𝑐 2 𝜀𝑟,𝑗 − 𝑣 2 ) 𝐻0 (𝜌√ 𝑐 2 𝜀𝑟,𝑗 − 𝑣 2 ) 𝑒 𝑣
+
0 𝑟,𝑗

+∞

𝜌̂ ∫−∞ 𝑑𝜔

−𝑞
8𝜋𝜔𝜀0 𝜀𝑟,𝑗

𝜔

𝜔2

𝜔2

𝜔2

𝜔2

𝑣

𝑐

𝑣

𝑐

𝑣

(𝑖 )(−√

2 𝜀𝑟,𝑗 −

(1)
√
2 𝐻1 (𝜌

2 𝜀𝑟,𝑗 −

𝜔

𝑖( 𝑧−𝜔𝑡)
𝑣
2 ))𝑒

(13)

+∞
+∞
𝑖𝑞
−
𝐸̅𝑗𝑅 (𝑟̅ , 𝑡) = 𝑧̂ ∫−∞ 𝑑𝜔 ∫0 𝑑𝜅⊥ ⋅ 𝜔𝜀 (2𝜋)3 𝑎𝑗|𝑗+1
𝜅⊥ (2𝜋𝐽0 (𝜅⊥ 𝜌))𝑒 𝑖[−𝑘𝑧,𝑗𝑧−𝜔𝑡] +
0

+∞

+∞

𝜌̂ ∫−∞ 𝑑𝜔 ∫0

𝑑𝜅⊥ ⋅ 𝜔𝜀

𝑖𝑞
3
0 (2𝜋)

−
𝑎𝑗|𝑗+1
𝑘𝑧,𝑗 (𝑖2𝜋𝐽1 (𝜅⊥𝜌))𝑒 𝑖[−𝑘𝑧,𝑗𝑧−𝜔𝑡]

(14)

𝑞
𝑅
(𝑟̅ , 𝑡)
𝐸̅𝑗+1 (𝑟̅ , 𝑡) = 𝐸̅𝑗+1 (𝑟̅ , 𝑡) + 𝐸̅𝑗+1
+∞
𝑞
𝐸̅𝑗+1 (𝑟̅ , 𝑡) = 𝑧̂ ∫−∞ 𝑑𝜔

−𝑞
8𝜋𝜔𝜀0 𝜀𝑟,𝑗+1

+∞

𝜌̂ ∫−∞ 𝑑𝜔

−𝑞
8𝜋𝜔𝜀0 𝜀𝑟,𝑗+1

𝜔2

𝜔2

(1)

(15)

𝜔2

𝜔2

𝜔

𝑖( 𝑧−𝜔𝑡)
+
( 𝑐 2 𝜀𝑟,𝑗+1 − 𝑣2 ) 𝐻0 (𝜌√ 𝑐 2 𝜀𝑟,𝑗+1 − 𝑣 2 ) 𝑒 𝑣

𝜔

𝜔2

𝑣

𝑐2

(𝑖 )(−√

𝜀𝑟,𝑗+1 −

𝜔2
𝑣2

(1)

𝜔2

𝐻1 (𝜌√

𝑐2

𝜀𝑟,𝑗+1 −

𝜔2
𝑣2

𝜔

))𝑒 𝑖( 𝑣 𝑧−𝜔𝑡)

(16)

+∞
+∞
𝑖𝑞
𝑅
(𝑟̅ , 𝑡) = 𝑧̂ ∫−∞ 𝑑𝜔 ∫0 𝑑𝜅⊥ ⋅
𝐸̅𝑗+1
𝑎+ 𝜅 (2𝜋𝐽0 (𝜅⊥ 𝜌))𝑒 𝑖[+𝑘𝑧,𝑗+1 𝑧−𝜔𝑡] +
𝜔𝜀 (2𝜋)3 𝑗|𝑗+1 ⊥
0

+∞

+∞

𝜌̂ ∫−∞ 𝑑𝜔 ∫0

𝑑𝜅⊥ ⋅ 𝜔𝜀

𝑖𝑞
𝑖[+𝑘𝑧,𝑗+1 𝑧−𝜔𝑡]
3 𝑎2 (−𝑘𝑧,𝑗+1 )(𝑖2𝜋𝐽1 (𝜅⊥ 𝜌))𝑒
0 (2𝜋)

3

(17)

charged particle
region 1
charged particle

y

zinterface=d1
region 2
region j zinterface=d2
……….
region j-1

z

x

region j

zinterface=dj-2
zinterface=dj-1
zinterface=dj

region j+1

zinterface=dj+1
region j+2 z
interface=dj+2
……….
region N

zinterface=dN-1
zinterface=dN

region N+1

Supplementary Fig. 2 | Structural schematic of resonance transition radiation when a charged particle perpendicularly
crosses multiple interfaces.

Supplementary section 2: Resonance transition radiation from multiple interfaces
When a charged particle crosses a periodic structure, the presence of periodicity leads, naturally, to the coherent
interference of emitted waves that appear at different interfaces, and as a consequence, to resonance effects [34,
35]. Therefore, transition radiation from a periodic structure is called the resonance transition radiation [37, 38,
51]. By extending Ginzburg and Frank’s theory on transition radiation to one-dimensional photonic crystals, we
can analytically solve the resonance transition radiation when a charged particle perpendicularly crosses multiple
interfaces; see Supplementary Fig. 2.
As a general analysis, we consider the studied system having 𝑁 + 1 regions and 𝑁 interfaces; see Supplementary
Fig. 2. Region 1 and region 𝑁 + 1 correspond to the top and bottom air regions, respectively. The rest of the
setup is the same as that in supplementary note 1. Since the emitted fields of transition radiation at each interface
can transmit into each region, the emitted fields in each region shall be a summation of transition radiation from
each interface. Actually, transition radiation at each interface can be equivalently treated as the secondary
radiation source, where its corresponding field distribution in the whole system is required to be solved. Below
we demonstrate the main calculation procedure by separately solving the field distribution in each region from

4

the forward transition radiation at the 𝑗 − 1|𝑗 interface (i.e. the interface between region 𝑗 − 1 and region 𝑗) and
from the backward transition radiation at the 𝑗|𝑗 + 1interface. The main procedure is similar to the calculation
of the reflection/transmission in multilayer systems [52].
Part one: Field distribution in region 𝑗 from the forward transition radiation at the 𝑗 − 1|𝑗 interface
For the forward transition radiation at the 𝑗 − 1|𝑗 interface, from equation (9), we have the forward radiation
factor as follows:
𝜔

+,𝑜
+
𝑎𝑗−1|𝑗
= 𝑎𝑗−1|𝑗
𝑒 −𝑖𝑘𝑧,𝑗𝑑𝑗−1 𝑒 𝑖 𝑣 𝑑𝑗−1

(18)

From equation (7-2), the radiated field in region 𝑗 becomes:
𝑅
+
𝐸𝑧,𝑗
= 𝐴𝑗,𝑜
[𝑒 +𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗−1 ) + 𝑅̃𝑗|𝑗+1 𝑒 −𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗−1 ) ∙ 𝑒 2𝑖𝑘𝑧,𝑗(𝑑𝑗−𝑑𝑗−1 ) ]
+
𝐴𝑗,𝑜
=

𝑀𝑗 =

𝑖𝑞
𝜔𝜀0 (2𝜋)3

(19)

𝜔

+,𝑜
∙ 𝑎𝑗−1|𝑗
𝑒 𝑖 𝑣 𝑑𝑗−1 ∙ 𝑀𝑗
1

2𝑖𝑘 (𝑑 −𝑑
)
1−𝑅̃𝑗|𝑗+1 𝑅̃𝑗|𝑗−1 𝑒 𝑧,𝑗 𝑗 𝑗−1

(20)
(21)

In the above equations, the factor 𝑀𝑗 characterize the multiple reflections at the 𝑗 − 1|𝑗 and 𝑗|𝑗 + 1 interfaces;
𝑅̃𝑗|𝑗+1 and 𝑅̃𝑗|𝑗−1 are the generalized reflection coefficients of transverse-magnetic (TM, or p-polarized) waves
for the multi-layer system at the 𝑗|𝑗 + 1 and 𝑗|𝑗 − 1 interfaces, respectively; see more introduction about the
generalized reflection coefficient in Ref.[52]. In the subscript of 𝑅̃𝑗|𝑗+1 and 𝑅̃𝑗|𝑗−1 , the TM plane wave is incident
from region 𝑗 (the first number) and transmitted to region 𝑗 + 1 or 𝑗 − 1 (the second number), respectively. This
rule applies for other reflection and transmission coefficients of TM waves in the following. From Ref.[52], we
have
2𝑖𝑘𝑧,𝑗+1 (𝑑𝑗+1 −𝑑𝑗 )

̃

𝑇
𝑅
𝑇
𝑒
𝑅̃𝑗|𝑗+1 = 𝑅𝑗|𝑗+1 + 𝑗|𝑗+1 𝑗+1|𝑗+2 𝑗+1|𝑗2𝑖𝑘
1−𝑅𝑗+1|𝑗 𝑅̃𝑗+1|𝑗+2 𝑒

𝑧,𝑗+1 (𝑑𝑗+1 −𝑑𝑗 )

(22-1)

2𝑖𝑘𝑧,𝑗−1 (𝑑𝑗−1 −𝑑𝑗−2 )

̃

𝑇
𝑅
𝑇
𝑒
𝑅̃𝑗|𝑗−1 = 𝑅𝑗|𝑗−1 + 𝑗|𝑗−1 𝑗−1|𝑗−2 𝑗−1|𝑗2𝑖𝑘
1−𝑅𝑗−1|𝑗 𝑅̃𝑗−1|𝑗−2 𝑒

5

𝑧,𝑗−1 (𝑑𝑗−1 −𝑑𝑗−2 )

(22-2)

𝑘𝑧,𝑗 𝑘𝑧,𝑗+1
−
𝜀𝑟,𝑗 𝜀𝑟,𝑗+1

where 𝑅̃𝑁|𝑁+1 = 𝑅𝑁|𝑁+1 and 𝑅̃2|1 = 𝑅2|1; 𝑅𝑗|𝑗+1 = −𝑅𝑗+1|𝑗 = 𝑘𝑧,𝑗
𝜀𝑟,𝑗
𝑘𝑧,𝑗
𝜀𝑟,𝑗

2

𝑘𝑧,𝑗 𝑘𝑧,𝑗+1
+
𝜀𝑟,𝑗 𝜀𝑟,𝑗+1

∙

𝜀𝑟,𝑗
𝜀𝑟,𝑗+1

2

+

𝑘𝑧,𝑗+1
𝜀𝑟,𝑗+1

are the reflection coefficient; 𝑇𝑗|𝑗+1 =

𝑘𝑧,𝑗+1
𝜀

and 𝑇𝑗+1|𝑗 = 𝑘𝑧,𝑗+1𝑟,𝑗+1𝑘𝑧,𝑗 ∙
𝜀𝑟,𝑗+1

+

𝜀𝑟,𝑗

𝜀𝑟,𝑗+1
𝜀𝑟,𝑗

are the transmission coefficients. It is worthy to note that in this

work, the generalized reflection coefficients and other reflection/transmission coefficients are defined for the 𝐸𝑧
field (see equation (19)), instead of the magnetic field. For TM waves, while the reflection coefficients for the
𝐸

𝐻
𝑧
𝐸𝑧 field and the magnetic field are the same (i.e. 𝑅𝑗|𝑗+1
= 𝑅𝑗|𝑗+1
), the transmission coefficients for the 𝐸𝑧 field
𝐸

𝐻
𝑧
and the magnetic field are different (i.e. 𝑇𝑗|𝑗+1
= 𝑇𝑗|𝑗+1
∙𝜀

𝜀𝑟,𝑗
𝑟,𝑗+1

).

