
\0,1,04- -IOD'2

III technical memorandum Daresbury Laboratory
m • , 

DL/SRF/TMIIS 

I' 

STABILITY OF THE BEAM-CAVITY SYSTEMS FOR 
THE SYNCHROTRON RADIATION SOURCE USING MULTIVARIABLE 
CONTROL SYSTEM THEORY 
by 
D.J. 	 Bell* and N. Munrot 

versity of Manchester Institute of Science and Technology,§ Manchester. M60 lQD. 
a~ 

QJ' T.E. Swain 

C Daresbury Laboratory. 

a 

* Department of Mathematics and Control~ t Control Systems Centre, UMIST 

FEBRUlIRY, 1976 ., 

Science Research Council 

Daresbury Laboratory 

Daresbury, Warrington WA4 4AD 

Systems Centre, UMIST 




• 




CONTENTS 
Page 

1. 	 INTRODUCTION 

2. 	 THE SEAM CAVITY SYSTEM 

2.1 	 Coupling and detuning 3 


2.2 	 Control of the system 5 


3. 	 PRELIMINARY STABILITY CONSIDERATIONS 7 


4. 	 MULTIVARIABLE CONTROL SYSTEM THEORY 11 


5. 	 RESULTS 15 


5.1 	 Oi.gonal dominance criteria 15 


5.2 	 System improvement by scaling 19 


5.3 	 Analysis of the system using the U:M.I.S.T. developed 


Inverse Nyquist Array computer program 21 


5.3.1 Injection conditions 	 22 


5.3.2 2 GeV storage mode conditions 	 24 


6. 	 CONCLUSIONS 24 


6.1 	 Stage I operation at .37A 26 


6.2 	 Stage II operation at 1.OA 26 


6.3 fUrther work 26 


ACKNOWLEOGEMENTS 27 


REfERENCES 27 


LIST Of SYMBOLS 28 


30fIGURE CAPTIONS 






1. INTRODUCTION 


Work is in progress on the design of the r.f. system for a Synchrotron 

Radiation Source (S.R.S.) electron storage ring being built at Oaresbury. 

The electron beam-cavity combination may. be regarded as a multi

variable system and techniques for studying the stability and control of 

such systems have been devised in recent years at The Control Systems 

Centre, UMIST. The Centre has collaborated with the Daresbury laboratory 

in an initial stability analysis using computer aided design techniques 

developed at UMIST. 

2. THE BEAM-CAVITY SYSTEM 

The r.f. system for an electron storage ring must perform the 

following functions. 

(a) 	 Accumulate the electron beam at injection energy. 

(b) 	 Accelerate the beam to the final storage mode energy. 

(e) Store the beam 	for a period of hours with minimum total power 

requirement~ 

The r.f. system deSign is largely controlled by the requirements of the 

latter regime. 

In this mode, the beam energy loss by synchrotron radiation (255 ~eVI 

turn at 2 GeV) must be compensated by the' r.f. system and the quantum 

nature of this radiation requires the provision of an r.f. "bucketU 
, or 

operating region, sufficiently large to guarantee both adequate beam life

time and phase stability, the former consideration being dominant. 

Thus, the pawer supplied to the system may be regarded as made up of 

two components; 

(il useful power Pb 	supplied to the beam to overcome radiation losses 

Pb • AE04Ib (2.1 ) 

where 	A is a function of the machine dimensions. 

(ii) 	 additional power Pc to develop the r.f. bucket, dissipated in 

cavity wall losses 

P =V7. /ZT2~ 	 (2.2)c 	 ep 

Here Yep is the voltage that would be seen by an electron traversing 

the gap at peak field time. The "actual" peak cavity voltage Y is higher,c 
given by 

Y • VeplT (2.3)c 

where T is the transit time factor. The definition of cavity shunt 

impedance ZT'. takes this into account. Note that this definition uses a 

d.c. 	type of relationship. 

The 	 synchronous beam traverses the cavities at a phase ,\;such that 

Yep sin 's • AE (2.4) 

where bE is the energy dependent radiation loss. The quantity 11sin ¢s is 

equal to the over-voltage factor q which is a function of the basic rrathine 

design. For the present deSign, it has the relatively high value of 

7.5(1). For operation above transition, '/2 • ¢s • ,. 

Thus, for a given machine specification Pb is fixed and, in the 
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interests of efficiency, one should maximise the ratio 

Pb (2.5)n • Jl"b+l'c 

by reducing the cavity dissipation Pc' which, for a specified Vep' may be 

achieved by increasing ZT't. However, there are practical limits in the 

extent to which this may be done. 

2.1 Coupling and detuning 

It is desirable that the r.f. source be approximately matched to the 

beom cavity combination. This improves efficiency by reducing wasted 

reflected power and minimizes variations in the impedance seen by the 

amplifier. The bunched electron beam may be 'Fourier analysed into a.c. 

components at harmonics of the bunch separation frequency - itself a 

harmonic, number h, of the revolution frequency. The fundamental compon

ent in the steady stata may be regardad as an impedance in parallel with 

the cavity (represented by • suitable equivalent parallel resonant 

circuit) viewed from the source via an impedance matching transformer 

(fig.l). This circuit represents the total system made up in practice of 

several separate cavities. 

If the cavity is datuned such that its reactive admittance iS'in 

opposition to the beam reactive component then the net reactance vanishes. 

