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SHARP WORST-CASE EVALUATION COMPLEXITY BOUNDS FOR
ARBITRARY-ORDER NONCONVEX OPTIMIZATION WITH INEXPENSIVE
CONSTRAINTS

CORALIA CARTIS*, NICHOLAS 1. M. GOULD, AND PHILIPPE L. TOINT?

Abstract. We provide sharp worst-case evaluation complexity bounds for nonconvex minimization problems
with general inexpensive constraints, i.e. problems where the cost of evaluating/enforcing of the (possibly nonconvex
or even disconnected) constraints, if any, is negligible compared to that of evaluating the objective function. These
bounds unify, extend or improve all known upper and lower complexity bounds for nonconvex unconstrained and
convexly-constrained problems. It is shown that, given an accuracy level €, a degree of highest available Lipschitz
continuous derivatives p and a desired optimality order ¢ between one and p, a conceptual regularization algorithm

1
requires no more than O(e™ Pf-g“ ) evaluations of the objective function and its derivatives to compute a suitably
approximate g-th order minimizer. With an appropriate choice of the regularization, a similar result also holds if
the p-th derivative is merely Holder rather than Lipschitz continuous. We provide an example that shows that the
above complexity bound is sharp for unconstrained and a wide class of constrained problems; we also give reasons
for the optimality of regularization methods from a worst-case complexity point of view, within a large class of
algorithms that use the same derivative information.

Key words. evaluation complexity, worst-case analysis, regularization methods.

1. Introduction. Ever since the seminal paper by Vavasis [23] on the complexity of find-
ing first-order critical points in unconstrained nonlinear optimization was published 25 years ago,
the question of the optimal worst-case complexity of optimization methods has been of interest
to mathematicians and also, because of its strong connection with deep learning, to computer
scientists. Of late, there has been a growing interest in this research field, both for convex and
nonconvex problems. This paper focuses on the latter class and follows a now substantial! research
trend that derives bounds on the worst-case evaluation complexity (or oracle complexity) of first-
and (more rarely) second-order-necessary minimizers? of nonlinear nonconvex unconstrained op-
timization problems [23, 20, 16, 21, 5]. These papers all provide upper evaluation complexity
bounds: they show that, to obtain an e-approximate first-order-necessary minimizer (for uncon-
strained problem, this is a point at which the gradient of the objective function is less than ¢
in norm), at most O(e~2) evaluations of the objective function® are needed if a model involving
first derivatives is used, and at most O(e~3/2) evaluations are needed if using second derivatives
is permitted. This result was extended to convexly-constrained problems in [7]. A broader frame-
work allowing the use of Taylor series of degree p was more recently proposed in [2], in which case
the worst-case evaluation complexity bound for e-first-order-necessary unconstrained minimizer is
shown to be O(EJ)I-#)7 thereby generalizing the previous results for this case. Complexity for ob-
taining e-approximate second-order-necessary unconstrained minimizers was considered in [21, 5],
where a bound of O(e~3) evaluations was proved to obtain an e-second-order-necessary minimizer

using a Taylor’s model of degree two, and a bound of O(e 5*1) evaluations was shown in [9] for
the case where a Taylor model of degree p is used. Defining g-th-order-necessary minimizers for
q > 2 was considered in [12], where the difficulty of stating and verifying necessary optimality
was discussed. In particular, it was concluded in this latter reference that defining and computing
e-approximate g¢-th-order-necessary minimizers for ¢ > 2 is likely to remain elusive, essentially
because of the nonlinearity and lack of continuity of the kernels of the derivatives involved. A
more general Taylor-based definition of optimality was introduced instead, which allowed to show
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an upper bound of O(e_(q“‘l)) on evaluation complexity for convexly-constrained problems, in
particular improving on the bound of O(e~%/2) stated in [1] for the case p = ¢ = 3.

The unconstrained and convexly-constrained cases where the assumption of Lipschitz conti-
nuity is replaced by the weaker S-Holder continuity (8 € (0, 1]) have also been studied for ¢ = 1 in

[15, 8, 10]. These references show that at most O(e_fﬁ) evaluations are needed for obtaining
an e-first-order-necessary minimizer.

While upper complexity bounds are important as they provide a handle on the intrinsic dif-
ficulty of the considered problem, they do so at the condition of not being overly pessimistic. To
address this last point, lower bounds on the evaluation complexity of unconstrained nonconvex
optimization problems and methods were derived in [4, 20] and [13], where it was shown that the
known upper complexity bounds are sharp (irrespective of problem’s dimension) for most known
methods using Taylor’s models of degree one or two. That is to say that there are examples for
which the complexity order predicted by the upper bound is actually achieved. More recently,

Carmon et al. [3] provided an elaborate construction showing that at least a multiple of e

function evaluations may be needed to obtain an e-first-order-necessary unconstrained minimizer
where derivatives of order at most p are used. This result, which matches in order the upper
bound of [2], covers a very wide class of potential optimization methods* but has the drawback of
being only valid for problems whose dimension essentially exceeds the number of iterations needed,
which can be very large and quickly grows when € tends to zero.

Contributions. The present paper aims at unifying and generalizing all the above results
in a single framework, providing, for problems with inexpensive or no constraints, provably opti-
mal evaluation complexity bounds for arbitrary optimality order, all relevant model degrees and
levels of smoothness of the objective function. By “inexpensive constraints”, we mean general
set constraints whose enforcement and evaluation® cost is negligible compared to the cost of eval-
uating the objective function. As a consequence, the evaluation complexity for such problems
is meaningfully captured by focusing of the number of evaluations of this latter function. This
class of minimization problems contains important cases such as bound-constrained problems and
convexly-constrained problems (when the projection onto the feasible set is inexpensive), but also
allows possibly nonconvex or even disconnected feasible sets.