Part two: Field distribution in region 𝑚 (𝑚 > 𝑗) from the forward transition radiation at the 𝑗 − 1|𝑗 interface
Since the forward transition radiation at the 𝑗 − 1|𝑗 interface propagates along the +𝑧 direction, part of the
emitted fields will transmit into region 𝑚 (𝑚 > 𝑗). These transmitted fields in region 𝑚 can be obtained by
following the thought of calculating the reflection/transmission in multilayer systems [52]. The field in region 𝑚
can be expressed as:
+
𝑅
𝐸𝑧,𝑚
= 𝐶𝑗|𝑚
[𝑒 +𝑖𝑘𝑧,𝑚 (𝑧−𝑑𝑗−1 ) + 𝑅̃𝑚|𝑚+1 𝑒 −𝑖𝑘𝑧,𝑚 (𝑧−𝑑𝑗−1 ) ∙ 𝑒 2𝑖𝑘𝑧,𝑚 (𝑑𝑚 −𝑑𝑗−1 ) ]

(23)

+
In equation (23), only the factor 𝐶𝑗|𝑚
is unknown. When 𝑚 = 𝑗 + 1 in equation (23), at the 𝑗|𝑗 + 1 interface with

𝑧 = 𝑑𝑗 , we have
+
+ +𝑖𝑘𝑧,𝑗 (𝑑𝑗 −𝑑𝑗−1 )
𝐶𝑗|𝑗+1
𝑒 +𝑖𝑘𝑧,𝑗+1 (𝑑𝑗−𝑑𝑗−1 ) = 𝐴𝑗,𝑜
𝑒
∙ 𝑆𝑗|𝑗+1

𝑆𝑗|𝑗+1 =

𝑇𝑗|𝑗+1
1−𝑅𝑗+1|𝑗 𝑅̃𝑗+1|𝑗+2 𝑒

2𝑖𝑘𝑧,𝑗+1 (𝑑𝑗+1 −𝑑𝑗 )

(24)
(25)

+
+
Namely, the value of 𝐶𝑗|𝑗+1
is determined by 𝐴𝑗𝑜
and the transmission at the 𝑗|𝑗 + 1 interface. By following the

operation in equation (24), we have
+
+
𝐶𝑗|𝑗+2
𝑒 +𝑖𝑘𝑧,𝑗+2 (𝑑𝑗+1 −𝑑𝑗−1 ) = 𝐶𝑗|𝑗+1
𝑒 +𝑖𝑘𝑧,𝑗+1 (𝑑𝑗+1 −𝑑𝑗−1 ) ∙ 𝑆𝑗+1|𝑗+2

(26)

+
+
𝐶𝑗|𝑗+3
𝑒 +𝑖𝑘𝑧,𝑗+3 (𝑑𝑗+2 −𝑑𝑗−1 ) = 𝐶𝑗|𝑗+2
𝑒 +𝑖𝑘𝑧,𝑗+2 (𝑑𝑗+2 −𝑑𝑗−1 ) ∙ 𝑆𝑗+2|𝑗+3

(27)

……
+
+
𝐶𝑗|𝑚−1
𝑒 +𝑖𝑘𝑧,𝑚−1 (𝑑𝑚−2 −𝑑𝑗−1 ) = 𝐶𝑗|𝑚−2
𝑒 +𝑖𝑘𝑧,𝑚−2 (𝑑𝑚−2 −𝑑𝑗−1 ) ∙ 𝑆𝑚−2|𝑚−1
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(28)

+
+
𝐶𝑗|𝑚
𝑒 +𝑖𝑘𝑧,𝑚 (𝑑𝑚−1 −𝑑𝑗−1 ) = 𝐶𝑗|𝑚−1
𝑒 +𝑖𝑘𝑧,𝑚−1 (𝑑𝑚−1 −𝑑𝑗−1 ) ∙ 𝑆𝑚−1|𝑚

(29)

From equations (24-29), one has
𝑚>𝑗
+
+ +𝑖𝑘𝑧,𝑗 (𝑑𝑗−1 −𝑑𝑗−1 )
𝐶𝑗|𝑚
𝑒 +𝑖𝑘𝑧,𝑚 (𝑑𝑚−1 −𝑑𝑗−1 ) = 𝑇̃𝑗|𝑚 ∙ 𝐴𝑗,𝑜
𝑒

(30)

𝑚>𝑗
𝑇̃𝑗|𝑚 = ∏𝑛=𝑚−1
𝑆𝑛|𝑛+1 𝑒 +𝑖𝑘𝑧,𝑛 (𝑑𝑛 −𝑑𝑛−1 )
𝑛=𝑗

(31)

𝑚>𝑗
𝑇̃𝑗|𝑚 can be treated as the generalized transmission coefficient from region 𝑗 to region 𝑚 [52].

Part three: Field distribution in region 𝑚 (𝑚 < 𝑗) from the forward transition radiation at the 𝑗 − 1|𝑗 interface
Equation (19) can be equivalently transformed to following expression:
𝑅
+ +𝑖𝑘𝑧,𝑗 (𝑧−𝑑𝑗−1 )
−
𝐸𝑧,𝑗
= 𝐵𝑗,𝑜
𝑒
+ 𝐴𝑅𝑗,𝑜
[𝑒 −𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗−1 ) + 𝑅̃𝑗|𝑗−1 𝑒 +𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗−1 ) 𝑒 −2𝑖𝑘𝑧,𝑗(𝑑𝑗−1 −𝑑𝑗−1 ) ]
−
+
𝐴𝑅𝑗,𝑜
= 𝐵𝑗,𝑜
𝑀𝑗 𝑅̃𝑗|𝑗+1 𝑒 2𝑖𝑘𝑧,𝑗(𝑑𝑗−𝑑𝑗−1 )
+
𝐵𝑗,𝑜
=

𝐴+
𝑗,𝑜
𝑀𝑗

= 𝜔𝜀

𝑖𝑞
3
0 (2𝜋)

(32)
(33)

𝜔

+,𝑜
∙ 𝑎𝑗−1|𝑗
𝑒 𝑖 𝑣 𝑑𝑗−1

(34)

In above transformation, the relation of 𝑀𝑗 = 1 + 𝑀𝑗 𝑅̃𝑗|𝑗+1 𝑅̃𝑗|𝑗−1 𝑒 2𝑖𝑘𝑧,𝑗(𝑑𝑗−𝑑𝑗−1 ) is used. When calculating the
field distribution in transmitted region 𝑚 (𝑚 < 𝑗) from the forward transition radiation at the 𝑗 − 1|𝑗 interface,
−
we only need to consider the second part relevant to 𝐴𝑅𝑗,𝑜
in equation (32). The calculation procedure is similar

to that in part two. The field in region 𝑚 (𝑚 < 𝑗) can be expressed as follows:
−
𝑅
𝐸𝑧,𝑚
= 𝐶𝑗|𝑚
[𝑒 −𝑖𝑘𝑧,𝑚 (𝑧−𝑑𝑗−1 ) + 𝑅̃𝑚|𝑚−1 𝑒 +𝑖𝑘𝑧,𝑚 (𝑧−𝑑𝑗−1 ) 𝑒 −2𝑖𝑘𝑧,𝑚 (𝑑𝑚−1 −𝑑𝑗−1 ) ]

(35)

−
where only 𝐶𝑗|𝑚
is unknown. When 𝑚 = 𝑗 − 1 in equation (35), at the 𝑗|𝑗 − 1 interface with 𝑧 = 𝑑𝑗−1, we have
−
− −𝑖𝑘𝑧,𝑗 (𝑑𝑗−1 −𝑑𝑗−1 )
𝐶𝑗|𝑗−1
𝑒 −𝑖𝑘𝑧,𝑗−1 (𝑑𝑗−1 −𝑑𝑗−1 ) = 𝐴𝑅𝑗,𝑜
𝑒
∙ 𝑆𝑗|𝑗−1

𝑆𝑗|𝑗−1 =

𝑇𝑗|𝑗−1
2𝑖𝑘
(𝑑
−𝑑
)
1−𝑅𝑗−1|𝑗 𝑅̃𝑗−1|𝑗−2 𝑒 𝑧,𝑗−1 𝑗−1 𝑗−2

(36)
(37)

By following the operation in equation (36), one has
−
−
𝐶𝑗|𝑗−2
𝑒 −𝑖𝑘𝑧,𝑗−2 (𝑑𝑗−2 −𝑑𝑗−1 ) = 𝐶𝑗|𝑗−1
𝑒 −𝑖𝑘𝑧,𝑗−1 (𝑑𝑗−2 −𝑑𝑗−1 ) ∙ 𝑆𝑗−1|𝑗−2

(38)

−
−
𝐶𝑗|𝑗−3
𝑒 −𝑖𝑘𝑧,𝑗−3 (𝑑𝑗−3 −𝑑𝑗−1 ) = 𝐶𝑗|𝑗−2
𝑒 −𝑖𝑘𝑧,𝑗−2 (𝑑𝑗−3 −𝑑𝑗−1 ) ∙ 𝑆𝑗−2|𝑗−3

(39)

……..
−
−
𝐶𝑗|𝑚+1
𝑒 −𝑖𝑘𝑧,𝑚+1 (𝑑𝑚+1 −𝑑𝑗−1 ) = 𝐶𝑗|𝑚+2
𝑒 −𝑖𝑘𝑧,𝑚+2 (𝑑𝑚+1 −𝑑𝑗−1 ) ∙ 𝑆𝑚+2|𝑚+1
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(40)

−
−
𝐶𝑗|𝑚
𝑒 −𝑖𝑘𝑧,𝑚 (𝑑𝑚 −𝑑𝑗−1 ) = 𝐶𝑗|𝑚+1
𝑒 −𝑖𝑘𝑧,𝑚+1 (𝑑𝑚 −𝑑𝑗−1 ) ∙ 𝑆𝑚+1|𝑚

(41)

From equations (36-41), one has
𝑚<𝑗
−
− −𝑖𝑘𝑧,𝑗 (𝑑𝑗 −𝑑𝑗−1 )
𝐶𝑗|𝑚
𝑒 −𝑖𝑘𝑧,𝑚 (𝑑𝑚 −𝑑𝑗−1 ) = 𝑇̃𝑗|𝑚 ∙ 𝐴𝑅𝑗,𝑜
𝑒
𝑚<𝑗
𝑛=𝑗−1
𝑇̃𝑗|𝑚 = ∏𝑛=𝑚 𝑆𝑛+1|𝑛 𝑒 −𝑖𝑘𝑧,𝑛+1 (𝑑𝑛 −𝑑𝑛+1 )