The system will thus look resistive and is matched by a suitable choic~ of 

transformer coupling factor a, an overcoupling relative to ~ =1 for the 

zero beam case. For reactive cancellation we have 

IbcOS ~s 
jGL tan *L • j (2.6)

Yep 

which is achieved by a detuning of to a lower frequency given by 
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6f = ~ tan (2.7) 

In fact, the maximum detuning is required at injection where the beam 

loading is relatively most Severe and technical limits On the detuning 

available are significant here. 

The remaining cavity plus beam conductance may be written as 

PbG (1 + 1')
c c 

(assuming the beam to be synchronous) which is matched by an overcoup1ing 

P
B = +]'

b (2.8) 
c 

As there is an upper limit on the achievable ~ (approximately 3) there ls 

effectively an upper limit to Pb/P ' which is taken to bec 

Pb
l' ~ 2. (2.9 ) 

c 

As will be indicated later this quantity Ph/Pc is also significant in 

stability considerations. 

Thus, the cavity power Pc is implied and with the minimum value of 

Vep know~one may calculate the minimum impedance from eqn. (2.2) as 

ZT2~ =V' /P (2.10)ep c 

If a higher impedance is used then Vep must be lncreased accordingly. 

Use of a higher impedance is attractive in that it will enable efficiency 

to be maintained by reducing Yep as the beam current, and hence Pb• falls 

during storage time. 

The minimum shunt impedance required in order to cater for working 
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at the constant efficiency n down to a beam power Pb min is given by 

V'. 2
1H2t = _ 'L!L"lli! (2.11)

min Pb min (1-n) 

where Vep min will be tne lower voltage limit dictated by Quantum lifetime. 

However, an upper limit on Vep is imposed by consideration of beam 

dynamics and use of high ZT2t results in beam loading control problems 

which are the subject of this study. 

2.2 Control of the system 

Essentially the voltage in the cavity seen by the beam is the resul

tant of tWo components; one from the generator and one from the beam. 

figure 2 shows a practical situation with the generator drive at ~g with 

respect to the resultant voltage, chosen to give the required voltage Vep 

at the required phase 's with respect to the beam. Under these conditions 

we have 

(2.12)tan ~L " 2QLof/f 

where of is set by the position of the tuner to give approximate reactive 

compensation, then 

(2.13)Vgsin( ~L + *g) " Vb cos(~L - +s) * 

VgCOS( ~L + 'g) ; Vep - Vb sin("L - *s) (2.14) 

_1 
+g • tan X  ~ (2.15) 

where 

Vb cos ( \ - 's) 
X ; 'vre-p";-~'1b-;s"i~n"{"':-L...:!.-"",'"s"') (2.16) 

N.B. These voltages are compared with Vep on the vector diagram fig.2 and 

* principal value 0 < +s < i taken subsequently 
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thus involve the transit time when being related to driving currents. 

Vg "(Vep - Vbsin("L - ~s»)..[l.;'i; (2.17) 

To satisfy user requirements there will be a tight specification on 

beam size. and thus longitudinal oscillations resulting from transient 

disturbance must be small. In order to ensure that the beam-cavity com

bination presents an acceptable match to the generator under changing 

conditions during the operating cycle. some degree of mechanical tracking 

of the cavity tuning and coupling is envisaged. 

These changing conditions arise from external constraints such as the 

need to programme the cavity voltage in such relation to the beam energy 

as to ensure a specified synChrotron frequency. 

Fluctuation in this process will imply errors in the effective 

generator drive amplitude and phase, promoting errOrS in the cavity 

voltage and phase, and thus causing synchrotron oscillations. An expres

sion for this is subsequently given in eqn. 3.6 below, One method of 

damping such oscillations is the application of feedback, senSing the 

cavity voltage errors, and applying correction via the generator drive 'g' 

To facilitate this, consideration of fig.2 shows that the amplitude of 'g 

should be as large.s possible in relation,to 'ep and the beam induced 

component Vb' However, in fact the ratio ~ decreases with beam loading 
b 

and for the present design at 500 MHz is ~ 0.4 under 2 GeV lA (storage 

mode) conditions. Under injection energy conditions, with reduced V ,it
V Q 

may be much smaller, since, for substantial detuning ~ ~ cot ~L' i.e. 
b 

<0.05 for IA stored beam and Vep =0.569 ~V. 

This ratio can only be increased by operating at either a much lower 
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efficiency with a lower impedance structure, or using a much lower 

frequency. (1) It was accordingly felt that a detailed examination of 

system stability and control was required. 

3. PRELIMINARY STABILITY CONSIDERATIONS 

If the cavity voltage Yep is independent of the beam induced voltage, 

then the natural frequency of the incoherent synchrotron oscillations is 

given by 

IlpVefOS$s
fs frf (3.1 ) 27r oh 

for small departures from ~s. 

To consider the beam loaded system one may imagine perturbing the 

beam phase coherently, i.e. all bunches in phase. and evaluate the new 

situation in which the resultant voltage Yep is now also perturbed in 

magnitude and phase. The natural frequency of this system is readily 

shown to be 

fsL = fs /S2 cos "L (3.2) 

where S2 is a function of the system parameters and operating conditions. 

