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Compositional Structuring in the B-Method:A Logical Viewpoint of the Static ContextTheo Dimitrakos1?, Juan Bicarregui1, Brian Matthews1, and Tom Maibaum21 ISE{CLRC, Rutherford Appleton Laboratory, OXON, OX11 OQX, U.K.2 Department of Computer Science, King's College, London, WC2R 2LS, U.K.Abstract. The B-Method provides a collection of structuring mecha-nisms which support information hiding, modularisation and composi-tionality of module operations, although, in order to achieve composi-tionality and independent (parallel) re�nement, sharing is restricted inB. In this paper we elaborate some non-interference and compositional-ity assumptions that underlie structuring mechanisms such as uses, seesand imports and show how they may be violated by inducing emergingproperties which alter the context of the used, seen or imported machine.We discuss how such situations can be avoided by considering necessaryand su�cient conditions for logical conservativeness and modularisation.As proof obligations, these conditions ensure that the properties of thecontext of the seen, used or imported component are conserved, i.e. thatthey are preserved but not enriched. From a logical viewpoint, theseproof obligations require that the uniform interpolant of the contextualextension axioms is implied by the base context.1 IntroductionOne strength of the B-Method [1] is its support for modular structuring. It pro-vides a collection of structuring mechanisms which support information hiding,modularization and the compositionality of module operations, reuse and proofdecomposition [10, 6, 7, 22]. In order to achieve compositionality and independent(parallel) re�nement, sharing is restricted in B.Importantwork in explaining and harmonizing the structuringmechanisms ofB and their interplay with re�nement has been done by Bert, Potet, and Rouzaudin [4] and [25, 26]. In [4], they focus on the includes and uses primitives whichunderlie the structuring of abstract speci�cations and in [25] they focus on thesees and imports primitives which underlie the structuring of layered imple-mentations. Mechanisms for supporting composition have also been proposed forextensions of B, as well as in methods closely related to B. B�uchi and Back pro-pose in [9] an extension of B with a compositional symmetric sharing mechanismbased on roles describing rely/guarantee conditions. This mechanism applies, tosequential systems with shared components, rely/guarantee conditions that had? Correspondence author. email: t.dimitrakos@rl.ac.uk, tel.: +44 1235 446387,fax: +44 1235 445381, WWW: http://www.itd.clrc.ac.uk/T.Dimitrakos



been developed by Jones [19] and St�len [28] in order to reason about concur-rent rather than modular sharing in a VDM-like logic and syntax. Z providesassembly primitives to facilitate the union of schemata with implicit sharing.In this context, modularity of re�nement has also been considered in relationto the promotion of state and operations. (See for example [21] extending [33]).Most of these studies have focused on the dynamic part of the speci�cation, i.e.,the change of state values and the preservation of the invariant by interactingoperations. They have paid less attention to the static part of the speci�cation,i.e. the parameters, data types, auxiliary functions and permitted state space.In this paper we elaborate some non-interference and compositionality as-sumptions that underlie structuring mechanisms such as uses, sees and im-ports and show how they may be violated by inducing emerging properties andtherefore altering the static context of the used, seen or imported machine. Toavoid such violation, a set of contextual proof obligations related to the staticpart of the speci�cation have to be considered. We provide a set of proof obli-gations which are associated with structuring the static context of an abstractmachine, a re�nement or an implementation in B. These proof obligations arenecessary and su�cient to ensure that the properties of the (static) context ofthe seen, used or imported component are conserved, i.e. that they are preservedbut not enriched.In sections 3, 4, 5 we illustrate the need for such proof obligations by meansof simple examples. In subsection 2.6 we explain their logical underpinnings andstudy their relation with a fundamental meta-logical property of the underlyinglogic, namely Interpolation.With the exception of importing an abstractmachinein an implementation, these proof obligations about the static context of abstractmachines, re�nements and implementations in B have not been considered in theB-Book [1]. On the other hand, some of them have been implemented in releaseBeta 4.58 of the B-Toolkit [2]. Finally, in section 6 we summarise the resultspresented in this paper and discuss potential extensions of these results.2 Background: The Structuring Primitives of BThe B-method has four composition primitives, each associated with a basicstructuring mechanism. These are includes (and extends), uses, importsand sees. We briey discuss each in turn.2.1 Incremental Speci�cation: The includes and extends PrimitivesThe includes primitive can be understood as textual inclusion of a speci�ca-tion module with the additional constraint that the variables of the includedcomponent can only be modi�ed indirectly through its own operations (encap-sulation). This guarantees that the invariant of a consistent included componentis preserved by the operations of the including component. The operations ofthe included component become visible at the interface of the including one



only if they are referenced in the promotes clause; otherwise they are hidden.extends is a special case of includes where all operations are promoted.includes provides a mechanism for structuring large speci�cations. It allowsthe abstract state to be decomposed into independent parts, each encapsulatedby a separate included machine. The state of the including machine contains thestates of all included components. Hence includes is transitive with respect tothe knowledge of state variables. Subsequent inclusions are required to form achain (i.e., no branching is allowed) to prevent sharing of variables, althoughcopies of a machine can be included by renaming into disjoint name-spaces.However, names of sets and constants do not participate in the renaming [2].To preserve the validity of proofs concerning the included machine, the includesprimitive imposes the following \syntactic" restrictions:{ the (extension) signature of the including component and the signature ofthe included machines must be disjoint;{ the operations of the including component do not directly modify the vari-ables of the included machines;{ The parallel substitution S1kS2 is well de�ned i� the variables modi�ed byS1 and S2 are disjoint. Consequently, S1 and S2 cannot both call operationswhich modify state variables declared in the same included machine.Bert, Potet and Rouzaud propose in [4] a new composition operator 
 whichextends conservatively k by allowing S1 and S2 to modify shared variables in acompatible way. If the sets of variables modi�ed by S1 and S2 are disjoint thenS1 
 S2 = S1kS2. A similar composition operator is proposed by Dunne in [17].2.2 Sharing Speci�cation Text: The uses PrimitiveThe uses primitive can be understood as an intermediate step of a structuredconstruction that provides a controlled form of sharing without an independentsemantic content. A uses clause can only appear in abstractmachines and alwaysin a larger context. Any number of machines can use a shared machine. Theseusing machines cannot be re�ned independently; uses is interpreted only in the�nal closure of the sharing construction. Consequently, all the using machines to-gether with the used machine must be included into a common machine, whichmay then be re�ned. All using machines have read-only access to the sharedmachine and can reference the shared variables in their invariants. The con-struction guarantees (via proof) that the including machine does not invalidatethe invariants of the using machines. uses is not transitive; the knowledge of thevariables of the used machine does not transfer from the using machine to anyother component.The proof obligations of a uses M1 statement in machine M2 ensure thatthe operations de�ned in M2 preserve that part of its invariant independent ofthe variables of M1. The obligations ensuring the shared part of the invariant isrespected are delayed until operations are promoted in a �nal closure. Operationsin M1 which are not promoted never have such obligations discharged.The following \syntactic" restrictions are also imposed.