In order to achieve these objectives, we first revisit the Taylor-based optimality measure of
[12] and define (¢€,0)-g-th-order-necessary minimizers, a notion extending the standard e-first- and
e-second-order cases to arbitrary orders. We then present a conceptual regularization algorithm

__p+B
using degree p models and show that this algorithm requires at most O(e™ »=4+7 ) evaluations of f
and its derivatives to find such an (€,0)-g-th-order-necessary minimizer when the p-th derivative
of f is assumed to be S-Holder continuous. (If the p-th derivative is assumed to be Lipschitz

continuous, the bound becomes O(e_Pfiﬁl).) This bound matches the best known lower bounds
for first- and second-order, and improves on the bound in O(¢~(¢*1)) given by [12]. We then
show that this bound is sharp in order for unconstrained problems with Lipschitz continuous p-th
derivative by completing and extending the result of [3] in two ways. The first is to show that the

_p+1 . o e .
lower worst-case bound of order €~ » evaluations for obtaining a first-order-necessary minimizer
using at most p derivatives is also valid for problems of every dimension, and the second is to show

that this bound can be generalized to a multiple of ¢ 72T for obtaining a ¢-th-order-necessary
minimizer of any order ¢ < p. In particular, this result matches in order the upper bound obtained
in the first part of the paper and subsumes or improves known lower bounds for first- and second-
order-necessary minimizers. While our lower bounds are derived for regularization algorithms
applied to unconstrained problems, we also indicate that they may be extended to a much wider
class of minimization methods and to a significant class of constrained problems.

The paper is organized as follows. Section 2 introduces the (possibly constrained) minimization
problem of interest and the concept of (e,d)-approximate g-th-order-necessary minimizers. It also
presents a variant of the Adaptive Regularization algorithm using degree p Taylor’s models (ARp)

4In particular, it covers randomized methods, which we do not consider in this paper.
5Constraint’s values and that of their derivatives, if relevant.
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whose purpose is to find such minimizers. Section 3 then provides an upper bound on the evaluation
complexity for the ARp algorithm to achieve this task. Section 4 then discusses specialization of
this result to the case where e-approximate second-order-necessary minimizers are sought. The
complexity upper bound of Section 3 is then proved to be sharp in Section 5 for the Lipschitz-
continuous cases where the feasible set contains a ray. Some conclusions are finally presented in
Section 6.

Notation. Throughout the paper, ||v|| denotes the standard Euclidean norm of a vector

v € R". For a symmetric tensor S of order p, S[vi,...,v,] is the result of applying S to the
vectors vy, ..., vp, S[v]P is the result of applying S to p copies of the vector v and
def
[1S]|p) = max |S[v]P| = max [S[v1,. .., v (1.1)
[lv]=1 lvr]|=-=llvpll=1

(where the second equality results from Theorem 2.1 in [25]) is the associated induced norm for
such tensors. If S; and Sy are tensors, S; ® S5 is their tensor product and Sf@’ is the product
of Si k times with itself. For a real, sufficiently differentiable univariate function f, f(*) denotes
its i-th derivative and f(©) is a synonym for f. For an integer k and a real 3 € (0, 1], we define

(k+ B)! def ngzl(ﬁ + ¢) (this coincides with the standard factorial if 3 = 1) and 8! = 1. As is
usual, we also define 0! = 1. If M is a symmetric matrix, Apin (M) is its left-most eigenvalue. If «
is a real, [a] and |a] denote the smallest integer not smaller than « and the largest integer not

exceeding c, respectively. Finally globmin s f(z) denotes the smallest value of f(z) over z € S.
2. High-order necessary conditions for optimality and the ARp algorithm.

2.1. A high-order optimality measure. Given p > 1, this paper considers the set-
constrained optimization problem
i 2.1
min f(z), (2.1)
where we assume that F C IR™ is closed and nonempty, and where f € CP#(IR"), namely, that:
e f is p-times continuously differentiable,
e the p-th derivative tensor of f at z is globally Holder continuous, that is, there exist
constants L > 0 and § € (0,1] such that, for all z,y € R",

IV f(z) = VEF W)l < Lllz —y)”. (2.2)

Observe that convexity or even connectedness of F is not requested. Observe also that the more
usual case of Lipschitz continuous p-th derivative corresponds to = 1. We note that our as-
sumption covers the continuous range of objective function’s smoothness from Holder continuous
gradients to Lipschitz continuous p-th derivatives. In what follows, we assume that 3 is known.
If T, (x, s) is the standard p-th degree Taylor’s expansion of f about z computed for the increment
s, that is

VL@, (23)

(2.2) provides crucial approximation bounds, whose proof can be found in the appendix.

LEMMA 2.1. Let f € CP#(IR"), and T,(x, s) be the Taylor approximation of f(z + s) about
x given by (2.3). Then for all z,s € IR",

T+s x,8 Lsp'w
e s) < Tyl + oot sl (2.4

IV2f (@ + ) = ViT,(2,9) ) < !HSII”*j*@ G=1....p) (2.5)

L
(p—37+8)
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In order to characterise minimizers of (2.1), we follow [12] and introduce, for given ¢ € (0, 1]
and j < p,
F) def .
05 ;(z) = f(x) — globmin T} (x, d), (2.6)
x+deEF
lldll<s
which can be interpreted as the magnitude of the largest decrease achievable on the Taylor’s
expansion of degree j within the intersection of a ball of radius § with the feasible set. It was shown
in [12] that qb‘; ;(x) is a proper generalization of well-known unconstrained optimality measures
for low orders. In particular, for any § > 0, we have

$71(2) = IV5f (@), (2.7)

gb‘sf,z(x) =1 |min[0, Amin (Vif(m)ﬂ 52 (2.8)
provided V1 f(z) = 0, and also, if additionally V2 f(z) is positive semi-definite, that
(;5‘},3 = || projection of V2 f(x) onto the nullspace of V2 f(x) || 6°. (2.9)

At variance with other optimality measures, gzﬁj f(x) is well-defined for any order j > 1 and varies
continuously when z varies continuously in F. The role of the “optimality radius” J in (2.6) merits
some discussion. It follows from (2.7)—(2.9) that the choice of § = 1 is adequate for retrieving
known optimality conditions in the unconstrained case for j = 1, and j = 2 provided V% f(z) = 0,
and j = 3 provided additionally V2 f(x) is positive semi-definite. However, § becomes important
in other cases. Corollary 3.6 in [12] indicates that, when F is convex, g-th-order necessary “path-
based” optimality conditions hold if

8 (x
}ig(l)(ﬁf’gij():() for j=1,...,q. (2.10)
The limit for & — 0 is necessary to capture the notion of local minimizer for (2.1). This implies
that § should be seen as a truly local quantity associated with z. However, considering (b‘}’ J(x)
for non-vanishing § has substantial advantages from the point of view of optimization: while it
may fail to indicate that x is a local minimizer, it does so only by providing a direction leading to
values of f below f(z), thereby helping to avoid local but non-global approximate solutions. We
refer the reader to [12] for a further discussion, but conclude that considering large § has strong
advantages when solving (2.1).
A special case is when x is an isolated feasible point, that is a point which is the sole intersection
between F and any sufficiently small neighbourhood of z. Such a point is clearly a local minimizer,
and this is reflected by the fact that (;S? q(x) =0 for any f, any ¢ and any sufficiently small 4.