While this approach has neglected cavity transient effects - i.e. 

damping due to wall losses and the finite response time, it enables a 

stability criterion in terms of S. to be readily derived and this is suo

sequently confi nned by a more comprehens i ve treatment. 

For stability of the open-loop system. 

S2 > 0 where 

S. = 1 + tan'" _ tan "L Ib ZT'. (3.3)l 11 ... 0 \ \I ,.,..~ ... 
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If the system is resistive, i.e. with correct detunfng, condition (3.3) 

may be written as 

Pb < 1. (3.4)P (1 + ~)c 

For a resistively matched system this reduces to 

Pb < 1 (3.5)Pc(2 + Pb/Pc) 

which is always true. However, as Pb/Pc is increased in the interests of 

efficiency the left hand side of inequality (3.5) approaches unity, thus 

reducing stability margins for the tolerance of errors. 

For the general case, inadequate detuning and coupling lead to 

instability. Therefore there is a well-known general recommendation to 

work with excessive coupling and detuning to avoid drifting into an un

stable" regime but at the expense of having a reactive system, and hence 

some reflected power. 

These criteria were originally established by Robinson(') using a 

more comprehensive treatment conSidering cavity transients. As the 

system may be regarded as comprising two coupled harmonic oscillators 

the beam with natural frequency fs and the cavities at their detuned 

frequency - this approach gives the natural frequencies of the combined 

system as the roots of a quartic equation. This somewhat disguises the 

lowering of the coherent synchrotron frequency with beam loading; hm'l'ever 

the result (3.2) is an oversimplification under certain conditions as 

evidenced by comparison with a fonnal solution of the quartic equation. 

This latter is quoted from reference (3) which treats the beam-cavity 

combination as a two variable system. A transfer matrix is derived w:,i~h 

gives the amplitude and phase response of the cavity voltage to small per
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turbations in the generator amplitude and phase. In terms of the Laplace 

Transform operators. the relationship is 

~V)_ 1 (gll(S) 912(5)) (AI) (36)(A9 - P(s) g2'(') g22(S) a$~ •v 

The existence of nan-zero off-diagonal elements g21(S) and 91'(')' ari.ing 

from the transient behaviour of a de tuned cavity and. more significantly. 

beam loading. indicates a coupling between the system outputs referred to 

as interaction in control tenninology. In practkal tenns this means that 

phase and amplitude feedback loops may not be considered independently. 

The natural frequencies of the system are ied by the roots of 

,~(s) and imply the stability criteria (3.4) and (3.3) derived from a 

simpler approach. 

Here 

2 Z 2 
PIs) = (s+a)2+.2tan'~L)(s2ffi2) _ Ib ZT fo • tan*L (3.7)

(I+a) Vepcos~s 

In the absence of beam loading, Ib =a and the polynomial is readily 

factored. yielding the natural radian frequencies. a of the beam synchro

tron oscillations (cf 3.1) and 6f. the cavity detuned frequency. this 

latter damped bye-at. The coherent radiation damping of synchrotron 

oscillations could likewise be included. but this damping rate is much 

smaller than the cavity damping rate and has been neglected. 

It is instructive to evaluate the roots of PIs) as a function of Ib 

over a wide range. firstly for an injection energy situation with the beam 

cavity combination matched to the source by appropriate settings of ~ and 

*L and thus always stable (see fig.3). The complex roots are in conjugate 

pairs; one root (curve A) has an oscillatory part equal to the natural 
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synchrotron radian frequency at zero beam. remains fairly flat until 

~ O.lA then rises and for high currents coalesces with the straight line 

E representing the cavity detuning (proportional to curront). The appropriate 

real part representing damping (curve 8) increases steadily over the range. 

The other roots have conjugate imaginary parts (curve C) riSing 

(falling) from zerO with zero current to a maximum at O.SA then falling 

(rising). 

Above 2A this coalesces with the curve F representing the reduced 

synchrotron frequency calculated a priori (3.2) neglecting cavity 

transients. The real part (curve commences for zero beam at a value 

appropriate to the natural cavity damping rate, and then falls off indi

cating the expected assymptotic approach to instability (zero damping of 

one mode) in the limit of infinite beam current. If the detuning is 

reduced below that required for a match, the latter roots are reduced 

until the stability limit is passed, when the solution comprises two real 

roots. one positive indicating growth and hence instability. 

Figure 4 represents the same characteristics for the 2 GeV situation. 

One may apply feedback 

(!!~)= F(s) (~U (3.8) 

where in general F(s) is a 2 x 2 matrix representing the feedback path, 

and obtain a transfer function for the new combined system. 

( AV)~ H(S)(~lg) (3.9)
A~V A9g 

where H(s) is the closed loop system transfer-function. It will contain the 
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properties of both the system and the feedback loops, and in particular 

will have a demoninator polynomial of the eighth degree, the real roots of 

which will imply the closed system stability. The application to this 

polynomial of criteria to guarantee negative real parts will, as before. 

give new stability criteria. This approach has been recently used,(') 

\'Ihere. on the P.S.B. (Proton Syncnrotron Booster) at CERN it has been 

found that. under conditions of severe beam loading, closing control loops 

on a system stable by (3.3) can lead to instabilities. In order to design 

feedoack systems with suitable properties special techniques have been 

devised, which are now discussed. 