{ All (extension) signatures and the signature of used machines are disjoint;{ Operations of the usingmachine can only read variables of the usedmachines.Bert, Potet and Rouzaud propose in [4] a modi�cation of uses and includeswhich considers proof obligations sooner, independently of the �nal instantia-tions of the used machine. Their modi�cation of uses is similar to an includeswith no promoted operations and without instantiating parameters and it canbe given an independent semantic content.2.3 Reference-Only Sharing: The SEES Clausesees allows the sharing of an abstract machine and can be used in anothermachine, a re�nement or an implementation. The state of the seen machine canbe consulted, but not modi�ed, by the seeing components.Most often, the sees primitive is used in re�nements and implementations forthe purpose of sharing code and providing reference-only access to shared data,so machines that are imported once in a development can be seen elsewhere. Theintention is that the code of the machine that is seen will be linked only once,thus establishing an \one writer, many readers" sharing scheme.Another common use of the sees primitive is for sharing separately imple-mented, system-wide types. The speci�cation of such types is provided in a state-less machine. Importing such a machine only once in a development, and seeingit many times, ensures that a single copy of code will be present in the �nal prod-uct. A particular case of this is to specify abstract (mathematical) data typesde�ned using the sets, constants and properties clauses of an operationlessshared machine. Such machines can be seen by any other machine. Operationlessmachines may not need implementing; they provide a library of useful mathemat-ical concepts that will ease the speci�cation of algorithms and architectures, andcan be \programmed away" during the development. sees is not transitive: theknowledge of the state variables of the seen machine does not transfer from theseeing machine to any other component. So, every re�nement/implementationof a machine that sees M should also see M.2.4 Layered Implementation: The imports PrimitiveThe imports primitive links implementations to abstract machines allowing adevelopment to be structured into layers. It is this mechanism that allows Bto handle large-scale developments by decomposing them into smaller separatedevelopments. As Potet and Rouzaud mention in [25] imports is essentially the\closed" version of includes. This term refers to the open-closed duality prin-ciple (e.g. Meyer [24]). \Open" means building larger systems by extensions,e.g. when appending or amalgamating speci�cation modules. \Closed" meansbuilding an encapsulated component available for blind use elsewhere, e.g. whenlinking independently constructed code modules. The distinction is also reectedin the di�erence between the visibility rules for includes and imports which



machine M(p)constraints CN(p)sets sconstants cproperties PROP(s; c)variables vinvariant I(p; s; c; v)initialisation INIToperationsr  op(x) = pre PRE then S end: : : other operations : : :end IC1. 9p:CNIC2. CN) 9(s; c):PROPIC3. CN ^PROP ) 9(v):IIC4. CN ^PROP ) [INIT ]IIC5. CN ^PROP ^ I ^PRE) [S]INotes:(1) �(list) denotes the formula that is built from the primitive constructs of B and theidenti�ers in list.(2) IC3 is not generated by the B-Toolkit. This is because either IC3 is covered by IC4or otherwise the machine will not be implementable. (The B-Toolkit will also producea warning at the analysis phase if no initialisation is speci�ed.)(3) As we elaborate in Remark 1, section 3, IC2 simpli�es to the proof obligation9(s; c):PROP.Fig. 1. The general pattern of an abstract machine speci�cation and the correspondinginternal consistency proof obligations.require that the included state variables are read-only to the operations of the in-cluding machine (semi-hiding) whereas the imported state variables are invisibleto the operations of the importing implementation (full-hiding) and accessibleonly by calling the imported operations.Following the appearance of some aws in re�nements in the presence ofsees and imports, Potet and Rouzaud present in [25], and Rouzaud extendsin [26], a set of architectural conditions to guarantee the correctness of suchre�nements. However, these analyses do not consider the e�ect of adding newconstants and properties relating them to existing constants. As we show,adding new constants and properties may produce analogous correctness aws,unless appropriate context related proof obligations are considered.2.5 Internal Consistency of Abstract Machine Speci�cationsAn apparent di�erence between the implementation of structuring in the B-Toolkit and the corresponding analysis in the B-Book consists in a collection ofcontext related proofs that appear in the B-Toolkit but which are not consideredin the B-Book. These proof obligations aim to establish the (logical) consis-tency of the speci�ed component. The B-Book suggests a more \constructive"approach which consists in establishing the logical consistency of a componentspeci�cation a posteriori, by exhibiting an implementation on a collection ofpre-veri�ed primitives.A \at" abstract machine speci�cation is internally consistent if the proofobligations presented in Fig. 1 are satis�ed. (They are called Proof Obligations