The main drawback of using (#}7 j (z) is, of course, that its computation requires the global
minimization of T),(z, d) in the intersection of the ball of radius § with F. We are not aware of an
easy way to do this in general® when n > 1, which is why our analysis remains of an essentially
theoretical nature, as was the case for [12]. Note however that, albeit potentially very difficult,
solving this global minimization problem does not involve calculating the value of f or of any of its
derivatives. In that sense, this drawback is thus irrelevant for the worst-case evaluation complexity
which solely focuses on these evaluations.

Observe now that, if we were to relax the first-order condition V! f(z) = 0 for uncon-
strained problems to ||[V.1f(z)|| < € and, at the same time, relax the second-order condition
to |min[0, Amin (V2/(2))]| <€, we then deduce that
56
ik

2
qb‘}’z(x) < e+ 1ed? = GZ (2.11)
=1

6 A small value of § might help, but this computation remains NP-hard in most cases.
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A natural generalization of this observation is to define an (e, 0)-approxzimate g-th-order-necessary
minimizer of f as a point x such that

¢7.4(2) < exy(0) (2.12)

where

-

(Y
Xq(8) = Z% (2.13)

(=1

Because (2.12) is a new way to look at approximate optimality and is crucial for the rest of this
paper, it is worthwhile to motivate and discuss it further.

1. When e = 0, (2.12) implies that the complicated path-based necessary optimality con-
ditions derived in [12] do hold. This results from the fact that these latter conditions
merely express that the Taylor’s model of order ¢ cannot decrease close enough to = along
any feasible polynomial path emanating from x, which is clearly the case if x is a global
minimizer of the same models in the intersection of the feasible set and a ball of radius
0 centered at x. By continuity, these path-based conditions must therefore hold in the
limit under (2.12) when € tends to zero. The role of (2.12) as a condition for approximate
minimization is thus coherent and consistent with known necessary conditions.

2. Inspired by (2.10), the stronger approximate optimality condition

¢} (x) <ed? for je{l,....q} (2.14)

was used in [12] instead of (2.12). Our main reason to prefer (2.12) is the following.
Observe that (2.14) implies in particular that (b‘sf, (%) < €09, which in turn implies, for §
small enough for the first-order term to dominate, that gb?l(a:) < €d9. In the unconstrained
case (for example), this requires ||V1 f(zy)|| < €6771, imposing an inordinate level of first-
order optimality, much stronger than the standard condition ||V f(z;)| < e. No such
difficulty arises with (2.12) because the right-hand side of the condition involves all powers
of ¢, which is not the case of the right-hand side of (2.14). Note however that the vital
continuity properties of qb‘;) 4 are not affected by the choice of the right-hand side, and are
thus inherited by (2.12).

3. For given § € (0,1], (2.12) does not imply that ¢§ ;(x) < ex;(6) for j € {1,...,¢ — 1},
although the violation of this condition tends to zero with §7. This slight blemish can be
cured by requiring that qb‘st- () <ex;(9) for j € {1,...,q} instead of (2.12).

4. Since ¢ € (0,1], we note that x,(d) = ©(), and so an equivalent alternative to the
termination condition (2.12) is to require that qi)‘}’q (x) < ed. We use (2.12) as it naturally
occurs in subsequent proofs.

In order to further justify (2.12), we now make more explicit the “minimizing guarantees” provided
by this approximate optimality condition, by formulating a result analogous to Theorem 3.7 in
[12]. This result gives a lower bound on the value of f(z) in the feasible neighbourhood of an
(e, §)-approximate g-th-order-necessary minimizer.

THEOREM 2.2. Suppose that f is p times continuously differentiable and that V¢ f is f-Holder
continuous with constant L (in the sense of (2.2) with p = ¢) in an open neighbourhood of
radius 0 € (0,1] of some = € F. Suppose also that = is an (e, §)-approximate g-th-order-
necessary minimizer of f in the sense of (2.12). Then

le\ 7FF=T
flz+d) > f(x)—2ex,(d) for all d with z+d € F and ||d|] < min [67 ((q—i—LB)€> 1 .

(2.15)

"When § tends to zero, the terms of orders j + 1 and higher in the Taylor’s expansion defining ¢5f q(x) and
Xq(6) become negligible compared to the first j.
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Proof. Using the triangle inequality, (2.2), (2.4) and (2.12), we obtain that, for ||d|| < 4,
fle+d) > flz+d)—Ty(z,d) +Ty(z,d)
> —|f(z+d) = Tz, d)| + Ty(z,0) — ¢} ()

L +h T)—¢€
>~ + @) = exo(6).
Thus,
fetd) > fla) - ﬁnduﬁﬁ-l e

and the desired bound follows from the fact that ¢ < x4(9).

2.2. The ARp algorithm for high-order criticality. In order to find (¢, §)-approximate
g-th-order-necessary minimizers, we consider applying a variant of the ARp algorithm to (2.1).
This algorithm, described as Algorithm 2.1 on the facing page, is of the regularization type in
that, at each iterate xy, a step s is computed which approximately minimizes (in a sense defined
below) the model

Ok
my(s) = Tp(xk, s) + mI\SH”*B (2.16)
subject to xx + s € F, where p in an integer such that p > g and o > opin is a “regularization
parameter”.
A few comments are useful at this stage.

1. Since ok > omin by (2.22), we have that myg(s) is bounded below as a function of s and the
existence of a constrained global minimizer s is guaranteed because 8 > 0. To the best
of our knowledge, the only methods that can use S = 0 are universal methods [8, 15, 19],
where a higher power of regularization is required and additional precautions are taken
when computing a step, and which we do not cover here.