(42)
(43)

𝑚<𝑗
𝑇̃𝑗|𝑚 is the generalized transmission coefficient from region 𝑗 to region 𝑚 [52]. The field distribution in region

𝑚 (𝑚 < 𝑗) from the forward transition radiation at the 𝑗 − 1|𝑗 interface can be solved by equation (42).
Part four: Field distribution in region 𝑗 from the backward transition radiation at the 𝑗|𝑗 + 1 interface
For the backward transition radiation at the 𝑗|𝑗 + 1 interface, from equation (8), we have the backward radiation
factor as:
𝜔

−,𝑜
−
𝑎𝑗|𝑗+1
= 𝑎𝑗|𝑗+1
𝑒 +𝑖𝑘𝑧,𝑗𝑑𝑗 𝑒 𝑖 𝑣 𝑑𝑗

(44)

From equation (7-1), the emitted field in region 𝑗 becomes:
𝑅
−
𝐸𝑧,𝑗
= 𝐴𝑗,𝑜
[𝑒 −𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗) + 𝑅̃𝑗|𝑗−1 𝑒 +𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗) ∙ 𝑒 −2𝑖𝑘𝑧,𝑗(𝑑𝑗−1 −𝑑𝑗) ]
−
𝐴𝑗,𝑜
= 𝜔𝜀

𝑖𝑞
3
0 (2𝜋)

(45)

𝜔

−,𝑜
∙ 𝑎𝑗|𝑗+1
𝑒 𝑖 𝑣 𝑑𝑗 ∙ 𝑀𝑗

(46)

Equation (45) can be equivalently transformed to:
𝑅
− −𝑖𝑘𝑧,𝑗 (𝑧−𝑑𝑗 )
+
𝐸𝑧,𝑗
= 𝐵𝑗,𝑜
𝑒
+ 𝐵𝑅𝑗,𝑜
[𝑒 +𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗) + 𝑅̃𝑗|𝑗+1 𝑒 −𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗) 𝑒 +2𝑖𝑘𝑧,𝑗(𝑑𝑗−𝑑𝑗) ]
+
−
𝐵𝑅𝑗,𝑜
= 𝐵𝑗,𝑜
𝑀𝑗 𝑅̃𝑗|𝑗−1 𝑒 −2𝑖𝑘𝑧,𝑗(𝑑𝑗−1 −𝑑𝑗)
−
𝐵𝑗,𝑜
=

𝐴−
𝑗,𝑜
𝑀𝑗

=

𝑖𝑞
𝜔𝜀0 (2𝜋)3

(47)
(48)

𝜔

−,𝑜
∙ 𝑎𝑗|𝑗+1
𝑒 𝑖 𝑣 𝑑𝑗

(49)

Part five: Field distribution in region 𝑚 (𝑚 > 𝑗) from the backward transition radiation at the 𝑗|𝑗 + 1 interface
+
By using the second part relevant to 𝐵𝑅𝑗,𝑜
in equation (47), the field distribution in region 𝑚 (𝑚 > 𝑗) from the

backward transition radiation at the 𝑗|𝑗 + 1 interface can be obtained. The field in region 𝑚 can be expressed as:
+
𝑅
𝐸𝑧,𝑚
= 𝐷𝑗|𝑚
[𝑒 +𝑖𝑘𝑧,𝑚 (𝑧−𝑑𝑗) + 𝑅̃𝑚|𝑚+1 𝑒 −𝑖𝑘𝑧,𝑚 (𝑧−𝑑𝑗) ∙ 𝑒 2𝑖𝑘𝑧,𝑚 (𝑑𝑚 −𝑑𝑗) ]

(50)

+
+
The calculation procedure for the unknown factor 𝐷𝑗|𝑚
is the same as that of 𝐶𝑗|𝑚
in part two. After some algebra,

we have
𝑚>𝑗

+
+ +𝑖𝑘𝑧,𝑗 (𝑑𝑗−1 −𝑑𝑗 )
𝐷𝑗|𝑚
𝑒 +𝑖𝑘𝑧,𝑚 (𝑑𝑚−1 −𝑑𝑗) = 𝑇̃𝑗|𝑚 ∙ 𝐵𝑅𝑗,𝑜
𝑒
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(51)

Part six: Field distribution in region 𝑚 (𝑚 < 𝑗) from the backward transition radiation at the 𝑗|𝑗 + 1 interface
By using equation (45), the filed distribution in transmitted region 𝑚 (𝑚 < 𝑗) from the backward transition
radiation at the 𝑗|𝑗 + 1 interface can be obtained. The field in region 𝑚 (𝑚 < 𝑗) can be expressed as:
−
𝑅
𝐸𝑧,𝑚
= 𝐷𝑗|𝑚
[𝑒 −𝑖𝑘𝑧,𝑚 (𝑧−𝑑𝑗) + 𝑅̃𝑚|𝑚−1 𝑒 +𝑖𝑘𝑧,𝑚 (𝑧−𝑑𝑗) 𝑒 −2𝑖𝑘𝑧,𝑚 (𝑑𝑚−1 −𝑑𝑗) ]

(52)

−
−
The calculation procedure for the unknown factor 𝐷𝑗|𝑚
is the same as that of 𝐶𝑚
in part three. After some algebra,

we have
𝑚<𝑗
−
− −𝑖𝑘𝑧,𝑗 (𝑑𝑗 −𝑑𝑗 )
𝐷𝑗|𝑚
𝑒 −𝑖𝑘𝑧,𝑚 (𝑑𝑚 −𝑑𝑗) = 𝑇̃𝑗|𝑚 ∙ 𝐴𝑗,𝑜
𝑒

(53)

This way, the field distribution in region 𝑚 (𝑚 < 𝑗) from the backward transition radiation at the 𝑗|𝑗 + 1
interface can be obtained by using equation (53).
Part seven: Field distribution in region 𝑗 from resonance transition radiation at multiple interfaces
From above analysis, the total radiated field in region 𝑗 (1 ≤ 𝑗 ≤ 𝑁 + 1) can be a summation of two parts, i.e.
𝑅,+
𝑅,−
𝑅
𝐸𝑧,𝑗
= 𝐸𝑧,𝑗
+ 𝐸𝑧,𝑗

(54)

𝑅,+
𝑅,−
where 𝐸𝑧,𝑗
and 𝐸𝑧,𝑗
are attributed to the forward and backward transition radiations at each interface,
𝑅,+
respectively. Namely, 𝐸𝑧,𝑗
is a summation of the emitted fields from the forward transition radiation at each
𝑅,−
interface transmitted into region 𝑗, and 𝐸𝑧,𝑗
is a summation of the emitted fields from the backward transition

radiation at each interface transmitted into region 𝑗. Therefore, we have
𝑚=𝑗−1

𝑅,+
𝐸𝑧,𝑗
= 𝑇𝑅𝑗+ → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 + ∑𝑚=1

+
+
𝑇𝑅𝑚
→ 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 + ∑𝑚=𝑁+1
𝑚=𝑗+1 𝑇𝑅𝑚 → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗

+
𝑇𝑅𝑗+ → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 = 𝐴𝑗,𝑜
[𝑒 +𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗−1 ) + 𝑅̃𝑗|𝑗+1 𝑒 −𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗−1 ) ∙ 𝑒 2𝑖𝑘𝑧,𝑗(𝑑𝑗−𝑑𝑗−1 ) ]
𝑚=𝑗−1 +
+𝑖𝑘𝑧,𝑗 (𝑧−𝑑𝑚−1 )
+
∑𝑚=𝑗−1
+ 𝑅̃𝑗|𝑗+1 𝑒 −𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑚−1 ) ∙ 𝑒 2𝑖𝑘𝑧,𝑗(𝑑𝑗−𝑑𝑚−1 ) ]
𝑚=1 𝑇𝑅𝑚 → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 = ∑𝑚=1 𝐶𝑚|𝑗 [𝑒

(55)
(56)
(57)

𝑚=𝑁+1 −
−𝑖𝑘𝑧,𝑗 (𝑧−𝑑𝑚−1 )
+
∑𝑚=𝑁+1
+ 𝑅̃𝑗|𝑗−1 𝑒 +𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑚−1 ) 𝑒 −2𝑖𝑘𝑧,𝑗(𝑑𝑗−1 −𝑑𝑚−1 ) ] (58)
𝑚=𝑗+1 𝑇𝑅𝑚 → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 = ∑𝑚=𝑗+1 𝐶𝑚|𝑗 [𝑒
𝑚=𝑗−1

𝑅,−
𝐸𝑧,𝑗
= 𝑇𝑅𝑗− → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 + ∑𝑚=1

−
−
𝑇𝑅𝑚
→ 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 + ∑𝑚=𝑁+1
𝑚=𝑗+1 𝑇𝑅𝑚 → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗

(59)

−
𝑇𝑅𝑗− → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 = 𝐴𝑗,𝑜
[𝑒 −𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑗) + 𝑅̃𝑗|𝑗−1 𝑒 +𝑖𝑘𝑧,𝑗 (𝑧−𝑑𝑗) ∙ 𝑒 −2𝑖𝑘𝑧,𝑗(𝑑𝑗−1 −𝑑𝑗) ]

(60)

𝑚=𝑗−1 +
+𝑖𝑘𝑧,𝑗 (𝑧−𝑑𝑚 )
−
∑𝑚=𝑗−1
+ 𝑅̃𝑗|𝑗+1 𝑒 −𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑚 ) ∙ 𝑒 2𝑖𝑘𝑧,𝑗(𝑑𝑗−𝑑𝑚 ) ]
𝑚=1 𝑇𝑅𝑚 → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 = ∑𝑚=1 𝐷𝑚|𝑗 [𝑒

(61)

𝑚=𝑁+1 −
−𝑖𝑘𝑧,𝑗 (𝑧−𝑑𝑚 )
−
∑𝑚=𝑁+1
+ 𝑅̃𝑗|𝑗−1 𝑒 +𝑖𝑘𝑧,𝑗(𝑧−𝑑𝑚 ) 𝑒 −2𝑖𝑘𝑧,𝑗(𝑑𝑗−1 −𝑑𝑚 ) ]
𝑚=𝑗+1 𝑇𝑅𝑚 → 𝑅𝑒𝑔𝑖𝑜𝑛𝑗 = ∑𝑚=𝑗+1 𝐷𝑚|𝑗 [𝑒

(62)
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This way, we can obtain the field distribution of resonance transition radiation from multiple interfaces in each
region by using equations (55-62). For regions 𝑗 = 1 and 𝑗 = 𝑁 + 1, the radiated fields only propagate along the
– z and +z directions, respectively. When 𝑗 = 1, we have
𝑅,−
𝐸𝑧,1
= 𝜔𝜀

𝑎1 =

𝜔𝜀0 (2𝜋)3
𝑖𝑞

𝑖𝑞
3
0 (2𝜋)

∙ 𝑎1 ∙ 𝑒 −𝑖𝑘𝑧,1 𝑧

(63)

−
−
− +𝑖𝑘𝑧,1 𝑑𝑗
(𝐴1,𝑜
𝑒
+ ∑𝑚=𝑁+1
𝐷𝑚|1
𝑒 +𝑖𝑘𝑧,1 𝑑𝑚 + ∑𝑚=𝑁+1
𝐶𝑚|1
𝑒 +𝑖𝑘𝑧,1 𝑑𝑚−1 )
𝑚=2
𝑚=2

(64)

When 𝑗 = 𝑁 + 1, we have
𝑅,+
𝐸𝑧,𝑁+1
=

𝑎𝑁+1 =

𝜔𝜀0 (2𝜋)3
𝑖𝑞

𝑖𝑞
𝜔𝜀0 (2𝜋)3

∙ 𝑎𝑁+1 ∙ 𝑒 +𝑖𝑘𝑧,𝑁+1 𝑧

+
+
−𝑖𝑘𝑧,𝑁+1 𝑑𝑁
−𝑖𝑘𝑧,𝑁+1 𝑑𝑚−1
−𝑖𝑘𝑧,𝑁+1 𝑑𝑚
(𝐴+
+ ∑𝑚=𝑁
+ ∑𝑚=𝑁
)
𝑁+1,𝑜 𝑒
𝑚=1 𝐶𝑚|𝑁+1 𝑒
𝑚=1 𝐷𝑚|𝑁+1 𝑒

(65)
(66)

It is worthy to note that the form of equations (63,65) is the same as that of equations (7-1,7-2).