for Internal Consistency by Lano in [20]). IC1 asserts that there are possiblemachine parameter values that satisfy the speci�ed constraints. IC2 asserts that,assuming the machine constraints on the machine parameters, there are setsand constants (i.e. auxiliary types, functions and predicates) satisfying thespeci�ed properties.1 IC3 asserts that, assuming the speci�ed constraints onthe machine parameters and the properties of the constant identi�ers, there isat least one machine state satisfying the invariant. If either of the �rst twoproof obligations fail, then the machine cannot be instantiated and there isno executable system satisfying the speci�cation. If the third obligation fails,then there is some acceptable actualization and evaluation (interpretation) ofthe machine-constants which does not expand to a meaningful machine. IC4and IC5 give the base case and induction step of a proof that all reachablestates satisfy the invariant.2 We note that the last three proof obligations dependon the consistency of the (constant) context of the machine. If the machine isinconsistent they hold trivially.In this paper we will focus our attention on the context of a speci�ed com-ponent in B. The internal consistency of this context depends on the �rst threeproof obligations: IC1, IC2 and IC3. Notice that these three proof obligationsfollow the same pattern: assuming the base theory of B, prove that a set of con-text axioms over a given a set of identi�ers implies the uniform interpolant tothis set of identi�ers of some context extension axioms. As we will elaborate insubsection 2.6, such proof obligations establish that the expansion of the basemathematical language of the B-Method with the signature of the abstract ma-chine M , and the simultaneous addition of the constraints, properties andinvariant as axioms, result in a logical theory that is a conservative extensionof the base theory of B. From a deduction point of view, such proof obliga-tions are necessary and su�cient to guarantee the logical conservativeness of theextension.2.6 Logical BackgroundIn this subsection we provide a condensed description of some results from formallogic which we use in order to establish that the speci�c form of contextual proofobligations discussed in this paper may be used to guarantee1. the internal consistency of abstract machines in B2. the relative consistency of the static context of the machines that appear inthe uses, sees and imports primitives;1 For simplicity, we have omitted some obvious uniform expansions of the bodies ofCNand PROP in the proof obligations. These are, in particular, additional constraintsrequiring that the parameters p are scalars and the �niteness property of deferredsets. In the case of enumerated sets the convention that their elements are distinct hasto be appended to the hypothesis of every proof obligation where PROP appears.2 Note that the third proof obligation is not necessarily weaker than the fourth as theinitialisation could be infeasible, e.g., initialisation is \any state where false".



3. the correctness of the extension of the static context speci�cation in the caseof sees and imports.In particular, we review the concepts of a logical theory, a �nite axiomatisation ofa logical theory, theorem conservation and uniform interpolation. Our intentionis to identify some useful results from formal logic, interpret them into the logicallanguage that is used for proof in B and then use them as facts. Note that someof these results essentially depend on the use of �rst order logic.Logical Theories. Let  be a sentence in �rst order logic. We write ID() todenote the set of all symbol identi�ers that appear in . We may also write(s; c) to denote that the identi�ers s and c may appear in . Let L be a set ofidenti�ers. A logical theory T over L is a set of sentences T such that (1) T is)-closed and (2) ID(�) � L, for all � in T. A sentence  2 T axiomatises T i� ) � for every � 2 T. If  axiomatises T then we say that T is the logical theoryof  over L. Let T1, T2 be logical theories over L1; L2, respectively. Assume thatL1 � L2. Then we say that \T2 extends T1" i� T1 � T2. In particular, we saythat \T2 extends T1 conservatively" or \T2 is a conservative extension of T1"when, for all � such that ID(�) � L1, � 2 T1 i� � 2 T2. Furthermore, if 1axiomatises T1 and 2 axiomatises T2 then, by abusing the language, we saythat 2 is conservative over 1 i� T2 extends T1 conservatively.The following is an instance of the so-called\Modularisation Theorem" [29,30, 16], which states that theorem conservation is stable under amalgamation oftheory extensions in �rst order logic.Proposition 1. Assume that T1;T2;T3 are logical theories over L1; L2; L3, re-spectively, such that (1) L1 = L2\L3, (2) T3 extends T1 and (3) T2 extends T1conservatively. Let T4 denote the )-closure of T2 [ T3 over L2 [ L3. Then T4extends T2 and T4 extends T3 conservatively.In other words, if T2 and T3 share T1 then the conservativeness of one extensionT2 over the shared T1 implies the conservativeness of the amalgamation closureT4 over the other (not necessarily conservative) extension T3. Clearly, if bothT2;T3 extend the shared T1 conservatively then the amalgamation closure T4 isconservative over both extensions T2 and T3. As we demonstrate by means sim-ple examples in the following sections our interest in theorem conservation andModularisation stems from the fact that conservative extensions ensure the ab-sence of any emerging properties (viz. information ow) imposed on the contextof a machine speci�cation by a contextual extension.3Uniform Interpolants. Let L be a set of identi�ers and  be a sentence. Asentence #o is called a uniform interpolant of  for L i� (1) ID(#o) � ID()\L,(2)  ) #o and, (3) for every � such that ID(�) � L, if  ) � then #o ) �.3 We use the term \emerging properties" in order to denote those sentences in thelanguage of the logical theory describing the context of the component machinewhich are imposed by a contextual extension and which do not follow from thespeci�cation of the component machine alone.