4. MUlTIVARJABlE CONTROL SYSTEM THEORY 

The deSign of control schemes for systems with one-input and one

output is well established using the classical frequency-response methods 

of Nyquist, Bode and Nichols, or the root-locus method of Evans. These 

methods have recently been extended by Rosenbrock(s) (inverse Nyquist 

array design method), Macfarlane(6) (tharacteristic locus method), and 

Mayne(1) (sequential return-difference method) to deal with multi-input 

multi-output systems where significant interaction between the system 

variables is present. These latter design methods for multivariable 

systems are specifically aimed at the situation where the interaction 

present in the system is sufficiently strong that stability analysis and 

design using single-variable methods breaks down. 

The particular design method to be considered here is kosenbrock's 

inverse Nyquist array technique. The uncontrolled system is assumed to be 

described by an m X m rational transfer-function matrix G(s), and we wish 

to determine an input compensator matrix K(s) such that when the feedback 

loops are closed the resulting system is stable and has acceptable time 

response characteristics. The control configuration to be considered is 

shown in fig.5. 

The closed-loop system transfer function matrix H(s), is given by 

H(s) ; (I + Q(S)f)-l Q(s) (4.1) 

where Q(s) G(s) K(s) (4.2) 

This expression shows that H(s) is a complicated function of 6(s), K(s) 

and f. However, if Q(s) = Q-I{S) exists, then 

. ., 
Hes) = K(s) 6(s) + F (4.3) 

which is Simpler to deal with, and particularly when feedback is applied 

through a diagonal matrix of constants F = diag (fil. 

The design procedure is basically carried out in two stages. 

Consider the controller matrix K{s) to consist of the product of two 

matrices Kp{s) and Kd(s) such that 

K(s) = Kp(S) Kd{s) (4.4) 

where Kd(s) is a diagonal matrix of single-loop compensators, Kd(s) = 

diag (kj(s». Then, the first stage of the design procedure consists of - ..
determining a matrix Kp such that Q = KpG is row (or column) 'diagonal 

. dominant'. A matrix Q(s) is column diagonal dominant on the familiar 
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Nyquist D-contour,* if 

• m. 
Iqij(s)1 > j~ IGjj(sl! (4.5) 

j/i 

for ; ~ l.~ ..•m and all son O. A s~milar definition for row dominance 

exists • 

Once Qhas been made diagonal dominant, then Rosenbrock(S) has shown 

that the stability of the overall system is given by the generalized 

Nyquist criterion. 

m m 
E Nqi - E Nni .. z01 - Zet 	 (4.6)
i·l ;=1 

where Nqi,Nhi are the number of origin encirclements by the mapping of 
* 	 ••

the o-contour under the elements qii and hii. respectively, lot and lei. 

are the number of right-half s-plane zeros of the open-loop and closed

loop system characteristic polynomials, respectively. For closed-loop 

stability. we required that zc' • O. Once the open-loop system 

has been made diagonal dominant, the diagonal elements of Kd(S) can be 

determined using classical single-loop design techniques. 

The concepts introduced above can all be interpreted graphically in 

a simple manner. To obtain the inverse Nyquist array for a given system 

described by a transfer-function matrix G(s):

(i) 	 Determine G{jw) by substituting s - jw for a set of radian 

frequencies Wi over a suitable frequency range (bearing in mind 

the location of poles corresponding to resonant frequencies). 

(ii) 	 Invert the resulting complex matrices G(jw) to obtain the set 

G(jw) • G-l(jw) for each discrete value Wi' 
* See 	note on page 15. 
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(iii) 	The inverse Nyquist array of G(s) is then obtained as the set 

of polar plots of the elements 9ij(jw) of the matrix G{jw}. 

To determine whether or not a matrix Q{jw} is row (or column) dia

gonal dominant, the appropriate set of Gershgorin discs, defined belOW, 

is calculated and superimposed on the diagonal elements qjj(jw). For 

row diagonal dominance. the radii of the Gershgorin discs are defined by 

m 	 • 
r,(jwk) .,t;; Iqtn (jwk II 	 (4.7) 

n~l 

and are centred on the point qnn(jwk)' 

If the bands so generated on the diagonal elements do not include the 

origin, for all s on 0, the system is row diagonal dominant. A similar 

definition for column dominance exists. If the system G(s) is not dio

~on'l dominant, then a pre~ompens~t~r matrix.Kp :or a postcompensator 

lp) is determined so that Q(s) = KpG~S) (or G(S)lp) is diagonal dominant. 

The stability of the overall system Q(s) can now be determined. and the 

final design stage completed by implementing m single-loop compensators 

in Kd(s) to give the desired loop responses. 

The Gershgorin bands, defined above, contain the elements qj}(S}. 

However, we note that in general 'iii(s) t qi~(S). NOl< using a theorem 

due to Ostrowski(s) the size of the Gershgorin bands can be reduced by a 

shrinking factor +i(s) defined by 

_ max rj(s).i (s) - j ,"".::-,'--	 (4.8) 
j~i 	 Iqjj(s). fj I 

If Qand H are diagonal dominant, then the transfer functions hiles) 
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for which we can design single-loop controllers lie within the narrower 

Ostrowski bands defined by circles of radius 

rl(s) ; "i (5) ri(s) (4.9) 

Now. 