2. Conditions (2.19) and (2.20) essentially ensure that the step is long enough, which will be
important for proving the important lower bound on the steplength in Lemma 3.3 below.
If (2.19) holds, the possibly expensive computation of qbf,gk,q(sk) in (2.20) is unnecessary
and &5 may be chosen arbitrarily in (0, 1].

3. Our choice to update 01 in parallel with xj41 reflects our earlier comment on the fact
that § is a local quantity: hence di1 should be consistent with its corresponding value
at Tp41 = Xk + Sk, which is ds.

4. We assume the availability of a feasible starting point, which is without loss of generality
for inexpensive constraints.

5. Before termination, each successful iteration requires the evaluation of f and its first p
derivative tensors, while only the evaluation of f is needed at unsuccessful ones.

6. The mechanism of the algorithm ensures the non-increasing nature of the sequence { f(xx) }x>0.

Iterations for which pr > m1 (and hence zp41 = xx + si) are called “successful” and we denote

by Sk def {0 <j <k|pj>m} the index set of all successful iterations between 0 and k. We
immediately observe that the total number of iterations (successful or not) can be bounded as a
function of the number of successful ones (and include a proof in the appendix).

LEMMA 2.3. [2, Theorem 2.4] The mechanism of Algorithm 2.1 guarantees that, if
0k < Omax, (2.23)

for some 0. > 0, then

l 1 max
k+1§|Sk|(1+ °g71>+ 1og(” > (2.24)
log 2 log 2 0o
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Algorithm 2.1: ARp for (¢,d)-approximate ¢-th-order-necessary minimizers

Step 0: Initialization. An initial point ¢ € F and an initial regularization parameter
oo > 0 are given, as well as an accuracy level € € (0,1). The constants dg, @, 0, 71,
N2, V1, V2, V3 and o, are also given and satisfy

we (0,1, 6>0, do € (0,1], omin € (0,00], 0<m <mp <1

and 0 <y <1<y <73 (2.17)

Compute f(zg) and set k = 0.
Step 1: Test for termination. Evaluate {Vi f(zy)}{_,. If (2.12) holds with § = &, ter-
minate with the approximate solution . = x3. Otherwise compute {V;f(xk)}f:qﬂ.
Step 2: Step calculation. Attempt to compute an approximate minimizer s; of model
myg(s) and an optimality radius d; € (0,1] such that xj, + s € F,

my(sk) < mi(0) (2.18)
and either
lsill > wer=oes (2.19)
or
QHSkHZD*quB
Ss Blise "7
me,q (Sk) < p—qt0) Xq(ds)- (2.20)

If such a step does not exist, terminate with the approximate solution z. = xy.
Step 3: Acceptance of the trial point. Compute f(xj + s) and define

fla) — fak + si)
Tp(Ik, 0) - Tp(l’k, Sk)-

Pk = (2.21)
If pr > m, then define xp 11 = z + sk and dp41 = ds; otherwise define zp 1 = x
and 5k+1 = 5k~

Step 4: Regularization parameter update. Set

[ma’X(Jmin7Pylak)7o—k] if Pk Z 2,
Okt1 €4 [0k, 120%] ift pr € [m,m2), (2.22)
(Y20 k, ¥30k] if pr <m.

Increment k£ by one and go to Step 1 if p > 1, or to Step 2 otherwise.

2.3. Specific properties of the ARp algorithm. We now need to verify that the algorithm
is well-defined in the sense that either a step s; and associated d, satisfying (2.18)—(2.20) can
always be found, or termination is justified. For unconstrained problems with ¢ € {1,2}, the first
possibility directly results from the observation that qbf;k,j (sk) (as given by (2.7)-(2.9) for f = my
and j € {1,2,3}) can be made suitably small at a global minimizer of the model. In those cases
ds = 1 is always acceptable. (More details for the case ¢ = 2 are provided in Section 4). The
situation is more complicated for ¢ > 3 because a global minimizer of the model (2.16) may not
be a global minimizer of its ¢g-th order Taylor’s expansion in the intersection of F and a ball of
arbitrary radius: we may have to restrict this radius for this important property to hold. In order

to clarify this issue, we first state a useful technical lemma, whose proof is in the appendix.
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LEMMA 2.4. Let s be a vector of IR". Then

(p+B)!

12 (IslP2) gy = (YL

|s]|P~9+# for j e {0,...,p} (2.25)

and

IV UsIP*2) Nl = B (p+ B)! )7 (2.26)

We next provide reasonable sufficient conditions for a nonzero step s; and an optimality radius
Js to satisfy (2.18)—(2.20).

LEMMA 2.5. Suppose that sj is a global minimizer of my(s) under the constraint that
zp + s € F, such that my(s}) < my(0). Then there exist a neighbourhood of s}, and a range
of sufficiently small § such that (2.18) and (2.20) hold for any s in the intersection of this
neighbourhood with F and any d; in this range.

Proof. Let s; be the global minimizer of the model my(s) over all s such that z) + s € F.
Since my(sy) < mi(0), we have that s} # 0. By Taylor’s theorem, we have that, for all d,

0 < me(si +d) = mi(s}) Z A+ e V(s + €

(+1)

for some £ € (0,1). Thus, using the triangle inequality, (2.16) and (2.26),

1
=3 Vim(si)ld)
=1

d . d
s it ot sl + LA 2+ s+ )

IN

o (p+1)!
_ IIdIIZ ¢ ld]P* -1
= Z IVsmu(sp)llg + Bo K+ DI )II s+ &d|
l=q+1

(2.27)
Since s} # 0, we may then choose §; < ||s}| such that, for every d with ||d|| < d, ||s5 + &d|| >
3llsill > 0 and

e 1-8
Z o IVema(si)llig + 277 Bon

l=q+1
Hence we deduce from (2.27) and (2.28) that, for ||d|| < ds,

]+

cipo1 o OllsplP~ 1P
W\\skllﬁ P Rl . (2.28)

“2(p—q+P)!