Note that a uniform interpolant depends only on the assumption  and theset of identi�ers L that may appear in the conclusion � of the implications ) �. Clearly, whenever a uniform interpolant #o of  for L exists, #o isunique up to logical equivalence and stronger than any other interpolant # suchthat  ) # ) �. In this paper we use the following results about uniforminterpolants.Proposition 2. Let 1; 2 be sentences such that1. ID(1) � ID(2). Then 2 is conservative over 1 i� 1 is a uniform inter-polant of 2 for ID(1).2. L0 = ID(1) \ ID(2). Assume that 2 has a uniform interpolant #o for L0.Then 1 ^ 2 is conservative over 1 if and only if 1 ) #o.Extension by Constants. First order logic, in its usual formulation, is well knownto possess ordinary (Craig) interpolation [11] but it lacks uniform interpolation[13, 14] as a global meta-logical property. This means that there are some �rstorder sentences  and some �rst order alphabets L such that  does not have auniform interpolant for L. However, there are cases where uniform interpolantsnot only exist but they also have a distinguished meta-form. A typical exampleconsists in pairs of a sentence  and a sub-alphabet L such that all symbols inthe di�erence ID() � L are constants. In those cases the uniform interpolantis produced by abstracting away the constant symbols in ID() � L using apre�x of fresh existentially quanti�ed variables. For example, if  is 8x:pr(c; x)and L = fprg then #o will be 9y8x:pr(y; x). (See also [31] where similar proofobligations are used in order to verify the conservativeness of extensions thatintroduce new function symbols by means of pre- and post-conditions.)Skolem Normal Form. It is well known [18] that, for every �rst order sentence and alphabet L0 � ID(), there is an existential (�11) second order sentence �0such that ID(�0) � L0 and �0 has the same �rst order logical consequences as over L0. This is a consequence of the Skolem Normal Form (SNF) theorem. (Seefor example chapter 4 of Enderton's text-book on logic [18].) As is explainedin [18] the above use of SNF also holds for a blend of second order grammarand �rst order deduction, avoiding therefore the necessity to resort to the fulldeductive power of second order logic. This blend of second order grammar and�rst order deduction is called \general" second order logic in [18] (as opposedto \absolute" second order logic which uses second order deduction) and it isreducible to an axiomatic enrichment of unsorted �rst order logic. In a few words,the key di�erence between \absolute" second order logic and \general" secondorder logic is the following. In \absolute" second order logic, certain basic notionssuch as membership, being a subset, set comprehension, etc., are �xed primitivesat the level of models. In contrast, \general" second order logic avoids appealingto a �xed notion such primitives and is consequently reducible to �rst orderlogic enriched with relativisation predicates, (a �rst order presentation of) set



theoretic membership and a comprehension scheme4. A well known reduction of\general" second order logic to �rst order logic was given by Enderton in [18].Such �rst order interpretations of \general" second order logic give an analo-gous result with the use of a deductive presentation of set theoretic membershipin the base theory of B.5 On the one hand, when de�ning a component in B,one gives �rst order context speci�cations axiomatically. The function and pred-icate identi�ers are given as parameters or in the constants clause and theaxiomatisation is provided in the constraints and the properties clauses6.The (relativised) quanti�ers used in this case are quantifying over individualslike the usual �rst order quanti�ers. On the other hand, in a proof obligation,one can quantify over a constants identi�er by replacing all the occurrences ofthat identi�er by a new (�rst order) existential quanti�er-bounded variable. Thismay be viewed as �rst order interpretation of a \general" second order quan-ti�er. Note that the above neither assumes nor implies that the employed �rstorder set theory possesses uniform interpolation. For the existential �rst ordersentences that play the role of uniform interpolants are the result of encodingsecond order SNF sentences and not ordinary �rst order sentences: the variablesin their existential pre�x are not relativised over a domain of individuals.Uniform Interpolants in B. The following are some useful results about the use ofuniform interpolants in the B-Method. As we already mentioned in this section,they merely depend on the fact that a deductive presentation of set theory isincorporated in the base theory of B.7Proposition 3. Let L0 = fc; c1; : : : ; cng be a set of (abstract )constantsidenti�ers and let L = L0 � fcg. Assume that P(c; c1; : : : ; cn) axiomatise thecontext of a component with context signature L0. Then1. 9c:P is the uniform interpolant of P for the (sub)signature L.2. For all ' such that ID(') � L, P) ' if and only if (9c:P)) '.Notice that the constants identi�er c does not appear in '.4 I.e., 9X:X(x1; : : : ; xn), '(x1; : : : ; xn), where variables x1 : : : xn are �rst order andfree whereas X is a second order variable that does not appear in the formula '.5 The set theoretic foundation of B consists in a subtheory of ZFC which focuses onreasoning with arbitrarily large �nite sets and distinguishes co�nite sets by means ofa constant BIG. Most importantly, this set theory lacks the Replacement Axiom, thePairing Axiom and the Foundation Axiom and uses a speci�c instance of the Axiomof Choice (c.f. Chapter 2 of [1]). Notably, the notion of an ordered pair is de�nedin B outside set theory, and type-checking all set theoretic statements ensures thatordinal numbers are not dealt with in a speci�cation.6 Further restriction apply of course in order to ensure that the sets are �nite, theactualisations of the parameters are scalars, etc.7 For simplicity we focus on constants identi�ers. One can easily extend these resultsto parameters, sets and parameter constraints by appending the (de�nitions of)the enumeration for de�ned sets and the �niteness condition for deferred sets, etc.