-1 -1h (5)' h .. (s) + f. (4.10)
i 11 1 

where hiltS) is the inverse transfer function seen between input I and 

output i with all loops closed. The transfer function hitS) is that seen 

in the i-th loop when this is open and all other loops are closed. Also. 

hilts) remains within the Gershgorin band centred on qii(S) for all values 

of gain fj in each other loop j between zero ~nd k • the design value. j 

In the following section, the stability of the beam-cavity system 

for the SRS will be examined using Rosenbrock's inverse Nyquist array 

approach as implemented(S) on the PDP-10 computer at the Control Systems 

Centre, UMIST. 

5. RESULTS 

5.1 Diagonal dominance criteria 

It has been stated that diagonal dominance (d,d) is a significant 

criterian as a measure of interaction, and that if it can be achieved by 

suitable operations on the system transfer matrix, the stability of the 

closed loop system may be readily determined. Thus it is instructive to 

• The Nyquist Path is a closed contour in the s-plane which completely 

encloses all singularities of the system unaer consideration whlch lie 

in the right half of the s-plane, suitably indented to avoid any poles 

of the function under consideration (which lie on the imaginary axis). 

In a physical system with dampin9, there will be no such poles on the 

D contour. 
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consider the d.d of the transfer matrix .s a function of beam loading. 

(gll(S) 912(5») 
G(s) = 92'(S~ )"(S) (5.1 ) (s 

( g22(5) -912(5») (922 -91)
G-'(s) = P{s) -g"(~l. r.g,,(S) = A(s) -921 91~ (5.2) 

For column dominance 

19,,1 > 19,d (5.3) 

11> 19,,1 (5.4 ) 

(i.e. the polynomial common factor has been removed) for all s on the 

Nyquist D contour. Consideration of row dominance m~ be expected to 

yield similar conclusions. 

For the matched case 

g'l(S) • (s+o)(s'+n') • X sin"s (5.5) 

g,,(5) 0 atan>(s'.n2) - X COS$s (5.6) 

9,,(S) • -.tan.(s'+n') + X sin$ tan$ (5.7)s s 
9'2(S) ; (s+.)(.'+n') - X sin" (5.8)s 

ZT" I an' 
where X= V (I~a) (5.9) 

ep 

Now, the leading diagonal terms are cubic in s, while the off diagonal 

term. are quadratic, thus, for sufficiently large " (5.3) and (5.4) must 

hold - with the possible exception of II resonances!! discussed below -. thus 

it is only necessary to examine the behaviour over a finite range from 

s m 0 to some suitable upper limit. the inequalities certainly holding on 

the semicircle part of the O~contour. 

ConSidering first the inequality (5_4) thi. will hold trivially at 
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s = 0 for "matched" detuning 

Ib cos¢s ZT2. 

tan ~'L = 
 Yep (1+8) (5.10) 

but will always break down in the neighbourhood of s = jn for any X> 0 

and 0 < .s < n. This latter certainly will apply in the S.R.S. If, how
4 

ever, .s > n then a similar consideration applies to (5.3) rather than 
4 

(5.4). 

If the neighbourhood of s = jo in which (5.4) is violated is restric

ted relative to 0 this is regarded as a resonance, and is relatively easy 

to deal with in the control context. by either using a notch filter or 

restricting the feedback path bandwidth so that cut off occurs suitably 

below o. Violation of (5.4) over a larger range is regarded as true 

interaction and in general will be more difficult to deal with. An exact 

analytical expression for the resonance width involves solution ~f a high 

degree polynomial equation, but inspection suggests that for sharp reson-
I ZT2. 

ances of width 6 «0, 6 increases with the quantity V b'l U,) 1.e. with 
ep 

the beam loading. For broaderband interaction,subsequent inverse Nyquist 

Array (I.N.A.) computations suggest a continuing qualitatively similar 

behaviour. The extent of the loss of d.d in the neighbourhood of s = jO 

is indicated on fig.6 (curves C and D) as a function of Ib, for injection 

and storage mode operation. In practice ~he coherent synchrotron damping 

will marginally reduce the interaction by shifting the zero off the 

imaginary axis. 

Considering now (5.3), inspection shows that for 0 < .s < i the 

inequality always holds in the neighbourhood of s = jO, the "bandwidth" 

decreasing with beam-loading, Apart from this, computation suggests that, 
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below a certai n beam current I,t, the i nequa 1 i ty holds everywhere on tt;e 

D-contour, i.e. the system is did. Above this current, it only holds for 

s > s*(l b), apart from the resonance condition at s = jo. Figure 6 

(curves A and B) gives s*(lb) for parameters appropriate to injection 

and storage mode, and shows that, as expected, did is lost at a much 

lower current in the former mode. 

It is difficult to obtain a precise algebraic estimate of l,t' However, 

a necessary condition for d,d arising from requiring (5.3) to hold at s = 0, 

is 
!922(0)! > !g21(O)l 

This incidentally appears to be a stronger condition than the appropriate 

non trivial condition (at s = 0) for row dominance 

!gll(o)! > !g21(0)! 