Ol sillP~+? OlsplP~a*”

=3 Vil < 02);

= s S X
2(p—q+B)! 2(p—q+B)!

where the last inequality follows from (2.13). Continuity of my and its derivatives and the in-

equality my(sf) < mg(0) then imply that there exists a neighbourhood of s} # 0 such that (2.18)

holds and

9” SHp—q-i-B

q
1

A% df < Ty (85).

for all s in this neighbourhood and all d with ||d|| < §s. This yields that, for all such s with

rp +s € F,

¢ (s) = max |0, globmax Zq:l k(s)[d]e < MX (0s)
o )| <6, = T g+

Tp+deF
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as requested.
As can be seen in the proof of this lemma, é; may need to be small if any of the tensors

V! ami(sg) Z VJmk ]

for £ € {1,...,p+ 1} has a large norm. This may occur in particular if § and ||s}|| are both close
to zero, as is shown by the last term in the left-hand side of (2.28). We also note that (2.20)
obviously holds for s;, = s} if x;, + s, is an isolated feasible point.

That one needs to consider the second case in Step 2 (where no step exists satisfying (2.18) —
(2.20)) can be seen by examining the following one-dimensional example. Let p = ¢ = 3 and 8 = 1,
and suppose that 6, = 1, T, (zg,s) = s — 2s® and o, = 4! = 24. Then my(s) = s* — 2s® + s =
s2(s — 1)? and the origin is a global minimizer of the model (and a local minimizer of T,(xy, s))
but yet T, (zk, 0x) = —1, yielding that q[)‘sf’fq(ack) =1> exy(1) for e <1/x4(1) = 4. Thus, Step 1
with éx = 1 has failed to identify that termination was possible. It now remains to verify that it
is justified to terminate in Step 2 when no suitable nonzero step can be found.

LEMMA 2.6. Suppose that the algorithm terminates in Step 2 of iteration k with x. = xy.
Then there exists a § € (0, 1] such that (2.12) holds for = z, and . is an (e, §)-approximate
gth-order-necessary minimizer.

Proof. Given Lemma 2.5, if the algorithm terminates within Step 2, it must be because every
global minimizer s} of my(s) under the constraints xy + s € F is such that my(sy) > m(0). In
that case, sj = 0 is one such global minimizer and we have that, for all d,

q P
1_. ; Lo, j +8
0 < my(d) = mi0) = 3 GVLF@OAY + D0 VL)l + T la)
=1 l=q+1
We may now choose ¢ € (0, 1] small enough to ensure that, for all d with ||d|| <,
1
il v/ T +5
Y. Vi a)ld + (p+6) P < elld]] < exq(9), (2.29)

l=q+1

which in turn implies that, for all d with ||d|| <4,

(bfq(xk) = max [O globmax ( Z% zk)[d}z> ] < exq(9),
=1

lldlI<s
Trp+deF

concluding the proof.
Observe that, in this proof, we could have chosen § small enough to ensure

WWHHB < exp(9)

instead of (2.29), yielding ¢§c,p($k) < exp(0), which is a stronger necessary optimality condition
than (2.12). Together, Lemmas 2.5 and 2.6 ensure that Algorithm 2.1 is well-defined.

However, none of the inner step and criticality computations involve the (re-)evaluation of f
or its derivatives, and therefore the evaluation complexity bound presented in the next section is
unaffected.
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3. An upper bound on the evaluation complexity. The proofs of the following two
lemmas are very similar to corresponding results in [2] and hence we again defer them to the
appendix (but still include them for completeness, as the algorithm has changed).

LEMMA 3.1. The mechanism of Algorithm 2.1 guarantees that, for all k£ > 0,

Ty, 0) = Tyl se) 2 o gllsnll”*”, (3.1)

and so (2.21) is well-defined.

LEMMA 3.2, Let f € CP#(IR™). Then, for all k > 0,

e L
0k < Omax def nax {ao, 173 ; } . (3.2)
— 12

We are now in position to prove the crucial lower bound on the step length.

LeEMMA 3.3. Let f € CP#(IR™). Then, for all k£ > 0 such that iteration k is successful and
Algorithm 2.1 does not terminate at iteration k + 1,

skl > rser=7 (3.3)
where
1
def . (p—q+pB) \7 e
, T . 3.4
K mln|fﬂ ((L+Umax+9) (3.4)

Proof.  If ||sg|| > werate (i.e. (2.19) holds), the result is obvious. Suppose now that
Isk]l < we pféw, which, in view of Step 2 of the algorithm, implies that (2.20) holds. Since the
algorithm does not terminate at iteration k + 1, we have that

Y (@r41) > exq(Grs1) (3.5)

Let the global minimum in the definition of qb?f;l(xkﬂ) be achieved at d with ||d|| < dx+1. Since

¢(;c17;1($k+1) > 0, we have from (2.6) that

Then, successively using (2.6) for f at zj41, the triangle inequality, (2.16), (1.1) and (2.25), we
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deduce that

St o) = - ; VS )l
- - ;1 [V )l + ; VAT 50 - ; VAT 0
—(; "l Zj, (V) 0 + T 5 (V411172 ) a1
< ;;, Vi f (o) = VAT, (xk,sm] @
5 j’“ﬁ)! ’Zj, (wellsliz*)..,, ) [
< Z mnsknp .
- ; S (s ld) + ; Ty T

Now, since ||d|| < dx+1, and using (2.6) for my, at s,

1 94
=3 Vemklon)ldl’ < max 0= 57 2l ld)| < 6 (o).
=1

Using the fact that iteration k is successful, and thus dx41 = ds, we obtain, from (2.20) and (3.6),
that

) € gL, 4 X0k s
1) = RN k1t Ty
— gl(p—ﬁrﬁ)' (p—

q+B)!
+Z 0(p €+5 ||3k\|p_e+55£+1 (3.7)
L+o,+0|x (5k 1)
| Dol s
(p—q+p)

where we have used the fact that |sg| < oeF=iFP < 1 to deduce the last inequality. As a
consequence, (3.5) implies that

elp— g+ )7
llskll > [(L+ak+9)}

and (3.3) then immediately follows from (3.2).
The bound given in the above lemma is another indication that choosing 6 of the order of L
(when this is known a priori) makes sense. Observe also that the statement of the above lemma
is completely independent of §x1.