Proposition 4. Let P axiomatise the context of a component with context sig-nature L = fc1; : : : ; cng. Let �P(c1; : : : ; cn; c01; : : : ; c0k) be the extension axiomspecifying the properties of a contextual extension with (extension) signature�L = fc01; : : : ; c0kg. The following are equivalent.1. P ^�P is conservative over P.2. For every ' such that ID(') � L, P ^�P) ' if and only if P) '.3. P) 9(c01; : : : ; c0k):�P.We note that the above Proposition 4(3) can be seen as a proof obligationin order to establish that P ^�P is conservative over P. A typical example ofsuch a proof obligation from the B-Book [1] is the context-related proof obliga-tion of imports (page 599 of the B-Book). The latter can be seen as the �rstorder reduction of the SNF -style (second order) formula describing the uniforminterpolant of the conjunction of the formulae in the properties clauses of theimplemented re�nement sequence to the context signature of the imported ma-chine. (See also section 5.) For the rest of the paper, our main focus will beon this kind of proof obligation which we show to be generally useful, and oftenessential, for ensuring relative consistency, relative completeness of presentation,and proof modularity for the (static) context of several composition primitivesthat are used in a development with the B-Method.3 Incremental Speci�cationAs we explained in subsection 2.6, theorem conservation introduces a relativeconsistency and a relative completeness argument { as follows. Firstly, the con-sistency of the extended logical theory reduces to the consistency of the basetheory. If the \Internal Consistency" proof obligations IC1{IC4 illustrated inFig. 1 hold then the logical theory describing the static part of machine M isconsistent if and only if the base theory of B is consistent. Secondly, the contextof M does not say anything more about the built-in constructs of B, other thanwhat is already deducible from the base theory. Furthermore,{ IC3 guarantees that the addition of state variables v, to refer to the possiblestate values, and the invariant I, to specify them, extends the theory describ-ing the parameters and constants of M , conservatively. That is, from thebase theory of B, it follows that CN^PROP^I) ' i� CN^PROP) 'for every ' such that the state variables v do not appear in '.{ IC2 guarantees that the axiomatisation of the sets and constants is con-servative over the logical theory generated by the axiomatisation of the con-straints on the parameters (by proving the uniform interpolant of the for-mula of PROP for the base language.) That is, assuming the base theoryof B, CN ) ' i� CN ^PROP ) ' for every �rst order sentence ' suchthat s; c do not appear in '.{ IC1 guarantees that the theory of the constraints on the actualization pa-rameters extends conservatively (and is relatively consistent with) the basetheory of B.



machine M2(p2)constraints CN2(p2)includes M1(n1)sets s2constants c2properties PROP2[s1; c1; s2; c2]variables v2invariant I2(p2; s2; c2; v2; s1; c1; v1)... IN1:(a) 9(p2):CN2(b) CN2 ^PROP2 ) [p1:=n1]CN1IN2: 9(s1; c2; s2; c2):PROP1 ^PROP2IN3: PROP1 ^CN2 ^PROP2 ) 9(v1; v2): ([p1:=n1]I1 ^ I2)...Note: For simplicity and clarity of presentation we assume that (in proof obligations)CNi and PROPi embody the (default) assumptions about the type of formal param-eters and of sets and concrete constants identi�ers that appear in their signature(i.e., that parameters are �nite sets or scalars, that deferred sets are �nite, etc).Fig. 2. The general form of the context-related clauses and proof obligations for theincludes and extends primitives.Remark 1. IC2 can be further simpli�ed to 9(s; c):PROP. This is because ofthe following reasons. First, B requires that (abstract) parameters do not ap-pear in PROP; thus proving the uniform interpolant of PROP over the basetheory of B guarantees that the extension hhs; ci;PROPi is conservative. Sec-ond, IC1 establishes that the extension of the base theory by hhp; s; ci;CNi isconservative. Third, the \Modularisation Theorem" (Proposition 1) ensures thatthe amalgamated sum hhp; s; ci;CN ^PROPi conservatively extends both thelogical theory describing the parameter constraints and the base theory of B.Note that when large speci�cations are structured incrementally, the logical the-ory of the static part of the whole speci�cation need not be conservative overthe theories of the static part of its components. As we illustrate in the followingsubsection, it is often the case that (the logical theory describing the static partof) a compound machine is not conservative over some or all of its components.Whatever the case is, both components and compound speci�cations extend thebase theory of B conservatively.3.1 Extending Speci�cationsIn the case of extends and includes the static context related proof obliga-tions take the form that is provided in Fig. 2, which is similar to those of a\at" machine over an extended context. The only new form of proof obliga-tions is about the actualization of the parameters of the included machine. Thisproof obligation (Fig. 2{IN1.(b)) validates the constraints of the included ma-chine in the context of the including machine. The logical theory that describesthe static part ofM2 is equivalent to that of a \at machine" with parameters p2,constraints CN2, sets s1; s2, constants c1; c2, properties PROP1^PROP2and invariant [p1:=n1]I1 ^ I2. We emphasise that IN2 is weaker than an obliga-tion of the type PROP1 ) 9(s; c):PROP2. For includes and extends, the



machine M3(p3)constraints CN3sees M1sets s3constants c3properties PROP3[s3; c3; s1; c1]variables v3invariant I3(v3; p3; s3; c3; s1; c1)...
machine M3(p3)constraints CN3uses M1sets s3constants c3properties PROP3[s3; c3; s1; c1]variables v3invariant I3(v3; p3; s3; c3; v1; s1; c1)...Sh1: 9(p3):CN3Sh2: context(M1)) 9(s3; c3):PROP3Sh3: sees context(M3)) 9(v3):I3uses context(M3)) 9(v3; v1):I1 ^ I3...Note: We write context(M3) as a shorthand for context(M1) ^CN3 ^PROP3.Fig. 3. The general form of the context-related clauses and proof obligations for thesees and uses primitives.static context of M2 does not have to be conservative over M1. The last pointunderpins the conception of includes and extends as the \open" structuringassemblies that facilitate information disclosure. They allow the designer to reusethe speci�cation text of the included machine, thereby specifying the context ofthe including machine as an enrichment of the context of the included one.4 Sharing ComponentsIn the case of sees and uses, the context-related proof obligations take the formprovided in Fig. 3.8 (We omit the parameters of the component machine andthe associated constructs for simplicity. These parameters are not instantiatedvia the uses and sees primitives.) Sh2 guarantees that the logical theory de-scribing the properties of the constant fragment of M3 is conservative over thecorresponding component ofM1. This is obtained by proving the uniform inter-polant 9(s3; c3):PROP3(s1; c1; s3; c3) of PROP3 in the sublanguage generatedby the constants of M1. In addition, Sh3 guarantees that,1. in the case of sees, the logical theory of the context of M3 is conservativeover the logical theories describing the stateless fragment ofM3, the statelessfragment of M1, and the whole context of M1;8 If, following the philosophy of the B-Book, uses is considered as an auxiliary syntac-tical mechanism whose sole purpose is to facilitate sharing of speci�cation text (asopposed to an actual composition primitive between machine speci�cations) thenone might like to replace I1 ^ I3(p3; v3; s3; c3; v1; s1; c1) with I30(p3; v3; s3; c3; s1; c1)(where I30 is the subformula of the invariant where the state variable v1 of the usedmachine M1, to be shared, does not appear) and thus postpone the proof for theshared part of the invariant until the closure is formed.