922(0) = • 02 (1 _~ sin¢s) (5.11 ) 
ep 

Vbr sin.s921(0) = .02 (- tan'i'L + V- tan¢s) (5.12) 
ep 

with V Ib ZT2. 
b =~- (5.13)r (1+8) 

beam induced voltage in the resonant cavity x transit time factor 

and, a priori 

Vbr cos·
tan"l = r s (5.14) 

ep 

thus the inequality becomes 

!l - Asin.s ! > A !sin.s tan.s - cos.s! (5.15 ) 
\rwhere A =~ and A > 0 (5.16) 
ep 
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.'. for small,., and anticipating that 

Asin,s < 1 

11 - A sin9s1 
A 

> Ico.+s I (5.17) 

wh ich leads to 

Ib < 

V (1+8)ep 
ZT2t cos~s (5.18) 

and for a matched case with small lb 

2Vep
Ib < (5.19)

ZT2! cos's 

This is indicated on fig.6 (X and Y) and appears to be in fact a 

sufficient condition for the cases shown. Comparing these with the 

Robinson Criteria, It is noted that the latter places no restriction of 

beam current, so long as the system is matched. This allows the ratio 
V 
~ to become indefinitely large (~ tan ~L for large detuning), whereas the 

g 
d,d condition places a severe restriction on beam current. In practice 

other constraints are likely to prevent a machine design on the basis of 

(5.18) i.e. for operation at 2 GeV with lA and an over-voltage factor of 

> 7. Yep needs to be ~ ~ which would mean very low efficiency working, 

enormous cavity dissipation and high Qs. The severe violation of this 

criteria, for the operating condition proposed. does therefore increase 

the possibility of control stability problems. 

5.2 System improvement by scaling 

Under some conditions it may be possible to improve the situation 

by a simple matrix operation known as scaling. ConSidering the inequality 

Ig221 > Ig211 to hold for $ > s· then if 922 is multiplied by the scalar 

S where 5 is the maximum of 

~l(~}L in 0 < S < s* (5.20)1922TSIT 

multiplied by a constant> 1; the inequality will always hold. and d.d 

will not be violated on this account. Inspection suggests that if we take 

5 to be 9reater than the quantity 

1921(0)1 (5.21)T922{ii1T 

and form the matrix 

M = (~ ~) (5.22) 

then the operation 

911 (5) gI2(S) ) M 
G" ( (5.23)921 (s) 9a(S) 

yields the new combined transfer matrix inverse 

G' _(S922(S)-5912(S)) 
(5.24)- -g21(S) gll(S) 

HOwever it is' seen that this operation is at the expense of the requirement 

19111 > ISg121 and the resonance width in the neighbourhood of f = fs will 

be widened. This may be acceptable to a degree, and the scaling operation, 

which in practical terms is equivalent to increasing the gain of one loop, 

is sometimes recommended. 

Scaling by a factor S will increase the current limit for the onset 

of loss of d,d (5.10) 

I < _S_V""ep<..-(l_+_a_) (5.25)
t ZT2~ 
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i.e. 	for small Ib, with a ~ I 

2 Ven S 
It < --=.t:. (5.26 ) 

Z12~ 

i.e. 	I~ < S x the unsealed 11 , 

Inspection suggests that this simple form of the inequality is only 

valid for S somewhat less that I/sln$s' However. at injection this is 

large, and the limit is more likely to be imposed by excessive resonance 

widening. 

5.3 	 Analysis of the system using the U.M.I.S.T. developed Inverse 

Nyquist Array (I.N.A.) computer program 

Given the polynomials of the system transfer matrix, the program 

inverts the matrix. and then generates Argand diagrams of the individual 

elements over initially specified portions of the Nyquist D contour. For 

the present purpose this range is from s • a to s • j 106 rad/s. corres" 

ponding to an expected upper bandwidth of the system. and cutting off 

before the expected synchrotron frequency resonance at s. j 1.18 X 106. 

The 	 mirrof image in the real axis wil' be generated for negative $ and is 

not plotted. This part is graphically plotted by the system hardware as 

in fig.8 with individual plots disposed as the elements are situated in 

the matrix. Depending on the path relation to the origin. the open loop 

stability may be inferred as in conventional Nyquist Analysis. Subse

quently. Gershgorin Circles. representing the sum of the moduli of the off 

diagonal elements are $ti~erposed. for row or column comparison as chosen, 

in order to readily determine the diagonal dominance of the system 

implied by circles not enclOSing the origin-. By inspection of these dia

grams 	 appropriate measures can be suggested, e.g. simple scaling, reduction 
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ot feedback path bandwidth and use of filters, or in severe cases deSign 

of a dynamic compensator. 

The following cases have been conSidered, see parameter table for 

fuller details. 

5.3.1 	 Injection conditions 

600 MeV, V • 0.57 Mev. ~s =O.2074~, matched ep . 

Case 	 (I) fig.7 

Ib • 	O.02A 

This is below the d,d criteria limit (5.19) and thus should be 

stable with suitable amplitude and phase feedback loops closed. Single 

loop techniques may be used to design them. and no interactive compensator 

is required. The expanding circles superposed on the gIl element 
indicate approach to the resonance at n. 1.18 x 106 rad/s. at which d.d 

is locally lost. If the feedback system is to have a bandwidth greater 

than this a notch filter should be used to eliminate the resonance. 

Case 	 (2) fig.8 

Ib • 0.37A. the Stage 1 operating target. 

This is the Argand diagram alone without the Gershgorin circles. 