Supplementary section 3: Angular spectral energy density of resonance transition radiation
The angular spectral energy density of resonance transition radiation in the forward and backward directions can
be analytically obtained, with the calculation procedure briefly introduced below; see more details in our
previous work [38]. One can obtain the total energy 𝑊1 radiated by a charged particle into region 1 (top air
region), i.e. backwards relative to its motion, by integrating the emitted field energy density over all space. For
a long time 𝑡, the radiated wave-train is already at a great distance to the interface and then separated from the
charge’s intrinsic field. If the origin is moved along the axis into the region of the radiated wave-train, the
integration with respect to 𝑧 can be taken from −∞ to +∞, since the field is attenuated in both directions [38].
For freely propagating waves, since the electric and magnetic energy densities are equal, one has
+∞

𝑊1 = ∫ 𝑑𝑥𝑑𝑦 ∫−∞ 𝑑𝑧 ⋅ 𝜀1 |𝐸̅1𝑅 (𝑟̅ , 𝑡)|2
𝑅
̅ 𝑅 ′ ∗′ (𝑧)𝑒 𝑖[(𝜅̅⊥ −𝜅̅⊥′)⋅𝑟̅⊥ −(𝜔−𝜔′ )𝑡] 𝑑𝜅̅⊥ 𝑑𝜅̅⊥′ 𝑑𝜔𝑑𝜔′
|𝐸̅1𝑅 (𝑟̅ , 𝑡)|2 = ∫ 𝐸̅1|𝜅
̅⊥ ,𝜔 (𝑧) ⋅ 𝐸1|𝜅
̅ ,𝜔
⊥

(67)
(68)

Substituting equation (68) into equation (67) and integrating over 𝑑𝑥𝑑𝑦𝑑𝜅̅⊥′ 𝑑𝑧𝑑𝜔′ in equation (67) gives
+∞

𝑊1 = 2 ∫0

∫ 𝜀1 |𝑎1 |2 (𝜔𝜀

2 𝜔2
2 𝑐2
𝑞
𝜅⊥
(2𝜋)3 𝑑𝜅̅⊥ 𝑑𝜔
√1
𝜀
−
)
√
1𝑟
2
3
2
𝑐𝜅⊥
𝜔 𝜀1𝑟
0 (2𝜋)
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(69)

For emitted photons, the integration over 𝑑𝜅̅⊥ is to be taken over the range 𝜅⊥2 <

𝜔2

𝜀 .
𝑐 2 1𝑟

We use the angle 𝜃

between the radiation wave vector 𝑘̅1 = (𝜅̅⊥, 𝑧̂ 𝑘1𝑧 ) and the direction of the vector – 𝑣̅ , so that 𝜃 = 0 represents
radiation in the opposite direction of the particle’s motion. Then we can express 𝜅⊥ =

𝜔
𝑐

√𝜀1𝑟 𝑠𝑖𝑛𝜃. A further

𝜔2

change from integration over 𝑑𝜅̅⊥ to one over 2𝜋𝜅⊥ 𝑑𝜅⊥ = 2𝜋( 𝑐 2 𝜀1𝑟 )𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑑𝜃 in equation (69) gives
+∞

𝑊1 = ∫0

𝜋/2

∫0

𝑈1(𝜔, θ) ⋅ (2𝜋𝑠𝑖𝑛𝜃)𝑑𝜃 𝑑𝜔
𝜀

3/2 2
𝑞 𝑐𝑜𝑠2 𝜃

𝑈1 (𝜔, θ) = 4𝜋1𝑟3 𝜀

0 𝑐𝑠𝑖𝑛

2𝜃

(70)

|𝑎1 |2

(71)

Equation (71) is the backward angular spectral energy density, which shows the distribution of the radiation as
a function of frequency and angle. With equation (64), the backward angular spectral energy density in equation
∞

(71) can be obtained straightforwardly. By expressing the total energy as 𝑊1 = ∫0 𝑊1 (𝜔)𝑑𝜔, one has the
energy spectrum of resonance transition radiation in the backward direction as
𝜋/2

𝑊1 (𝜔) = ∫0

𝑈1 (𝜔, θ) ⋅ (2𝜋𝑠𝑖𝑛𝜃)𝑑𝜃

(72)

By following the calculation procedure above, the forward angular spectral energy density and the energy
spectrum of resonance transition radiation in region 𝑁 + 1 (bottom air region) can also be obtained as:
𝑈𝑁+1 (𝜔, θ) =

3/2

𝜀𝑟,𝑁+1 𝑞2 𝑐𝑜𝑠2 𝜃

|𝑎𝑁+1 |2

(73)

𝑈𝑁+1 (𝜔, θ) ⋅ (2𝜋𝑠𝑖𝑛𝜃)𝑑𝜃

(74)

4𝜋3 𝜀0 𝑐𝑠𝑖𝑛2 𝜃
𝜋/2

𝑊𝑁+1 (𝜔) = ∫0

With equation (66), the forward angular spectral energy density in equation (73) can be calculated
straightforwardly. Note that the definitions of the radiation angle for the backward radiation in equations (71)
and the forward radiation in equation (73) are different. For the backward radiation in equations (71), the
radiation angle as stated above is the angle between the radiation wave vector 𝑘̅1 = (𝜅̅⊥ , 𝑧̂ 𝑘1𝑧 ) and the vector
– 𝑣̅ ; namely 𝜃 = 𝜃𝐵 in Fig. 1. For the forward radiation in equations (73), the radiation angle is the angle between
the radiation wave vector 𝑘̅1 = (𝜅̅⊥ , 𝑧̂ 𝑘1𝑧 ) and the vector +𝑣̅ ; namely 𝜃 = 𝜃𝐹 in Fig. 1.
The total emitted photon spectrum is 𝑊(𝜔)=𝑊1 (𝜔) + 𝑊2 (𝜔). The total energy of emitted photons into the top
and bottom air regions can be obtained by integrating over frequency.
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Supplementary Fig. 3 | Cherenkov radiation from an isotropic slab. The isotropic slab with a refractive index of 𝑛 = 1.01 has
a thickness of 2 mm. The structure is air-dielectric slab-air. a,b, Angular spectral energy density of forward (backward) radiation
in the bottom (top) air region at the working frequency (corresponding wavelength in air is λ = 700 nm).

Angular spectral energy density of transition radiation from an isotropic slab
Supplementary Figure 3 shows the angular spectral energy density of transition radiation from an isotropic slab
with a hypothetical refractive index of 𝑛 = 1.01. The highly directional radiation in Supplementary Fig. 3a
shows the relation between the Cherenkov angle and the particle velocity (denoted as the Cherenkov relation
below). From the Cherenkov relation, the isotropic slab will have the forward Cherenkov radiation when the
particle velocity is in the range of [0.99𝑐 𝑐]. The corresponding range for the Cherenkov angle in the air region
is [0 8.1] degree. The angular spectral energy density in the forward direction in Supplementary Fig. 3a is

~105 times of that in the backward direction in Supplementary Fig. 3b.
Forward Cherenkov relation of photonic crystals for particle identification with other velocity or momentum
Here we demonstrate the forward Cherenkov relation from an alternative photonic crystal that can enable the
identification of particles with the extremely high velocity or momentum, as shown in Supplementary Fig. 4.
The highly directional radiation in Supplementary Fig. 4a,b shows the Cherenkov relation of the photonic crystal.
The corresponding ranges of the particle velocity and the Cherenkov angle in the air region are [0.9995𝑐, 𝑐] and
[0 2.11] degree, respectively. The angular spectral energy density in the forward direction in Supplementary Fig.
4a is ~100 times larger than that in the backward direction in Supplementary Fig. 4b. Therefore, the resonance
transition radiation from the photonic crystal here is equivalent to the forward Cherenkov radiation. By applying
the Cherenkov relation in Supplementary Fig. 4a, Supplementary Fig. 4c shows the relation between the particle
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momentum and the Cherenkov angle for four kinds of particles with different masses. For different particles
with the same momentum being as high as 29.7 GeV/c, the corresponding Cherenkov angle is 2.12o, 2.09o, 1.79o,
and 0o for the electron, pion, kaon, and proton, respectively. These Cherenkov angles are different enough to
enable effectively distinguishing between the different particles.
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Supplementary Fig. 4 | Controlling the forward Cherenkov angle by photonic crystals. For the studied photonic crystal, the
thickness of the unit cell is 𝑑𝑢𝑛𝑖𝑡 = 1.0146𝜆; within the unit cell, the thicknesses for the two dielectric constituents are 𝑑1 =
0.3𝑑𝑢𝑛𝑖𝑡 and 𝑑2 = 0.7𝑑𝑢𝑛𝑖𝑡 , respectively. The total thickness of the photonic crystal is 50 mm. a,b, Angular spectral energy density
of forward (backward) radiation in the bottom (top) air region. c, Cherenkov angles versus the particle momentum for four kinds
of particles. These results adopt the relation between the particle velocity and the Cherenkov angle in a, and translate the velocity
to the momentum using the masses of different charged particles.