machineM4extends M2, M3end machine M2 uses M1constants gpropertiesg:NAT ! NAT ^8x:(x:NAT ) (g(x) < 5 ^ f(x) < g(x)))endmachineM3 extends M1constants hpropertiesh:NAT ! NAT^8x:(x:NAT ) h(x) = 3 ^ f(1) 6= h(1))end machine M1constants fpropertiesf :NAT ! NAT^8x:(x:NAT ) f(x) > 2)endFig. 4. The abstract machine speci�cations of Example 1.2. in the case of uses, the logical theory of the context of M3 is conservativeover the logical theories describing the stateless fragment of M3, and thestateless fragment of M1.Note that it is not conservative over the whole context of M1 because theuses-invariant may strengthen the invariant over the state variables of theused machine M1.In the following paragraphs, we discuss the impact of these context-related proofobligations in the cases of uses and sees separately.The Impact of the Context-Related Proof Obligations on uses . Estab-lishing Sh2 in this case guarantees that the underlying theory of the constantsof the using machine is conservative over the corresponding theory of the usedmachine. Further, theModularisation property of �rst-order theory presentations(Proposition 1) guarantees that the union of the corresponding theories, under-lying the sharing mechanism of uses, will preserve consistency. Consequently, nofurther consistency proofs about the union are necessary. This is demonstratedin the following example.Example 1. Consider the following abstract machinesM1;M2;M3 andM4 pro-vided in Fig. 4. The abstractmachineM1 is shared; it is used by M2 and extendedby M3. When the closure machine M4 is formed no further proof obligationsabout the context are needed. (Indeed no constant-context proof obligations aregenerated by the B-Toolkit.) Because of the Modularisation property (Propo-sitions 1 and 2), the proof obligation establishing the conservativeness of thecontext of M2 over the context of M1 guarantees the conservativeness of the(constant) context of M4 over the context of M3. Consequently the internalconsistency of M3 guarantees the internal consistency of M4. Of course in thisparticular example the proof obligation related to the conservativeness of M2usesM1 cannot be discharged. So the potential of a consistency problem relatedto the incremental speci�cation in the design is detected when it �rst appears.



It is worth noting that, unlike sees, the conservativeness requirement betweenthe constant contexts that underlies uses is not seen as fundamental. It facili-tates proof modularity, presentation clarity and it is consistent with the architec-tural concept of \one writer, many readers" but it can be omitted. For exampleBert, Potet and Rouzaud propose in [4] an alternative version of sees which isvery similar to an includes that does not instantiate parameters and does notpromote any operation. Although they do not consider constants in their de-velopment, one can imagine a variant of uses where the constant context of theusing machine is not conservative over the constant context of the used machine.In such a case, one would not be able to employ the Modularization property andthe consistency of the closure should be re-established (or delayed until the im-plementation). Since only the closure machine is re�ned and later implemented,the conservativeness of the constant context for uses can be conceived to be amatter of taste and style of development. Though, as we illustrate in this paper,the above argument does not apply in the cases of sees and imports where theconservativeness between the static contexts of the seeing/importing componentand the seen/imported machine is required.The Impact of the Context-Related Proof Obligations on sees. Forsees, establishing Sh2 guarantees that the underlying theory about the con-stants of the seeing machine is conservative over the theory of the seen ma-chine. Therefore the properties of the seeing machine cannot impose any further\emerging" properties on the constants of the seen machine. In other words,there is no information ow from the seeing machine to the seen machine. Thisis fundamental for the following reasons.1. The seen machine M1 may be consulted from machines other than M2 andany emerging properties fromM2 may have unpredictable side-e�ects on theoperation of those machines by implicitly enriching their properties clausewith the potential of creating conicts or inconsistencies.2. If M1 is enriched (viz. re�ned) in a development, such a modi�cation takesplace on the only shared copy of M1 and the only properties about s1; c1taken into consideration are those speci�ed within M1; any emerging prop-erties cannot be considered.3. The seen machine M1 will be implemented separately and in such an im-plementation only the properties about the sets and constants s1; c1 areconsidered. If emerging properties on the constants of M1 had been al-lowed these will not be considered by the implementation therefore causingincompatibilities in parallel development.Given that Sh2 holds, then Sh3 (non-empty state space) is equivalent to thecorresponding proof obligation of a machine M30 whose context is the result ofthe enrichment of M3 with the constants and properties of M1. Notice thatthe parameters p1 and the state variables v1 of the seen machine do not appear inI3. This \hiding principle", together with the context-related proof obligations,