The situation is more serious than Case 1, with the resonance at S =jn 

much broader and 9'1 being a point with 5uch magnitude as to give a loss 

of dominance in the region of s = 0 as suggested by fig.6. (N.B. diagonal 

dominance is an overall property as defined in (4.5) relating to behaviour 

as s varies over the whole of the Nyquist 0 contour. In the accompanying, 

loss of dominance means a local violation of one of the inequalities in 

the neighbourhood of 5 • a or jQ). Figure 9 is of the superposed 

Gershgorin Circles shOWing the origin encirclements in the region of 
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s • jn 	and s =o. Thus the closed loop stability is not readily deter

mined. 	 and severe interaction and hence "ringing" is expected to accompany 

any disturbance. 

Also, II scaling" by a factor S =0'r37 =~"' 10, i.e. by the 
l 0\ t u.uoo 

postmatrix operation ( a 10lwill restore dominance in the region of s = 0, 

but is likely to increase the resonance width to an intolerable degree. 

However, the system should be workable with only one loop closed as at 

D.E.S.Y. 

Case 	 (3) fig.10 

Ib = lA 

Here 	 interaction is much more severe, and Simple scaling to improve 

the g22/g21 situation will unacceptably widen the resonance associated 

with the other terms. The follOWing courses of action are open. 

(i) 	 A suitable compensator must be deSigned that will render the 

system d,d over a working frequency range. The elements of this 

will not be simple scalars, and this is a matter for specialist 

study outside the scope of this report. Having rendered the 

system d,d, single-loop techniques ~ be used to design the 

feedback loops. 

(ii) 	 The system is open loop stable, and any disturbance, while 

affecting both system parameters due to interaction, will damp 
It 

with ti~.e constants .j where 10;"1 > 10. If slow parameter 

changes are made this may be accepteble as injection is a trans

itory state in the machine operating cycle. 

(iii) 	A degree of slow feedback On one loop may be acceptable as on 

the D.E.S. Y. storage ring "DORIS". 
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Case 	 (4) fig.ll 

Ib = .0lA 

Here the system has been made unstable on the Robinson criterion by 

a sign change in the characteristic polynomial. This is demonstrated by 

the enclosure of the origin by the Nyquist contour as opposed to the 

stable situation in fig.7. However, it is noted that this could be made 

stable by a suitable choice of feedback loop. 

5.3.2 	2 GeV storage mode conditions 

V =1.91 MeV ~s = 7.66° matchedep 

Case 	 (5) fig.l2 

Ib = O.37A. Stage 1 target 

This is a substantial improvement on the injection situation (fig.9) 

and should be workable with some bandwidth reduction, and scaling by 

(~ 2.:). or single loop alone operation as at D.E.S.Y. As the 

situation is approached via the injection mode, feedback loop properties 

~ have to be programmable to take care of changing conditions. 

Case 	 (6) fig.l3 

Ib =lAo Stage II target 

It is difficult to say without further work, whether this situation 

is workable without use of a compensator. However it is ap~roached via 

the injection situation, and, as before. any feedback measures must be 

programmable. 

6. CONCLUSIONS 

The results obtained in this Report are extensions of those given 
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by Robinson(2) and Oonald(3). These analyses introduced interaction 

between inputs and outputs, and derived the familiar stability criteria 

for the open-loop system. In the presence of feedback, the interaction 

becomes significant; an.lysis by extension of the above methods becomes 

much more involved and less transparent, and modern multi variable techni

ques have been developed for such system design. 

The concept of the "diagonal dominance" (d,d) of the system transfer 

matrix is fundamental in this context; if the system is d.d conventional 

open loop techniques may be used sequentially to determine the stability 

characteristics of the closed-loop system, and the required properties of 

tne loops; if not. operations to make it so are carried out involving the 

specialist design of a suitable multivariable compensator. 

Once d,d has been thus achieved. theorems such as the Rosenbrock 

criteria may be used to assess the stability of the compOSite closed loop 

system. and conventional single loop techniques applied for system design. 

Also. having chosen suitable feedback gains based on the Gershgor,n 

envelopes. Ostrowski's theorem yields valuable deSign information in terms 

Of an improved estimate of the actual gain margins in each loop, with the 

other feedback loops closed. 

A necessary criterion has been derived which should determine in terms 

of the basic r.f. system operating parameters, whether the mode of opera

tion is likely to be (d;d)' however, deSigning to athieve this would seem 

to place unacceptably severe restraints on operation. 

ConSidering Stage {ll and Stage (II) operation in turn,
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6.1 Stage (1) operation'" O.37A . 

Operation under storage mode is probably feasibl. with either 2 loops 

closed and a simple scaling compensator. or with 1 loop only closed and no 

compensator, as at O.E.S.Y. Injection poses a more difficult problem, and 

the degree of feedback control may have to be relaxed here. This is, how

ever. a "transientU period in the machine operat.ing eyelet and as the 

regime is certainly open loop stable. it may well be acceptable if too 

rapid parameter changes are not made. Some further study is needed to 

quantify this. 

6.2 Stage (II) operation I.A 

Interaction is more Severe here. Storage mode operation may be pos

sible with single-loop operation, or a restricted two loop system and some 

scaling compensation, but the injection mode looks like causing problems, 

only to be overcome by use of a suitable compensator, which must be pro

grammable to take account of the change in operating conditions during the 

cycle. 