We now combine all the above results to deduce an upper bound on the maximum number of
successful iterations, from which a final complexity bound immediately follows.
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THEOREM 3.4. Let f € CP#(IR"™) and suppose that f(x) > fiow for all z € IR". Then, given
€ (0,1), Algorithm 2.1 needs at most

[0 (£ 0) = fiow) (75557 | 41

successful iterations (each involving one evaluation of f and its p first derivatives) and at

most
Uf-’»p(f(xo) ~ fiow) (€757 ) +1] ( |1Z§3;|> + loglny log <U(‘:§")J (3.8)

iterations in total to produce an iterate z. such that (2.12) holds, where oyax is given by
(3.2) and where

P

p+B
def 7(1) +58)! max w_(P+ﬁ)’ {(L + Omax + 9)} e .
1 O0min (p_q—’_ﬁ)'

Proof. At each successful iteration k before termination, we have the guaranteed decrease

Flaw) = f(one) 2 m(Tylow, 0) = Tylows 1)) = 2255 el (3.9)

where we used (2.21), (3.1) and (2.22). Moreover we deduce from (3.9), (3.3) and (3.2) that

—1 def 710 min ﬁéﬂrﬁ

1 734(;5
f(zk) = f(zrt1) > K, €r-a7F where K, = 0+ A) (3.10)
Thus, since {f(x)} decreases monotonically,
+8
Flxo) = flani) > iyt ermaes | Syl.
Using that f is bounded below by fiow, we conclude
|Sk| < f(xo)%flowefpftig (3_11)
K

P

until termination. The desired bound on the number of successful iterations follows from combining
(3.11). Lemma 2.3 is then invoked to compute the upper bound on the total number of iterations.

In particular, if the p-th derivative of f is assumed to be globally Lipschitz rather than merely
Holder continuous (i.e. if 8 = 1), the bound (3.8) on the maximum number of evaluations becomes

Hmum) — i) (755T) 41 (1 L 11;):33) N <o—;ﬂ:x> J -

where

def (erl)!maX P8 [q!(L+JmaX+9)(€1)]P o .
Y Mowmin ’ (p—q+1)

This worst-case evaluation bound generalizes known bounds for ¢ = 1 (see [2]) or ¢ = 2 (see
[9]) and significantly improve upon the bounds in O(e~(@+1) given by [12] for a more stringent
termination rule. It also extends the results obtained in [7] for convexly-constrained problems
with ¢ = 1 by allowing the significantly broader class of inexpensive constraints.

We also note that it is possible to weaken the assumption that V2 f must satisfy the Holder
inequality (2.2) for every z,y € IR" (as required in the beginning of Section 2). The weakest
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possible smoothness assumption is to require that (2.2) holds only for points belonging to the same
segment of the “tree of iterates” Ug>o[zk, Tk + sk| (this is necessary for the proof of Lemma 2.1).
As this path joining feasible iterates may be hard to predict a priori, one may instead require (2.2)
to hold in the whole of F, which must then be convex to ensure the desired Holder property on
every segment [zy, z) + Sk

4. Seeking e-approximate second-order-necessary minimizers. We now discuss the
particular and much-studied case where second-order minimizers are sought for unconstrained
problems with Lipschitz continuous Hessians (that is p > ¢ =2, F = IR" and § = 1). As we now
show, a specialization of Algorithm 2.1 to this case is very close (but not identical) to well-known
methods. Let us consider Step 1 first. The computation of (b?kQ(xk) then reduce to

#% (21) = max [o, ~ slobmin (V4 (r2)"d + ;dTVif(xk)d)] , (4.1)
>0k

which amounts to solving a standard trust-region subproblem with radius J; (see [14]). Hence

verifying (4.1) or testing the more usual approximate second-order criterion

IVAf (@)l < e and Awin(V2f(ar)) = —¢, (4.2)

have very similar numerical costs (remember that finding the leftmost eigenvalue of the Hessian
is the same as finding the global minimizer of the associated Rayleigh quotient). If we now turn
to the computation of s; in Step 2, Algorithm 2.1 then computes such a step by attempting to
minimize the model

Ok 1
T,(xk,s) + s||PT, 4.3
bl s) + Pl (43)
as has already been proposed before for general p [2, 9]. Moreover, the failure of (2.12) in Step 1
is enough, when g < 2, to guarantee the existence of nonzero global minimizers of T),(z, s) and
mg(s), and thus to ensure that a nonzero sy is possible. The approximate model minimization is
stopped as soon as (2.19) or (2.20) holds, the latter then reducing to checking that

¢6s (S _ — olobmi 1 Td ldT 2 d < 0||sk||p71 5
mi.2(8k) = max |0, — globmin ( Vimg(sk)" d + 1d” Vimg(sk) ———x2(0s)  (4.4)

lld]| <6 - (-1

for some 05 € (0,1]. For each potential s, finding 5 € (0, 1] requires solving (possibly approxi-
mately)

p—1
— globmin (Vymy(sx)"d + $d Vimu(si)d) < Ollsill”

[1d]| <5 = (p—l)! X2(5s).

While this could be acceptable without affecting the overall evaluation complexity of the algorithm,
a simpler alternative is available for ¢ = 2. We may consider terminating the model minimization
when either (2.19) holds, or

p—1 p—1
_HHSkH X2(1) _ _39”5/6” ) (45)
(v 1! 2p— 1)1
The inequality is guaranteed to hold when s is close enough to s}, a global minimizer of the
model myg(s), since then Vimy(si) = 0 and V2my(s};) is positive semi-definite, and then d = 0
provides the global minimizer of the second-order Taylor model of my(s) around s;. Verifying (4.5)
only requires at most one trust-region calculation for each potential step and ensures (4.4) with
ds = 1, making the choice d;1 = 1 acceptable. The cost of this technique is comparable to that
proposed in [9] where an eigenvalue computation is required for each potential step. Combining
these observations, Algorithm 2.1 then becomes Algorithm 4.1.

0 > globmin (Vimk(sk)Td + %dTvgmk(sk)d) >
lldll<1



14 C. Cartis, N. I. M. Gould and Ph. L. Toint

Algorithm 4.1: ARp for e-approximate second-order-necessary minimizers

Step 0: Initialization. An initial point xy € F and an initial regularization parameter
oo > 0 are given, as well as an accuracy level € € (0,1). The constants w, 6, 71, 72,
Y1, Y2, Y3 and o, are also given and satisfy (2.17). Compute f(xg) and set k = 0.