machine M1constants fpropertiesf : NAT ! NAT ^8x:(x:Nat) f(x) > 2)end machine M2 sees M1constants gpropertiesg:NAT ! NAT ^8x:(x:NAT ) (g(x) < 5 ^ f(x) < g(x)))end machine M3 sees M1constants hpropertiesh:NAT ! NAT ^ f(1) 6= h(1) ^8x:(x:NAT ) h(x) = 3)endFig. 5. The abstract machines speci�cations of Example 2.ensures the conservativeness of I3.9 Example 2 demonstrates the importanceof considering these context-related proof obligations associated with the seesprimitive.Example 2. Consider the following example where one machine M1 is seen bytwo other machines M2 and M3 as presented in Fig. 5. Although each of M2 andM3 extendM1 in a consistent way, they induce contradictory emerging propertieson M1. On the one hand, M2 alters the context of M1 by forcing the f to acceptonly one possible model interpretation, namely the constant function f(x) = 3.On the other hand, M3 alters f by accepting only those model interpretationswhere f(1) > 3.In fact, both M2 and M3 are ill de�ned. Because they implicitly modifythe static context of M1 by imposing (in this example conicting) emergingproperties. In order to avoid such side-e�ects when a machine M sees a machineM1, the context of M must be conservative on the context of M1. That is, allsentences about the sets and constants identi�ers of M1 that are provable inthe context of seeingmachine M should also be provable in the context of the seenmachine M1. As we explain in section 2.6 the latter is the case if and only if thesentences 9g:(g:NAT ! NAT ^ 8x:(x:NAT ) (g(x) < 5 ^ f(x) < g(x)))) and,respectively, 9h:(h:NAT ! NAT ^ 8x:(x:NAT ) h(x) = 3) ^ f(1) 6= h(1))follow from the context axioms of M1. Clearly, in this example, none of the abovementioned proof obligations can be discharged.5 Layered Implementation (imports)In the case of imports (in an implementation) the context related proofs havethe form provided in Figure 6. Imp1 establishes, in analogy to includes, the9 Because of the Modularisation property (Propositions 1 and 2), the implicationcontext(M3) ) (I1 ) 9(v3):I3) reduces to context(M3) ) 9(v3):I3, by thede�nition of context(M3) (Fig. 3) and because context(M1) ) 9(v1):I1, by theassumption that M1 is internally consistent, and v1 does not appear in I3 by thesyntactical conditions of sees. In fact, with an analogous argument one can alsodrop CN1 from the assumption in Sh3-sees.



correctness of the instantiation p1:=n1 of the imported machine M1(p1). Wenote that the assumption in Imp1 does not embody PROP1 although importedconstant identi�ers in c1 may appear in the assumption via PROP3. As weelaborate in the sequel, this is important for establishing the conservativenessof the properties of context(M3) over the properties of the imported machineM1. Imp2 proves the uniform interpolant of the implementation instance of there�ned properties in the static language of imported machine. On the one hand,the sentence PROP2^PROP3 axiomatises the static context of the (resultingmachine of the) re�nement. On the other hand, the instance[s2:=E2; c2:=e2; s3:=E3; c3:=e3]PROP1 ^PROP2 ^PROP3which is produced by the evaluation of the re�ned sets and (concrete) con-stants and the embodiment of imported properties PROP1, axiomatises thestatic context of the implementation. Hence, Imp2 establishes that the propertiesof implementation context extend conservatively the properties of the importedcontext and, by Modularisation (Proposition 1), that context(M2I) is conserva-tive over context(M1(n1)). But this alone is not enough. In order to ensure thatno \emerging" properties are imposed over the (static) context ofM1 by the im-plementationM2I one has to establish that the instantiated context(M1(n1))does not a�ect PROP1. Because n1 may depend on some constants c2; c3 in thecontextual extension signature ofM2I which are then related to c1 via PROP3,there is an indirect channel through which \emerging"properties about c1 canow fromM2I to M1. However, the conservativeness of context(M1(n1)) overPROP1 follows by taking Imp1 into account. Imp1 and Imp2 together guaranteethat if context(M1(n1))) '(c1) then PROP1) '(c1).We note that, among the contextual conservativeness requirements we dis-cuss in this paper, only Imp2 is considered in the B-Book (page 599). Indeed,the conservativeness of this extension is fundamental. Because the importedmachine M1 is implemented independently in a layered development, the only(abstract) properties considered in the implementation ofM1 are PROP1 (i.e.,those speci�ed in the properties clause of M1). If any emerging propertiesabout the static context ofM1 were allowed, these properties would not be con-sidered in the implementation ofM1. The latter could allow the validation of animplementationM1I of a behaviour that is weaker than that assumed by M2I,in which case the correctness of each implementation layer individually wouldnot guarantee the correctness of the overall development. This is illustrated inExample 3.Example 3. Consider the implementation presented in Figure 7 where the ab-stract machine to be re�ned is M2 which speci�es an operation op2 such thatop2 always returns TRUE, and the imported machine is M1 which speci�es anoperation op1 such that op1 always returns FALSE. Both machines M1 andM2 are clearly internally correct but the property given in the implementationis inconsistent with those inherited from the re�nement sequence and the im-ported machine. Consequently, the proof obligation related to the preservationof the invariant in M2I holds trivially:



implementation M2I(p2)refines M2(p2)imports M1(n1)sets s3constants c3properties PROP3(s1; c1; s2; c2; c02; s3; c3)values s3:=E3; c3:=e3invariant I3(v2; v1; s1; c1; s2; c2; c02; s3; c3)...endImp1: context(M2) ^PROP3 ) [p1:=n1]CN1Imp2: PROP1 ) [s2 := E2; c2 := e2; s3 := E3; c3 := e3](PROP2 ^PROP3)...Notes:(1.) c02 are the (abstract) constants of M2 which are not given concrete values viathe implementation and Ei; ei are concrete scalar values.(2.) Both proof context-related obligations Imp1 and Imp2 are proposed by the B-Book.Fig. 6. The general form of the context-related clauses and proof obligations for theimports primitive.VHYP ) 9(v2):(v2:NAT^bool(fun2(v2)=v2)=bool(fun1(v1)=v1)) whereHYP=fCNM2I;PROPBool TY PE;PROPM1;PROPM2;PROPM2I;I1;I2;IM2I;assign(M3I);PRE(op2)gThis is because the conjunct VfPROPBool TYPE, PROPM1, PROPM2,PROPM2Ig in the assumption is self-contradictory (asserting 0 = 1). The incor-rectness of the implementation is caught in the validation of the context relatedproof obligation: VfPROPM1;PROPBool TY PEg) 9(fun2):VfPROPM2;PROPM2Igwhich fails by, for example, reducing the proof to the validity of 0 = 0 + 1.We note that while testing the above example in the B-Toolkit, the incorrectproof obligation of Figure 8 was generated by the tool. The tool generated proofobligation is incorrect because it trivialises the conservativeness argument bybounding the occurrences of fun2 and fun1 in the conclusion with an existen-tial quanti�er and thus producing a formula that is strictly weaker than theuniform interpolant. In the correct form of this proof obligation fun1 appearsunbounded (as the same constant in the conclusion and the assumption). Theabove mentioned proof obligation reads \ there exist fun1 and fun2 such thatfun2 has those properties and fun1 is equal to fun2" which is of course valid.(Because it reduces to the internal consistency of the abstractionM2.)6 ConclusionIn this paper we have discussed how the conservativeness between the staticcontext of components in B can be established by means of proof obligationswhich have a common (meta-)form. From a deduction perspective, the com-mon (meta-)form of these proof obligations consists in establishing that the