Supplementary section 4: Resonance transition radiation from a uniaxial system
The calculation procedure of resonance transition radiation in a uniaxial system is similar to that in
supplementary notes 1-3, which is briefly summarized below. We only consider resonance transition radiation
in an isotropic system in supplementary notes 1-3, where all regions are composed of isotropic materials.
Actually, resonance transition radiation from multiple interfaces can also be analytically solved when the
material in each becomes uniaxial with the relative permittivity being 𝜀̿𝑟,𝑗 = [𝜀𝑟,⊥,𝑗 , 𝜀𝑟,⊥,𝑗 , 𝜀𝑟,𝑧,𝑗 ] for region 𝑗 [34,
35]. When 𝜀𝑟,⊥,𝑗 = 𝜀𝑟,𝑧,𝑗 = 𝜀𝑟,𝑗 , the material in region 𝑗 becomes isotropic again.
For transition radiation from a single interface, when the two regions becomes uniaxial, the freely radiated fields
−,𝑜
+,𝑜
can be still be expressed by equations (7-9), but the two radiation facts of 𝑎𝑗|𝑗+1
in equation (10) and 𝑎𝑗|𝑗+1
in

equation (10) are changed to:
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−,𝑜
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=
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(75)

(76)

In addition, it is worthy to note that the component of the wavevectors for the radiated fields along the 𝑧 direction
are changed to 𝑘𝑧,𝑗 = √

𝜀𝑟,⊥,𝑗 𝜔2
𝑐2

𝜀𝑟,⊥,𝑗

− 𝜅⊥2 𝜀

𝑟,𝑧,𝑗

𝜀𝑟,⊥,𝑗+1 𝜔2

and 𝑘𝑧,𝑗+1 = √

𝑐2

𝜀𝑟,⊥,𝑗+1

− 𝜅⊥2 𝜀

𝑟,𝑧,𝑗+1

, respectively.

For resonance transition radiation from multiple interfaces in a uniaxial system, the field distribution in each
region can still be expressed by equations (54-66). However, the reflection and transmission coefficients at each
interface (see the text below equation (22-2)) are changed to 𝑅𝑗|𝑗+1 = −𝑅𝑗+1|𝑗 =

2
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and 𝑇𝑗+1|𝑗 =

𝑘𝑧,𝑗+1
𝜀𝑟,⊥,𝑗+1

2
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𝑘𝑧,𝑗
+
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∙
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𝑘𝑧,𝑗+1
−
𝜀𝑟,⊥,𝑗 𝜀𝑟,⊥,𝑗+1
𝑘𝑧,𝑗
𝑘𝑧,𝑗+1
+
𝜀𝑟,⊥,𝑗 𝜀𝑟,⊥,𝑗+1

, 𝑇𝑗|𝑗+1 =

, respectively.

Since we consider the top and bottom regions both to be the isotropic air region in this work, the backward and
forward angular spectral energy densities of resonance transition radiation in a uniaxial system can still be
expressed by equations (71,73), respectively.
Loss influence on the angular spectral energy density of transition radiation from a uniaxial slab
Recently, uniaxial metal-based metamaterials were proposed for the control of the Cherenkov relation in
Cherenkov detectors [14]. Since losses are unavoidable in the metal-based systems, Supplementary Fig. 5
investigate the loss influence on the angular spectral energy density of the forward Cherenkov radiation from a
uniaxial slab; see the structure in Supplementary Fig. 5a. For brevity, we consider the permittivity of the uniaxial
slab to be equal to the permittivity of the uniaxial metal-based metamaterials used in this recent paper (Ref. [14]).
When the loss is neglected, the Cherenkov relation can be clearly seen from the forward angular spectral energy
density in Supplementary Fig. 5b. However, when the realistic loss is considered, the Cherenkov relation is
severely distorted (e.g., broadened) and may even be practically destroyed, as shown in Supplementary Fig. 5c.
In addition, the value of the forward angular spectral energy density for the lossless case in Supplementary Fig.

14

5b is over 200 times larger than that for the lossy case in Supplementary Fig. 5c. Therefore, the realistic loss is
detrimental to the performance of Cherenkov detectors, and it shall be judicious to control the Cherenkov relation
in lossless systems.
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Supplementary Fig. 5 | Loss influence on the forward Cherenkov radiation from a uniaxial slab. a, Structural schematic. The
uniaxial slab with a thickness of 𝑑 = 2 mm has a relative permittivity of [𝜀𝑟,𝑥 , 𝜀𝑟,𝑦 , 𝜀𝑟,𝑧 ], where 𝜀𝑟,𝑥 = 𝜀𝑟,𝑦 . b,c, Angular spectral
energy density of the forward radiation in the top air region from a (b) lossless and (c) lossy uniaxial slab. For the lossy case in c,
the relative uniaxial permittivity, which is adopted from Ref. [14], stands for a metal-based uniaxial metamaterials. For the ideal
lossless case in b, the imaginary part of the uniaxial permittivity is neglected.

Supplementary section 5: Band structure and isofrequency contour of one-dimensional photonic crystals
The dispersion of 1D photonic crystal has been extensively studied and can be calculated by matching the
boundary condition with the help of Bloch’s theorem (or Bloch-periodic boundary condition) [30]. In this work,
the 1D photonic crystal is composed by two different isotropic materials along the 𝑧 direction, where their
relative permittivities are 𝜀𝑟,1and 𝜀𝑟,2 , respectively. For a periodic unit cell with a total thickness of 𝑑 = 𝑑1 +
𝑑2 , the thickness of these two materials are 𝑑1 and 𝑑2 , respectively. The dispersion of the 1D photonic crystal
for TM waves can be expressed as:
1 𝑌

𝑌

𝑐𝑜𝑠(𝑘𝑧 𝑑) = 𝑐𝑜𝑠(𝑘𝑧1 𝑑1 ) 𝑐𝑜𝑠(𝑘𝑧2 𝑑2 ) − 2 (𝑌1 + 𝑌2 )sin(𝑘𝑧1 𝑑1)sin(𝑘𝑧2 𝑑2 )

(77)

𝑌1 = 𝜔𝜀0 𝜀𝑟,1 /𝑘𝑧1; 𝑌2 = 𝜔𝜀0 𝜀𝑟,2 /𝑘𝑧2

(78)

2
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1

𝜀𝑟,1 𝜔2

In above equations, 𝑘𝑧,1 = √

𝑐2

𝜀𝑟,2 𝜔2

− 𝜅⊥2 and 𝑘𝑧,2 = √

𝑐2

− 𝜅⊥2 ; 𝜅⊥, same as that in supplementray notes 1-4,

is the magnitude of the component of the wavevector parallel to the interface. When 𝜅⊥ = 0, equation (77)
characterizes the relation between the angular frequency ω and the component of the wavevector along the 𝑧
direction (i.e. 𝑘𝑧 ). By solving the case of 𝜅⊥ = 0, the band structure for the 1D photonic crystal can be obtained.
When the angular frequency is a constant with 𝜔 = 𝜔0, equation (77) characterizes the relation between 𝑘𝑧
and 𝜅⊥. By solving the case of 𝜔 = 𝜔0 , the isofrequency contour of the 1D photonic crystal at 𝜔 = 𝜔0 can be
obtained; see Supplementary Fig. 6 for example.
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Supplementary Fig. 6 | Isofrequency contours of photonic crystal (a) in Fig. 3a and (b) in Fig. 4. These two isofrequency
contours are designed for the generation of forward and backward Cherenkov radiation, respectively. The working wavelength is
700 nm.

Supplementary section 6: Various features of Cherenkov radiation from photonic crystals
(6.1) Impact of local disorders on Cherenkov radiation from photonic crystals
The impacts from the local disorders in photonic crystals on the performance of Cherenkov radiation are
discussed in Supplementary Fig. 7. The local disorder is exemplified by assuming that there is a uniformlydistributed random change of the thickness (i.e., structural variation) or the permittivity (i.e., material variation)
for a certain number of periods of photonic crystal in Fig. 3a. Supplementary Figure 7 indicates that Cherenkov
radiation from photonic crystal is insensitive to these local disorders.
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Supplementary Fig. 7 | Impact of local disorders, including (a-c) structural variation and (d-f) material variation, on the
angular spectral energy density of forward radiation from photonic crystals. When there is no disorder, the photonic crystal
is the same as that in Fig. 3a, where its total number of periods is 2800. When there is local disorder, it is assumed that there is a
uniformly-distributed random change in the thickness (i.e., structural variation) or the permittivity (i.e., material variation) for the
first 50 periods in the photonic crystal. The maximum relative change in each parameter is 5% in a,d, 10% in b,e, and 20% in c,f,
respectively. A similar change in different layers yield similar results.

(6.2) Angular spread of Cherenkov radiation from photonic crystals
Supplementary Figure 8a shows the angular spectral energy density of forward radiation 𝑈𝑁+1 (𝜔0 , 𝜃) for
different thicknesses of photonic crystal at a fixed frequency and at a fixed particle velocity. Here we explore
the angular spread of the radiation within the main lobe of 𝑈𝑁+1 (𝜔0 , 𝜃). The main lobe has an angular spread of
𝛥𝜃 = 𝜃𝑚𝑎𝑥 − 𝜃𝑚𝑖𝑛 . This way, the fraction of Cherenkov radiation radiated into the main lobe is defined as 𝜂 =
𝜃

∫𝜃 𝑚𝑎𝑥 𝑈𝑁+1 (𝜔0 ,𝜃)𝑑𝜃
𝑚𝑖𝑛
𝜋/2

∫0

𝑈𝑁+1 (𝜔0 ,𝜃)𝑑𝜃

. Supplementary Figure 8b shows the values of 𝜂 and 𝛥𝜃 under different number of periods

for photonic crystals. When the number of periods increases, 𝜂 increases to ~90% and the angular spread 𝛥𝜃
decreases (down to less than 0.05o). We find the same behavior for different wavelengths and particle velocities.
For the photonic crystal in Fig. 3a, 𝜂 = 85% and 𝛥𝜃 = 0.36𝑜 when 𝑣 = 0.9995𝑐.
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Since the relation between Cherenkov angle and particle velocity (or momentum) is directly extracted from the
angular spectral energy density, there will be an uncertainty contributed by the angular spread of Cherenkov
radiation. This may come from the finite thickness of photonic crystal as can be inferred from Supplementary
Fig. 8. Therefore, one way to improve the precision in measurement for high particle momentum is to adopt a

2800
4000
6000
8000
10000
15000
20000

a

0.8

0.6

b

90

1

80

0.5

70

0

0.4

0.2

0

9.9

θmin

θmax 10.1

θF (degree)

10.2

0

Δθ (degree)

1

η (%)

normalized angular spectral energy density

sufficiently thick photonic crystal.

5000
10000
15000
20000
number of periodicity of photonic crystal

Supplementary Fig. 8 | Angular spread of forward Cherenkov radiation from a photonic crystal. a, Normalized angular
spectral energy density of forward radiation, i.e., 𝑈𝑁+1 (𝜔0 , 𝜃)/𝑚𝑎𝑥(𝑈𝑁+1 (𝜔0 , 𝜃))). Here 𝑁 = 2𝑀 + 1, where 𝑀 is the number
of periods in the photonic crystal. The values of 𝑀 are denoted in the legend. For this example, the wavelength is 𝜆0 = 700 nm,
𝜔0 = 2𝜋𝑐/𝜆0 , and the particle velocity is 𝑣 = 0.9995𝑐. The photonic crystal’s layers are the same as that in Fig. 3a. b, Angular
spread of Cherenkov radiation 𝛥𝜃, and the fraction 𝜂 of energy radiated into the angle range of [𝜃𝑚𝑖𝑛 𝜃𝑚𝑎𝑥 ] versus the number of
periods. 𝜃𝑚𝑖𝑛 and 𝜃𝑚𝑎𝑥 , as denoted in a, are the angles on the two sides of the main lobe where 𝑈𝑁+1 (𝜔0 , 𝜃) reaches local minima
(dips).