Step 1: Test for termination. Evaluate {Vif(zr)}i,. If ¢f (zr) < exa(l), with
qb}’Q(xk) given by (4.1) and x2(1) by (2.13), terminate with the approximate solution
ze = . Otherwise compute {V7% f(xy)}_,.

Step 2: Step calculation. Compute a step s # 0 by approximately minimizing the
model (4.3) in the sense that (2.18) holds and

||skll > wer275 or (4.5) holds.

Step 3: Acceptance of the trial point. Compute f(xj + si) and define py, as in (2.21).
If pi > n1, then define xx 11 = xf + Sk; otherwise define zp 1 = .

Step 4: Regularization parameter update. Compute o1 as in (2.22). Increment k
by one and go to Step 1 if px > 71, or to Step 2 otherwise.

If p = ¢ = 2, computing si in Step 2 amounts to approximately minimizing the now well-known
cubic model of [17, 21, 24, 5]. In addition, if s; is the exact global minimizer of this model,
the above argument shows that (4.5) automatically holds at s; and checking this inequality by
solving a trust-region subproblem is thus unnecessary. The only difference between our proposed
algorithm and the more usual cubic regularization (ARC) method with exact global minimization
is that the latter would check (4.2) for termination, while the algorithm presented here would
instead check (4.1) with d; = 1 by solving a trust-region subproblem. As observed above, both
techniques have comparable numerical cost.

The bound (3.12) then ensures that Algorithm 4.1 terminates in at most O (e_%}) evaluations

of f, its gradient and Hessian. This algorithm thus shares® the upper complexity bounds stated
in [9] for general p with different values of ¢ for first- and second-order, and in [21, 5] for p = 2.

5. A matching lower bound on the evaluation complexity for the Lipschitz contin-
uous case. We now intend to show that the upper bound on evaluation complexity of Theorem 3.4
is tight in terms of the order given for unconstrained and a broad class of constrained problems
with Lipschitz continuous p-th derivative (i.e. B8 = 1°). This objective is attained by defining
a variant of the high-degree Hermite interpolation technique developed in [12], and then using
this technique to build, for any number p of available derivatives of the objective function and
any optimality order ¢, an unconstrained univariate example of suitably slow convergence (i.e.
for which the order in € given by (3.12) is achieved). This example is then embedded in higher
dimensions to provide general lower bounds.

5.1. High-degree univariate Hermite interpolation. We start by investigating some
useful properties of Hermite interpolation. Let us assume that we wish to construct a univariate
Hermite interpolant 7 of degree 2(p + 1) of the form

2p+1

m(r) = ot (5.1)
=0

on the interval [0, s] satisfying the 2(p 4+ 1) conditions
7@D0) = £", 7D(s) = £ for i e {0,....p}, (5.2)

8For a marginally weaker (see footnote 7 and Theorem 2.2) but still necessary and, in our view, more sensible
approximate optimality condition.
9A example of slow convergence for general 8 and p > 1 + 3 is provided in [10].
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where féi) and fl(i) are given. The values of the coefficients cy, ..., c, may then be obtained by

(@)
ci:% for ¢ € {0,...,p}

while the remaining ones satisfy the linear system

1 , , _— ©) _ 7(0)
a0,05p+ 00,15p+ e app—15F  a1ps P+ Cp+1 1 Tp (0, s)

1 2p—1 2 1 1
aros?  agasPtt oo ag, 187 as, ps? Cpt2 1( ) _ T;E )(O,s)

2 +1 .
ap,08 ap,18 s app—15° ap,ps? C2p+1 f1(p) - ngp)(o’ s))
(5.3)
where

0 .
fo i (erjJrl)! L.

= and gy = PR —0 )

2 s e e =g g ?)

Observe that (5.3) can be rewritten as

5 s Ci1 1 =1,7(0,5)
- P - 7Y = 10.9)

P . . =
1 P C2p+1 P - T;gp) 0,5))

with A, is the matrix whose (7, j)-th entry is a; j, which only depends on p. It was show in [12,
Appendix] that A, is nonsingular. Therefore

Cpt1 8 [fl . 1(0 ,8)]
ras® | Ny )10, 5)
: P
Copy1 s fl(p) - ngp)(O, s)

We therefore deduce that, for any 7 € [0, 5] ,

1
7w+ (1) p+ +1i)! B T

+1+12)! . _
(pii,) (leprrgal s1) s

'ME*M»@

-
Il
=

+1)(2p+1)!

(J) T;SJ)(O s)
—_— p! .

1
HA ||00 r%ax sP— J+1

The mean-value theorem then implies that, for any 0 < 75 < 71 < s and some & € [ra, 1] C [0, s],

7 (1) = 7P (r2)

(p+1)
s
E— | ©)|
< o [ROTH () (5.4)
TE S .
(p+D2p+1)!, 9 10,9
- p' ||A ||oo 'H(%’aX,p sp—i+1 :

This development thus leads us to the following conclusion.
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THEOREM 5.1. Suppose that {fe(j)} are given for £ € {0,1} and j € {0,...,p}. Suppose also
that there exists a constant x; > 0 such that, for all j € {0,,...,p},

19 =T (0,5)] < rpsP I (5.5)

Then the Hermite interpolation polynomial w(7) on [0, s] given by (5.1) and satisfying (5.2)
admits a Lipschitz continuous p-th derivative on [0, s], with Lipschitz constant given by

def (P+1)(2p+1)

Poo
L, A oo

which only depends on p and xy.

Proof. Directly results from (5.4) and (5.5).
Observe that (5.5) is identical to (2.5) when 8 = 1 and n = 1. This means that the conditions of
Theorem 5.1 automatically hold if the interpolation data { fi(j )} is itself extracted from a function
having a Lipschitz continuous p-th derivative.

Applying the above results to several interpolation intervals then yields the existence of a
smooth Hermite interpolant.

THEOREM 5.2. Suppose that, for some integer k. > 0 and p > 0, the data {f]ij)} and {zy}
is given for k € {0,...,k.} and j € {0,...,p}. Suppose also that s = x41 — x, € (0, k5] for
ke {0,...,k.} and some ks > 0, and that, for some constant k¢ > 0 and k € {0, ..., k. — 1},

1F0)) = T (e, s0)| < wp sb 7T (5.6)

where Ty p(zk,8) = Db, ,gi) s'/i!.  Then there exists a p times continuously differen-
tiable function f from IR to IR with Lipschitz continuous p-th derivative such that, for
ke{0,... k.},

F () = £ for je{0,...,p}.