implementation M2Isees Bool TYPErefines M2imports M1properties 8xx:(xx:NAT ) fun2(xx) = fun1(xx))operations rr  op2 = rr  op1endmachine M2sees Bool TYPE(abstract )constants fun2properties fun2:NAT ! NAT ^8xx:(xx:NAT ) fun2(xx) = xx)operations rr  op2 = any v2 where v2:NAT then r:=bool(fun2(v2) = v2) endendmachine M1sees Bool TYPE(abstract )constants fun1properties fun1:NAT ! NAT ^8xx:(xx:NAT ) fun1(xx) = xx + 1)operations rr  op1 = any v1 where v1:NAT then rr:=bool(fun1(v1) = v1) endendend Fig. 7. The implementation of Example 3.cst(M2I$1) ) ( ctx(M1) & ctx(Bool TYPE) ) (#(fun1 , fun2).( !xx.(xx : NAT ) fun1(xx) = fun2(xx)) &fun2 : NAT �! NAT & !xx.(xx : NAT ) fun2(xx) = xx) )))Fig. 8. A tool-generated incorrect contextual proof obligation for the implementationof Figure 7, Example 3.uniform interpolant of the contextual extension axioms is implied by the basecontext. Furthermore, in order to produce the above mentioned uniform inter-polant, one can simply abstract away the identi�ers of the extension signaturefrom the extension axioms by replacing all their occurrences with new existen-tial quanti�er-bounded variables. Hence, the above mentioned proof obligationstake the following general form, where M1 is the component speci�cation, M2is the compound speci�cation and c01; : : : ; c0n are the identi�ers in the contex-tual extension signature, context(M1) is the conjunction of the context-relatedproperties of the component and �context(M2) is conjunction of the propertiesof the contextual extension, i.e., context(M1) ) 9(c01; : : : ; c0n):�context(M2)From a logical viewpoint, these proof obligations can be seen as a set ofnecessary and su�cient conditions for establishing the conservativeness of thecontextual extension. By requiring such a contextual extension to be conserva-tive, one guarantees the relative consistency, relative completeness of presen-tation and the absence of information ow from the context of the compoundspeci�cation to the context of the component speci�cation. By establishing theconservativeness of the compound context over the context of the componentthese proof obligations are



1. essential in order to ensure the correctness of the \consultation only" sharingarchitecture in the case of sees and the compatibility of layered implemen-tation in the case of imports;2. useful in order to facilitate proof modularity and orthogonality of incremen-tal speci�cation in the case of sharing speci�cation modules via the usesprimitive.Instances of such proof obligations are generated by the B-Toolkit (releaseBeta 4.58) for the validation of the contextual extensions that are associatedwith the uses, sees, or imports primitives, as well as ensuriing that (the staticcontext) of a component speci�cation in B is internally consistent (following theProof Obligations for Internal Consistency provided by Lano in [20]). We alsonoted that only in the case of imports (in an implementation) some formof conservativeness validation by means of appropriate uniform interpolants hasbeen explicitly considered in the B-Book. However, the context-related proofobligation generated by the B-Toolkit for imports is not su�cient and needs tobe corrected.We plan to investigate the potential of producing analogous proof obligationsto ensure non-interference and to control state sharing and information ow inthe dynamic part of component speci�cations in B. This may involve developingan appropriate (polymodal) formalism (c.f. [3, 14]) to model the correlation be-tween sequences of general substitutions and state transitions and then reduceit to classical logic enriched with a deductive presentation of set theoretic mem-bership (c.f [8, 12]). Non-interference and absence of information ow are knownto be related with bisimulation between the abstract state spaces [5, 27] whilethe existence of interpolants is known to be equivalent with entailment alongbisimulation in various (poly)modal logics [8, 12]. Furhtermore, an equivalencebetween the stability of theorem conservation under amalgamation of theoryextensions and some variants of interpolation has been established in [16] forvarious families of reexive, transitive and monotonic entailment relations.References1. J.R. Abrial. The B-Book : Assigning Programs to Meanings. C.U.P., 1996.2. B-CORE (UK) Ltd. The b-toolkit. 1999. URL: http://www.b-core.com.3. J. Barwise, D. Gabbay, and C. Hartonas. On the logic of information ow. BulletinOf The IGPL, 3 (1):7{49, 1995.4. D. Bert, M-L. Potet, and Y. Rouzaud. A study on Components and Assemblyprimitives in B. In H. Habrias, ed., First Conference on the B-Method, 1996.5. J.C. Bicarregui. Non-Interference, Security and Bisimulation: explorations into theroles of Read and Write frames. CLRC-RAL, 1998.6. J.C. Bicarregui and et al. Formal Methods Into Practice: case studies in the appli-cation of the B Method. I.E.E. Transactions on Software Engineering, 1997.7. J.C. Bicarregui, J.Dick, B.Matthews, and E.Woods. Making the most of formalspeci�cation through animation, testing and proof. Sci. of Comp. Prog., 1997.8. J. van Benthem. Modality, bisimulation and interpolation in in�nitary logic. AN-NALSPAL: Annals of Pure and Applied Logic, 96, 1999.
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