(6.3) Momentum range for particle identification
There is a trade-off between the ability to measure particles of relatively high mass (e.g., proton) and to separate
between particles of low mass (e.g., electron and pion). To cover a wider momentum range, one can use multiple
photonic crystal radiators, each designed to cover a different range. This is elaborated below.
As the momentum of the charged particle increases, the plots of “Cherenkov angle vs momentum” for different
particle types are expected to converge, regardless of whether it is in a conventional dielectric medium or in a
photonic crystal. This can be seen from the standard formula for Cherenkov radiation in a dielectric medium.
When a charged particle with a rest mass m and momentum 𝑝 moves with a velocity 𝑣 = 𝛽𝑐 in a dielectric with
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refractive index 𝑛, the Cherenkov angle 𝜃 is given by cos𝜃 =

1
𝑛𝛽

. Here, 𝛽 =

𝑝
√𝑝2 +𝑚2 𝑐 2

=

1
√1+𝑚2 𝑐 2 /𝑝2

. (SI units

used here, and c is the speed of light in vacuum). From this, one can infer that as the particle momentum increases
to large values, 𝛽 → 1 and 𝜃 → 𝑐𝑜𝑠 −1(1/𝑛). Hence, the Cherenkov angle becomes independent of the particle
type. As the particle momentum decreases, the curves for different particle types separate out until they vanish
at the corresponding Cherenkov thresholds, i.e., where 𝜃 = 0, 𝛽 = 1/𝑛 and 𝑝 = 𝑚𝑐(𝑛2 − 1)−1/2 . This also
means that a smaller refractive index or effective refractive index is needed to maintain the angular detection
sensitivity at high momentum.
An example of this dependence on refractive index and momentum in real data can be seen in Fig. 14 of Ref.
[11]. Indeed during the design of Cherenkov detectors, the choice of radiator depends on the momentum range
and particle type that is envisaged for particle identification. To cover a large momentum range, multiple
radiators each with a different refractive index are needed. As an example, to cover a momentum range of 2-100
GeV/c, three different radiators were used in Ref. [53] as indicated in Fig. 6.1 there.
The same behavior is expected in the case of the effective Cherenkov radiation from the photonic crystals we
designed, as indicated in Fig. 3 and Fig. 4 of our manuscript. In particular, a photonic crystal can be designed to
have high sensitivity for electron-pion separation in a certain momentum range at the cost of being potentially
below threshold and thus insensitive to protons in the same momentum range. As with conventional radiators,
we would need several photonic crystal designs to cover a wide momentum range and to separate between all
the particles. However, unlike conventional radiators, a photonic crystal can be designed to cover any desired
range, instead of being limited by the values of refractive indices available in nature.

(6.4) Equivalence between Cherenkov radiation of Bloch modes and resonance transition radiation
From the perspective of the local interaction between the charged particle and the layers constituting the photonic
crystal, there will be two types of radiation processes, including the conventional Cherenkov radiation inside
each dielectric layer and the transition radiation generated at each interface. For Fig. 1b, since the particle
velocity is below the Cherenkov threshold at each dielectric material, there will be no conventional Cherenkov
radiation inside each layer. For Figs. 3 and 4, since the generated conventional Cherenkov radiation inside each
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dielectric has 𝑘𝜌 > 𝜔/𝑐, the conventional Cherenkov radiation will not contribute to the radiation in air but will
be guided within the waveguide-like photonic crystal (due to total internal reflection). Therefore, in both Fig. 1b
and Figs. 3 and 4, and generally in the designs we propose in this paper, the radiation into air comes only from
the interference of transition radiation generated at each interface, i.e., resonance transition radiation.
The resonance transition radiation that interferes constructively in air, and the generation of Bloch modes that
are allowed to couple out to air, become the same underlying process when the photonic crystal is sufficiently
thick. They are just two equivalent perspectives of the same phenomenon resulting in radiation into air.
In order to gain an intuitive understanding, we may qualitatively analyze the radiation into air from the
perspective of the interaction between the charged particle and the subset of Bloch modes that can couple out to
air. (This is done by focusing on the discussion on Bloch modes with 𝑘𝜌 < 𝜔/𝑐, due to their capability of
transmitting into air, while the Bloch modes with 𝑘𝜌 > 𝜔/𝑐 will stay trapped/guided within the photonic crystal.)
We can show that from the perspective of the radiation into air, the case above is equivalent to considering the
photonic crystal as a homogeneous effective material with an effective (potentially nonlocal) permittivity and
permeability. This way, we can effectively treat the total radiation into air as the superposition of two elements:
(1) the generated Bloch modes transmitted into air (i.e., the effective Cherenkov radiation from photonic crystal)
and (2) the transition radiation at the interface of air/homogeneous bulk. When the photonic crystal is sufficiently
thick, the generated Bloch modes transmitted into air will dominate the whole radiation into air. Under this
condition, the generated Bloch modes that couple out to air and the resonance transition radiation that
constructively interfere in air are the same. It is thus reasonable to treat the resonance transition radiation that
constructively interfere in air as the effective Cherenkov radiation from the photonic crystal.

(6.5) Phase velocity of excited Bloch modes that can couple out to air
In this section we use the photonic crystal in Fig. 1b to analyze the relation between the particle velocity and the
phase velocity of the Bloch mode of photonic crystal being able to couple out to air. Supplementary Figure 9
shows the isofrequency contour of the photonic crystal at the wavelength of 700 nm for the range of 𝑘𝜌 ≤ 𝜔/𝑐 .
When the charge particle has a velocity of 𝑣̅ = 𝑧̂ 𝑣 (𝑣 = 0.5𝑐), the charged particle excites Bloch modes with its
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𝑐

𝜔

𝑣

𝑐

z-component wavevector being 𝑘𝑧,𝐴 = ∙

=2

𝜔
𝑐

(denoted as eigenmode A in Supplementary Fig. 9). For

eigenmode A, the z-component of group velocity 𝑣̅𝐴,𝑔 is antiparallel to the direction of motion of the particle,
i.e., 𝑧̂ ∙ 𝑣̅𝐴,𝑔 < 0; and the z-component of the wavevector is equal to 𝜔/𝑣, i.e., 𝑘𝐴 > 𝑘𝑧,𝐴 = 𝜔/𝑣. Therefore, 𝑣 >
𝜔/𝑘𝐴 = |𝑣̅𝐴,𝑝 |; thus, we show that the phase velocity of the excited Bloch modes before the periodic modulation
(denoted as 𝑣̅𝐴,𝑝 in Supplementary Fig. 9) is smaller than the particle velocity. However, it is worthy to note that
the value of 𝑘𝑧,𝐴 for the generated field of eigenmode A is modulated by the periodic structure, i.e., 𝑘𝑧,𝐴 =
𝑘𝑧,0,𝐴 + 𝑚𝐴

2𝜋
𝑑𝑢𝑛𝑖𝑡

, where |𝑘𝑧,0,𝐴 | ≤

𝜋
𝑑𝑢𝑛𝑖𝑡

, 𝑚 is an integer number, and 𝑑𝑢𝑛𝑖𝑡 is the thickness of unit cell of

photonic crystal. For eigenmode A, its corresponding value of 𝑘𝑧,0,𝐴 is negative (along with 𝑚𝐴 = −2) and is
the same as the value of the z-component wavevector 𝑘𝑧,𝐵 for eigenmode B in Supplementary Fig. 9; for
2𝜋

eigenmode B, we also have 𝑘𝑧,𝐵 = 𝑘𝑧,0,𝐵 + 𝑚𝐵 𝑑

𝑢𝑛𝑖𝑡

, where 𝑘𝑧,𝐵 = 𝑘𝑧,0,𝐵 and 𝑚𝐵 = 0. This way, when the

generated eigenmode A propagates inside the photonic crystal, its phase velocity after the periodic modulation
′
(denoted as 𝑣̅𝐴,𝑝
, not shown in Supplementary Fig. 9) will be different from that before the periodic modulation,
′
′
i.e., 𝑣̅𝐴,𝑝
≠ 𝑣̅𝐴,𝑝 ; in contrast, it will be the same as that of eigenmode B, i.e., 𝑣̅𝐴,𝑝
= 𝑣̅𝐵,𝑝 . That is why in Fig. 1b
′
the z-component of phase velocity 𝑣̅𝐴,𝑝
for the generated plane wave near the trajectory of the charged particle

is also antiparallel to the direction of motion of the particle.

21

kz/(ω0/c)=c/v=2

𝑣̅𝐴,𝑝
𝑣̅𝐴,𝑔

kz/(ω0/c)

A

(+π/dunit)/(ω0/c)

B
𝑣̅𝐵,𝑝
(-π/dunit)/(ω0/c)

kρ/(ω0/c)
Supplementary Fig. 9 | Isofrequency contour of the photonic crystal. Here we focus on the Bloch modes with 𝑘𝜌 < 𝜔/𝑐 due
to their capability to couple out to air. The wavelength is 𝜆0 = 700 nm and 𝜔0 = 2𝜋𝑐/𝜆0. The photonic crystal is the same as that
in Fig. 1b, where the thickness of its unit cell is denoted as 𝑑𝑢𝑛𝑖𝑡 . The charged particle moves along the +𝑧̂ direction with 𝑣 = 0.5𝑐.
The values of 𝑘𝜌 are the same for eigenmodes A and B. The region with |𝑘𝑧 | ≤ 𝜋/𝑑𝑢𝑛𝑖𝑡 denotes the first Brillouin zone.