6.3 Further work 

In view of the difficult situation at injection with high current. it 

is felt that a theoretical investigation into the required properties of 

a compensator, able to work over the whole range of operating conditions, 

should be carried out. This would form a basis for hardware deSign,· if 

required, and would also give more detailed information about the open

loop system behaviour in the presence of disturbances. 
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LIST 	 OF SYMBOLS 

- power supplied to electron beam 

- de component of beam current 

- power dissipated in cavity wall losses 

- transit time factor 

- transit-time corrected peak cavity voltage 

- cavity peak voltage 

- coupling factor S = 1 for match to cavity alone 

- transit time corrected structure shunt impedance 

- unloaded structure admittance 

- loaded structure admittance 

- synchronous phase 

- energy gain/turn 

- beam energy 

_ efficiency. useful power supplied to beam 
total pOtier to beam + cavity tosses 

- unloaded Q of cavity 

- loaded Qof cavity + external circuit 

- detuning angle of loaded cavity combination 

- detuning frequency appropriate to ~L 

- angle between generator drive (current) Ig and cavity resultant 

voltage Vc 

- generator produced component of Yep (as seen by the beam) 

- beam induced component of Yep (as seen by the beam) 

- radio frequency of the system 

- momentum compaction factor 

- harmonic number 

- stability parameter 

- cavity decay constant 
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&v - small lncrelllilnt in cavity voltage amplitude 

~'v - small increment in cavity voltage phase 
Parameter List

~I9 - small increment in generator drive amplitude 
Total ZT 21 (4 cavities) 29.7 MO 

~.g - small increlllilnt in generator drive phase 
32,000sij(s) - elements of be.m/cavity transfer function 1<0 

pes) - common denominator polynomial of above 

n - synchrotron angular frequenc:y 

G(s) - matrix of beam/cavity transfer function 

Fes) - matrix of feedback loops 

H(s) - matrix of transfer function of combined system beam/cavity 

+ feedback loops 

K(S) - compensator matrix 

M - scaling matrix 

A - machine constant relating power radiated as IISynchrotron" 

radiation, to particle energy 

fs - frequency of synchrotron oscillations 

C..e 

(------

I 

2 

3 

4 

5 

6 

So llS Vep 
<leV xv MY 

._-

0.6 2.06 0.57 

0.6 2.06 0.57 

f------ -r-- 

0.6 2.06 0.57 

--~ -

0.6 2.06 0.57 

2.0 254.5 1.91 

-- ----.- ,..

2.0 254.5 1.91 

--- ...--

•• Ib Ph Pc n a 6f 
degrees Amps kw k.. , lQIz 

-- ..~ -

.2074 0.02 0.041 11.32 0.4 1.004 7.B6 

-f----.--. '-------- --

.2074 0.37 0.76 11.32 6.0 1.067 145.5 

f---- .. --- -- .

.2074 1.0 2.06 11.32 15.0 LIB 393.0 

---- ... --- .._
.2074 0.02 0.041 11.32 .4 

System unstable 
(See Text) 

--

7.66 0.37 94.2 127.1 42.5 1.74 43.0 

- ~-- -

7.66 1.0 254.5 127.1 66.6 3.0 116.3 

- -_. 
fSl - "beam loaded" synchrotron frequency 

n - r.f. system efficiency 
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FIGURE CAPTIONS X limiting current by (5.10) below which system is d,d 

600 I1eV 
Fig. 1 Equivalent Circuit of beam + total cavity/structure combination. 

Y limiting current by (S.lO) below which system is d,d 
The inductance of the matching transformer has been neglected in 

2.0 GeV 
comparison with that of the cavities. 

Fig. 7 Inverse Nyquist Array (I.N.A.) with superposed Gershgorin circle•. 
fig. 2 Vector diagram showing beam induced voltage adding to give the 

0.02A. 600 MeV 
required transit-time corrected peak structure voltage. 

Fig. 8 I.N.A. (diagonal diagrams only) 0.l7A 600 MeV 
fig. l Natural frequencies of the beam structure combination as a 

Fig. 9 I.N.A. and Gershgorin circles 0.l7A 600 MeV 
function of beam current under 600 MeV conditions. Vep; 0.569MV, 

Fig.IO I.N.A. and Ger.hgorin circles 1.OA 600 MeV 
system matched. 

Fig.ll I.N.A. and Gershgorin circles 0.02A 600 MeV Situation un.table by
A,C positive imagina~ parts. (conjugate parts not shown) 

Robinson criterion. 
B,O negative real parts. 

fig.12 I.N.A. and Gershgorin circle. 0.37A 2.0 GeV 
E cavity detuned frequency 

fig.13 I.N.A. and Gershgorin circles 1.0A 2.0 GeV 
f reduced synchrotron frequency calculated by eqn.(3.2) 

Fig. 4 Natural frequencies of beam-structure combination as a function 

beam current under 2 GeY conditions. Yep =1.91MV system matched 

(N.B. Curves as for fig.3; where C is zero, the corresponding 

real part splits into 2 distinct roots) 

Fig. S Control configuration 

6Y ~ H 61 

where H ; (I + Qff1 GK 

fig. 6 frequency ranges over which d,d is locally lost as a function of 

beam current at 600 MeV and 2 GeV. 

A 600 MeV 
below this frequency Ig••1 < Ig211 except at f-fsB 2.0 GeV 


C 600 MeV 

Ig111 < Ig121 between the two branches 

o 2.0 GeV 


at f • fs 19221 > Ig2I! 

for all Ib 

Iglli < Ig12J 
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