(6.6) Threshold of particle velocity for Cherenkov radiation from photonic crystals
All radiation into air in this paper comes only from the resonance transition radiation. Although the (regular)
transition radiation has no threshold for the particle velocity, a resonance transition radiation that interferes
constructively in air does have a threshold for the particle velocity 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 (i.e. a cutoff). Because of the
existence of this threshold, it is possible to distinguish two regimes for the radiation into air, i.e., Cherenkov-like
radiation when 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 and the transition-like radiation when 𝑣 < 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 . The main topic of this
paper is the Cherenkov-like radiation with 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 .
For example, the threshold for the particle velocity is 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 = 0.99𝑐 for the case in Fig. 3a and Fig.4b. In
order to clearly demonstrate this threshold, we re-plot Fig. 3a with a much wider range of particle velocities in
Supplementary Fig. 10a-d. When 𝑣 < 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ( 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ), the resonance transition radiation will
interfere destructively (constructively) in air, and the angular spectral energy density at the range of 𝑣 <
𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 is much (~2 order of magnitude) smaller than that at the range of 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ; in addition, the
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radiation into air is highly directional only when 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 . Therefore, the Cherenkov-like radiation into
air is formed only when 𝑣 ≥ 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 , and the transition-like radiation appears when 𝑣 < 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 .
To emphasize the Cherenkov-like behavior of the resonance transition radiation, note the similarity to radiation
from a dielectric slab shown in Supplementary Fig. 10e-h. It is well known that the conventional Cherenkov
radiation will dominate the whole radiation into air when 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 , and there is only the transition radiation
when 𝑣 < 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 . From the similarities between Supplementary Fig. 10a-d&e-h, it is safe to conclude that
when 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 (𝑣 < 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ) the radiation from photonic crystal into air is similar to the Cherenkov
radiation (transition radiation) generated from a dielectric slab. Therefore, it is reasonable to treat the radiation
from photonic crystal into air as the Cherenkov-like radiation when 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 .
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Supplementary Fig. 10 | Above- and below-threshold behavior for resonance transition radiation and Cherenkov radiation.
The panels show the angular spectral energy density of forward radiation 𝑈𝑁+1 (𝜔0 , θ) for different colorbar scales. In each panel,
the red dashed line denotes the threshold of particle velocity. a-d, 𝑈𝑁+1 (𝜔0 , θ) from a photonic crystal. e-h, 𝑈𝑁+1 (𝜔0 , 𝜃) from a
dielectric slab. When 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 , the radiation near the Cherenkov angle (i.e., the effective or conventional Cherenkov radiation)
dominates the whole radiation in air, and the radiation at other angles (i.e. transition radiation) is very minor. When 𝑣 < 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ,
the radiation in all angles (i.e. transition radiation) is very small. The photonic crystal here is the same as that in Fig. 3a. The
dielectric slab has a hypothetical refractive index of 1.01 and a thickness of 2 mm. The wavelength is 𝜆0 = 700 nm and 𝜔0 =
2𝜋𝑐/𝜆0 .
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(6.7) Similarity between radiation spectra from a photonic crystal and from a dielectric slab
We show the radiation spectrum from photonic crystals at a fixed velocity in Supplementary Fig. 11 (with the
example of the backward Cherenkov radiation in Fig. 4). Supplementary Figure 11 shows that when the photonic
crystal has (does not have) Bloch modes that can couple out to air, the radiation into air is Cherenkov-like
(transition-like). In addition, the radiation spectrum from each photonic crystal design has clear jumps between
frequency ranges having either Cherenkov-like or transition-like radiation.
In addition, the spectra of forward radiation from a photonic crystal and from a dielectric slab at a fixed
wavelength at different particle velocities are shown for comparison in Supplementary Fig. 12. A clear jump
near 𝑣 = 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 is also found both in the radiation spectra from the photonic crystal and the dielectric slab.
It is thus reasonable to argue that when 𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 (𝑣 < 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ), the radiation from photonic crystal into
air is Cherenkov-like (transition-like) radiation.
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Supplementary Fig. 11 | Backward Cherenkov radiation from photonic crystal at a fixed velocity of 𝒗 = 𝟎. 𝟗𝟗𝟓𝒄, showing
jumps between frequency ranges having either Cherenkov-like or transition-like radiation. a, Dispersion of Bloch
eigenmodes of photonic crystal at a constant value of 𝑘𝑧 /(𝜔/𝑐) = 𝑐/𝑣. We focus on Bloch modes with 𝑘𝜌 < 𝜔/𝑐 since these are
the only ones that can couple out to air. Such Bloch modes exist for this configuration in the range of [427.8 464] THz. b, Backward
radiation spectrum 𝑊1 (𝜔). The frequencies at 427.8 THz and at 464 THz are denoted by the dashed lines to mark the jumps
between Cherenkov-like and transition-like radiation. The photonic crystal’s layers are the same as in Fig. 4, and the number of
periods is 𝑀 = 1000. The radiation into air is a Cherenkov-like (transition-like) radiation inside (outside) the frequency range of
[427.8 464] THz.
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Supplementary Fig. 12 | Spectra of forward radiation 𝑾𝑵+𝟏 (𝝎𝟎 ) from a photonic crystal and from a dielectric slab at
different particle velocities. Both contain a clear velocity threshold that shows that the radiation is Cherenkov-like. Here
𝜋/2

𝑊𝑁+1 (𝜔0 ) = ∫0

𝑈𝑁+1 (𝜔0 , 𝜃) ⋅ (2𝜋sin𝜃)𝑑𝜃 (see equation (74)), where 𝑈𝑁+1 (𝜔0 , 𝜃) is shown in Supplementary Fig. 10. When

𝑣 > 𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 (𝑣𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 = 0.99𝑐, denoted as the dashed line), the resonance transition radiation interferes constructively in air,
leading to the formation of effective Cherenkov radiation. The setup for this figure is the same as in Supplementary Fig. 10.

(6.8) Bandwidth and chromatic aberration correction of Cherenkov radiation from photonic crystals
For the effective Cherenkov radiation from a photonic crystal, the bandwidth is typically of the order of several
hundred nm. In the various photonic crystal designs, the most important feature for particle identification is the
high sensitivity to the particle velocity. This feature can be maintained over several tens to few hundreds of nm,
depending on the specific photonic crystal design, the dielectric materials used, and the range of particle
momenta selected. Although the effective Cherenkov radiation from the photonic crystal exists over a large
bandwidth, it can be accompanied by a dispersion that causes chromatic aberrations. This dispersion is the direct
outcome of the periodicity of the structure, and consequently, the effective Cherenkov angle from a given
photonic crystal can vary with the wavelength. Such chromatic aberrations are also seen in other photonic crystal
applications [54, 55]. To make use of the entire bandwidth available, one may need to compensate for the
chromatic aberration or to minimize its impact on particle identification when designing the crystal structure.
In order to illustrate that the chromatic effect depends on the photonic crystal design, an example configuration
for a photonic crystal is considered in Supplementary Fig.13. The angular spectral densities for three different
particle velocities are shown in the wavelength range 300-750 nm. It can be inferred that, for this structure in
Supplementary Fig.13, there is negligible chromatic effect in the wavelength range shown.
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Supplementary Fig. 13 | Broadband effective forward Cherenkov radiation from photonic crystals. One can see a clear
Cherenkov signal produced in the wavelength range of 300-750 nm, with a negligible dispersion. The value of 𝛽 = 𝑣/𝑐 is 0.6941
in a, 0.8277 in b, and 0.8878 in c, respectively. The particle used here is the electron and its momentum is denoted in each panel.
The photonic crystal consists of 250 periods (i.e., 500 layers); the thickness of each layer is 250 nm; and the refractive indices are
𝑛1 = 1.414 and 𝑛2 = 1.567, respectively.

When designing the photonic crystals which have chromatic aberration, some of the options for mitigating the
influence of these aberrations on particle identification are discussed below.
(a) A simple option is to limit the frequency range used in signal detection, using optical filters. In order
to compensate for the reduction in signal due to the limited bandwidth, one may increase the number
of layers. Another similar option is to keep the broader frequency range detection but instead limit the
maximum momentum envisaged for particle identification from a given photonic crystal structure, thus
increasing the angular separation between the particles and consequently reducing the effect of
chromatic aberrations. For example, for the photonic crystal structure used in Fig. 3c, using a bandwidth
of 6 THz, the ranges of Cherenkov angle for pion, kaon and proton are well separated below 3 GeV/c;
see Supplementary Fig. 15a below.
(b) The chromatic error from the dispersion of refractive index exists for Cherenkov radiation from
conventional radiators also. In some detectors, the Cherenkov photons travel for couple of meters
before they are focused on the photon detector plane. As described in Ref. [40], one of the techniques
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that has been tried is to measure the time of arrival of photons on the detector plane, in addition to their
spatial coordinates. This method makes use of the fact that, photons with larger wavelengths have
relatively larger group velocity and thus arrive at the detector plane earlier, than the photons of lower
wavelengths produced by the same charged track. Hence after performing appropriate calibration of
the setup, the time of arrival of the photons from a charged track can be used to infer the corresponding
photon wavelengths and thus apply the corresponding corrections to the Cherenkov angles. This
method can be applied to the Cherenkov radiation from photonic crystals to increase the usable
bandwidth.
(c) A different but innovative and more general approach is to integrate chromatic aberration correction as
part of the design of the photonic crystal structure. One option is to use gain materials with anomalous
dispersion to construct the photonic crystals, since the material’s anomalous dispersion can help to
cancel out the dispersion caused by the periodic structure. Supplementary Figure 14a shows that the
photonic crystals based on gain materials with anomalous dispersion are suitable for particle
identification with a relatively wide frequency bandwidth of 48 THz, even for particle momentum range
of 1-16 GeV/c. For example, when the particle momentum is 13 GeV/c in Supplementary Fig. 14a, the
angular ranges of Cherenkov radiation for pion, kaon and proton are [9.4o 9.6o], [9o 9.2o], and [8o 8.2o],
respectively, which are well separated and can enable the different particle types to be effectively
distinguished from one another. Moreover, the working bandwidth can be extended to above 100 THz
when the particle momentum is below 10 GeV/c, such as the case of 7 GeV/c shown in Supplementary
Fig.14b. Anomalous dispersion can exist in materials with gain (e.g., [41-43]) and in materials with
loss. Usage of materials with gain for chromatic correction, avoids the problem of potential photon
propagation loss associated with other materials which may also offer anomalous dispersion. The usage
of such gain materials may also help to design thin Cherenkov radiators with a high photon yield, since
the photons emitted will be amplified during their propagation. Moreover, the anisotropy in the
direction normal to the particle path may also help to magnify the Cherenkov angles produced [14],
which in turn would separate out the plots similar to those shown in Supplementary Fig. 15a and reduce
the effect of the chromatic aberration. Alternately, the usage of optical elements (such as the achromatic
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doublet) to apply chromatic aberration corrections, as done in many microscopes [44, 45, 56, 57], is
also worth exploring.
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Supplementary Fig. 14 | Cherenkov angle versus particle momentum from photonic crystal assembled using a material with
anomalous dispersion. This figure shows the forward Cherenkov angles from different types of particles as a function of their
momenta, within the frequency range (a) of [762 810] THz and (b) of [735 840] THz. The shaded region of each particle denotes
the angular range in which Cherenkov radiation can be emitted within the chosen frequency range. The corresponding wavelength
range is [370 394] nm in (a) and [357 408] nm in (b). The photonic crystal configured here is suitable for particle identification for
a momentum up to 16 GeV/c in (a) and up to 10 GeV/c in (b). For example, when the particle momentum is 13 GeV/c, the angular
range of Cherenkov radiation in (a) is [9.4o 9.6o], [9.4o 9.6o], [9o 9.2o], [8o 8.2o] for electron, pion, kaon and proton, respectively.
When the particle momentum is 7 GeV/c, the angular range of Cherenkov radiation in (b) is [8.4o 9.6o], [8.3o 9.5o], [7o 8.3o], [0o
3.1o] for electron, pion, kaon and proton, respectively. For this photonic crystal, the thickness of unit cell is 𝑑𝑢𝑛𝑖𝑡 = 2 m; within
each unit cell, the thickness of each of the two dielectric constituents are 𝑑1 = 𝑑2 = 0.5𝑑𝑢𝑛𝑖𝑡 ; 𝜀𝑟1 = 1.97 , and 𝜀𝑟2 = 4 −
0.4𝜔/(2𝜋𝑐/𝑑𝑢𝑛𝑖𝑡 ). Within the chosen frequency range, 𝜀𝑟2 varies by 0.13 in (a) and of 0.28 in (b). Such small variations of 𝜀𝑟2 ,
are typical in gain materials (e.g., [40-42]) with anomalous dispersion. For this illustration, the imaginary part of 𝜀𝑟2 is neglected.

In order to test the potential of these approaches, we performed numerical simulations to optimize a simple
aberration correction consisting of a linear frequency dependent shift to the angle. The results are shown in
Supplementary Figs. 15 and 16. For comparison, Supplementary Fig. 15a is created without the chromatic
correction for a frequency range of 540-546 THz, where overlaps can be seen between the plots for different
particle types above 3 GeV/c. In contrast, Supplementary Fig. 15b is created after chromatic aberration correction
for a frequency range of 493-546 THz, exhibiting reduced overlaps. For example, in this figure, even at 6.6
GeV/c, the variation of the Cherenkov angles due to dispersion are in the ranges [9.7o, 11.4o], [7.3o, 9.1o] and
[0.8o, 2.7o] for pion, kaon and proton, respectively and thus these particle types can be distinguished from one
another. The corresponding angular radiation spectra are shown in Supplementary Fig. 16. The example linear
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chromatic aberration correction applied here enables to expand the operating bandwidth from 6 THz to 53 THz
and to augment the upper momentum limit for particle identification from 3 to approximately 7.5 GeV/c while
maintaining the sensitivity to particle velocity.
The same exercise is repeated for backward Cherenkov radiation in Supplementary Fig. 17, which show the plots
of Cherenkov angle vs momentum before and after applying a similar simple correction. The corresponding
angular spectral energy densities are shown in Supplementary Fig. 18.
We also note that correcting for chromatic aberrations is part of optimizing the design of photonic crystal as a
radiator and one may use a mixture of the solutions described above.
correcting for chromatic aberrations increases
chromatic aberrations may limit the
both the momentum range for particle
momentum range for particle identification
a
b
identification and the operating bandwidth
(example with 6 THz bandwidth)
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Supplementary Fig. 15 | Particle identification using photonic crystal as radiator: with and without chromatic aberration
correction. The two panels show the Cherenkov angles of forward Cherenkov radiation versus particle momenta for a certain
frequency range (a) before and (b) after a chromatic aberration correction. The photonic crystal here is the same as that in Fig. 3a.
For the chromatic aberration correction, a linear function of 𝜃𝐹′ = 6𝜃𝐹 −

12 𝜔/2𝜋
7

(

1THz

− 344.2) ∙ 1degree is applied between the

original radiation angle 𝜃𝐹 and the post-processed radiation angle 𝜃𝐹′ . The shaded region of each particle denotes the angular range
to which Cherenkov radiation is emitted within the chosen frequency range. Applying the aberration correction results in the shaded
regions for pion, kaon and proton becoming more separated from each other. The corresponding wavelength range in b is [549.5
608.5] nm.
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Supplementary Fig. 16 | Angular distribution of forward Cherenkov radiation from a photonic crystal. a-d, Angular spectral
𝜔

energy density 𝑈𝑁+1 (𝜔, 𝜃) . e, Angular radiation spectra 𝑊𝑁+1 (𝜃) = ∫𝜔 𝑚𝑎𝑥 𝑈𝑁+1 (𝜔, 𝜃)𝑑𝜔 . This figure shows that even at
𝑚𝑖𝑛

momentum of 6.6 GeV/c, despite the chromatic aberration angular broadening, pion (or electron), kaon and proton are still
distinguishable after applying a chromatic aberration correction. The correction applied is the same as that in Supplementary Fig.
15b. Here, the photonic crystal’s layers are the same as in Fig. 3a. For this example, a number of periods of 𝑀 = 500 is chosen.
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Supplementary Fig. 17 | Particle identification with photonic crystal-based Cherenkov detectors: with and without
chromatic aberration correction. The two panels show the Cherenkov angles of backward Cherenkov radiation versus particle
momenta for a certain frequency range (a) before and (b) after a chromatic aberration correction. The photonic crystal here is the
same as that in Fig. 4. For the chromatic aberration correction, a linear function of 𝜃𝐵′ = 4𝜃𝐵 −

20 𝜔/2𝜋
3

(

1THz

− 417.7) ∙ 1degree is

applied between the original radiation angle 𝜃𝐵 and the post-processed radiation angle 𝜃𝐵′ . The shaded region of each particle
denotes the angular range to which Cherenkov radiation is emitted within the chosen frequency range. At the fixed particle

30

momentum of 6.6 GeV/c, the range of Cherenkov angles for pion (or electron), kaon and proton are well separated from (overlapped

455

a

b

d

c

450
445

electron
6.6 GeV/c
440
β=0.999999996
0
10 0
5
θ'B (degree)

W1(θ'B) (10-20 J/sr)

Frequency (THz)

with) each other after (before) chromatic aberration correction. The corresponding wavelength range in b is [659.3 686.5] nm.

8

pion
6.6 GeV/c
β=0.9998
10 0
5
θ‘B (degree)

kaon proton
6.6 GeV/c 6.6 GeV/c
β=0.9972 β=0.99
10 0
10
5
5
θ‘B (degree)
θ‘B (degree)
18
0
angular spectral energy density of backward radiation U1(ω,θ) (10-34 J-s/sr)
e

6
4
2
0

2

4

pion: β=0.9998
kaon: β=0.9972
proton: β=0.99
electron: β=0.999999996
6
10
8
θ'B (degree)

12

Supplementary Fig. 18 | Angular distribution of backward Cherenkov radiation from a photonic crystal. a-d, Angular
𝜔

spectral energy density 𝑈1 (𝜔, 𝜃). e, Angular radiation spectra 𝑊1 (𝜃) = ∫𝜔 𝑚𝑎𝑥 𝑈1 (𝜔, 𝜃)𝑑𝜔 . This figure shows that even at
𝑚𝑖𝑛

momentum of 6.6 GeV/c, despite the chromatic aberration angular broadening, pion (or electron), kaon and proton are still
distinguishable after applying a chromatic aberration correction. The correction applied is the same as that in Supplementary Fig.
17b.Here, the photonic crystal’s layers are the same as in Fig. 4a. A number of periods of 𝑀 = 1000 is chosen.

(6.9) Angular spectral energy density and the radiation spectrum at a fixed velocity
For the forward Cherenkov radiation, the angular spectral energy density and the angular radiation spectra at
four different fixed velocities are shown in Supplementary Fig. 16a-d and Supplementary Fig. 16e, respectively,
with the same example of chromatic aberration correction described above. Similarly, for the backward
Cherenkov radiation, the angular spectral energy density and the angular radiation spectra at four different fixed
velocities are shown in Supplementary Fig. 18a-d and Supplementary Fig. 18e, respectively.

(6.10) Fraction of Cherenkov radiation emitted into the desired direction
𝜃

The fraction of Cherenkov radiation emitted in the desired direction, which is defined as 𝜂 =

∫𝜃 𝑚𝑎𝑥 𝑊𝑁+1 (𝜃)𝑑𝜃
𝑚𝑖𝑛
𝜋/2

∫0

𝑊𝑁+1 (𝜃)𝑑𝜃

,

where [𝜃𝑚𝑖𝑛 𝜃𝑚𝑎𝑥 ] is the range of Cherenkov angles within the chosen frequency range. The value of 𝜂 is over
75% for both the forward and backward Cherenkov radiation. For example, [𝜃𝑚𝑖𝑛 𝜃𝑚𝑎𝑥 ] are [9.9o, 11.6o], [9.7o,
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11.4o], [7.3o, 9.1o] and [0.8o, 2.7o] for electron, pion, kaon and proton, respectively, at 6.6 GeV/c in
Supplementary Fig. 15b. Over 75% of the Cherenkov radiation emission is contained within these ranges of
Cherenkov angles (Supplementary Fig. 16e). The value of 𝜂 can be further improved by using a thicker photonic
crystal, since the angular spread of Cherenkov radiation decreases when the thickness of photonic crystal
increases; see more information on this topic in Supplementary Fig. 8.

(6.11) Impact of material loss on Cherenkov radiation from photonic crystal
The material loss indeed has a detrimental impact on the performance of all Cherenkov detectors, since it reduces
the signal and destroys the relation between Cherenkov angle and particle velocity by significantly broadening
the angle-velocity relation. Therefore, it shall be necessary to use materials that are nearly-purely transparent
(such as the proposed photonic crystals based on transparent dielectrics in this work) to gain efficient control of
Cherenkov angles. We further check the impact of material loss on Cherenkov radiation from photonic crystals
in Supplementary Fig. 19, by considering the realistic values of loss and comparing them with results obtained
after using values that are artificially increased. To exhibit the dependence on loss, Supplementary Fig. 19 shows
that when the material loss increases, the relation between Cherenkov angle and particle velocity will also
disappear, similar to what happens in metal-based metamaterials (with a complex permittivity) in Supplementary
Fig. 5. However, importantly, realistic values of loss in realistic transparent dielectric are low enough to yield
results that are equivalent to having no loss at all.
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Supplementary Fig. 19 | Impact of loss in material, on the angular spectral energy density of forward radiation from
photonic crystals. The wavelength is 700 nm. The photonic crystal’s layers are the same as in Fig. 3a. The number of periods in
the photonic crystal is 𝑀 = 1000. The relative permittivity of the two dielectric constituents are 𝜀𝑟1 = 10.6 and 𝜀𝑟2 = 2.1 + 𝑖 ∙
𝐼𝑚(𝜀𝑟2 ), respectively. The value of 𝐼𝑚(𝜀𝑟2 ) is indicated in each figure.

Supplementary section 7: Production and usage of photonic crystals
(7.1) Feasibility of photonic crystal production
For photonic crystals, one can deposit layers so that the required thickness of each layer can be attained with
single-nanometer precision (e.g., [49]). These techniques have already been performed by the industry over large
areas (tens of cm2, e.g. [50, 58]), and the processes can be extended to much larger areas. Another approach that
gives us both large area samples and large numbers of layers is by stretching polymers (e.g., [46-48, 59, 60]),
which can provide meter-scale samples with thousands to tens of thousands of layers.
As for curved photonic crystals, some options for producing flexible photonic crystals are described in Ref.[4648]. Finally, conventional layer deposition methods and optical lithography methods could be modified and reoptimized to work on curved (e.g., spherical) surfaces.
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(7.2) Photon yield from photonic crystals:
The number of photons emitted per unit length from the photonic crystal described in this paper is similar to that
from anisotropic metamaterials in Ref. [14], but is one order of magnitude smaller than what could be achieved
from an isotropic material of hypothetical similar refractive index as can be inferred from Fig. 3a and
Supplementary Sections 3 and 4. From a practical perspective, one may improve the total photon yield through
further structural optimization, through increasing the thickness of photonic crystals, or through the using of 2D
or 3D photonic crystals [30]. Using 2D and 3D photonic crystals also suggests the possibility of additional
mechanisms for the enhancement of Cherenkov radiation, such as the excitation of modes with high density of
states at points of van-Hove singularities [20, 61].
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