Moreover, the range of f only depends on p, k¢, max; f,go) and ming f,go).

Proof. 'We first use Theorem 5.1 to define a Hermite interpolant 7 (s) of the form (5.1) on
cach interval [zg, 2x11] = [2x, 2k + 5] (k € {0,...,ke}) using f) = ,gj) and f9) = f1£]+)1 for
j€{0,...,p}, and then set

[z +5) = mi(s)

for any s € [0, s;]. We may then smoothly prolongate f for € IR by defining two additional
interpolation intervals [x_1,x¢] = [-s-1,0] and [z, Tk, + Sk, ] with end conditions

Foa =12 fn =2 and fY9) =9 =0 for je{1,...,p},

and where s_; and s, are chosen sufficiently large to ensure that (5.6) also holds on intervals -1
and k.. We next set

éo) for z<z_q,
flx)=( mp(z—xp) for € lag,zp] and ke {-1,...,n},
,ES) for x>z, + s,
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5.2. Slow convergence to (e,0)-approximate g-th-order-necessary minimizers. We
now consider an unconstrained univariate instance of problem (2.1). Our aim is first to show that,
for each choice of p > 1 and q € {1,...,p}, there exists an objective function f € CP}(IR) (i.e.
B = 1) for problem (2.1) which is bounded below and such that obtaining an (e, d)-approximate
g-th-order-necessary minimizer may require at least

_ _pt1
€ p—aq+l

evaluations of the objective function and its derivatives using Algorithm 2.1, matching, in order of
€ € (0,1], the upper bound (3.12). Our development follows the broad outline of [13] but extends
it to approximate minimizers of arbitrary order. Given a model degree p > 1 and an optimality
order g € {1,...,p}, we first define the sequences {f,gj)} for j € {0,...,p} and k € {0,... k.}
with

by
ke—k
Wi =€ e (5.8)
as well as
,gj):Oforje{1,...,q—1}U{q+1,...,p} (5.9)
and
F9 = —(e 4+ wp) gl xq(1) < 0. (5.10)
Thus
p f(j) ] ©)
Tolen,s) =3, sl = fi7 = e+ wn)xa(D)s” (5.11)

7=0
and, assuming Jd; = 1 for all k (we verify below that this is acceptable),
37, (1) = (€ + wr)xq(d%) (5.12)
We also set o, = p! for all k € {0,...,k.} (we again verify below that is acceptable). Note that
wi € (0,¢] and ¢fc’jq(xk) > exq(0) for ke {0,..., k. —1}, (5.13)
(and (2.12) fails at xy), while
wi, =0 and ¢} (wx,) = exq(6k) (5.14)

(and (2.12) holds at xy_ ). It is easy to verify using (5.11) that the model (2.16) is then globally
minimized for

(a) 7T . .
sk = l<(|1ff 1” = [a(e + wr)xg(D]P=T > et (k €40, k})- (5.15)

Hence this step satisfies (2.19) if we choose w = 1. Because of this fact, we are free to choose 5
arbitrarily in (0, 1] and we choose 65 = 1. The step (5.15) yields that

mi(sk) = S0 — (e +wi)xa(Dlale +wr)xq(D]F= + 1 [g(e + wi)xq(1)] 77
(5.16)

p+1

l£0) - C(‘Lp) [Q(G + wk)xq(l)] P—at1l
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where

def p—q+1

Thus my(sk) < mi(0) and (2.18) holds. We then define

€ (0,1). (5.17)

) p+1

0 =202gx, ()7 and £ = £~ Cla.p)ale + wi)xg (1], (5.18)

which provides the identity

mi(sk) = fih (5.19)

(ensuring that iteration k is successful because pr = 1 in (2.21) and thus that our choice of a
constant oy is acceptable and also that, provided we choose dp = 1 to ensure (5.12) for k = 0,
the value 0, = 1 is admissible for all k). In addition, using (5.18), (5.13), (5.17), the inequality

ke <1+ e 7= from (5.7) gives that, for k € {0, ..., k),

+1

B> 10 > 19— k(g p)[2gexg (1)) 7T

féo) — keepzjgil [2qxq(]_)]pfjgil

Y

p+1

féo) — (1 + epf_fz—il ) [quq(l)] p—q+1

+1
> 0 = 2[2qx,(1))75 0,

\%

and hence that

© ¢ [0, 2[2qx4(1)] ﬁfﬁil} for ke {0,... k). (5.20)
We also set
k-1
ro=0 and =z = Zsz
i=0

Then (5.19) and (2.16) give that

O = Tk, i) = ——[sel*L. (5.21)

p+1

Now note that, using (5.11) and the first equality in (5.15),

T(j)( ) ’gq) a=J (¢ — 1) p—j+1
€T 78 = - S - = — - S .
P ks ok (q—j)! k [1<4] (q— ) k [1<d]

where I} is the standard indicator function. We may now verify that, for j € {1,...,q — 1},

. . . —1)! . .
|f,§21—T15”<xk7sk>|=o—T,Sﬂm,sknz](q M i+t < (g — D s, (5.22)

(q—7)!

while, for j = ¢, we have that
D) = T8 (g, s0)] = | — (g = D'sp T + (g — D)!sy =0 (5.23)
and, for j € {¢+1,...,p},

112 = T9 (wx, 51)| = |0 — 0] = 0. (5.24)
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Combining (5.21), (5.22), (5.23) and (5.24), we deduce that (5.6) holds with ky = (¢ — 1)!. We
may thus apply Theorem 5.2 with § =1, k; = (¢—1)! and ks = 1, and deduce the existence of a p
times continuously differentiable function f from IR to IR with Lipschitz continuous derivatives of
order 0 to p which interpolates the {flgj)} at {x} for k € {0,...,ke} and j € {0,...,p}. Moreover,
(5.20) and Theorem 5.2 imply that f is bounded below and that its range only depends on p and
g. In addition, (5.19) ensures that every iteration is successful and thus, because of (2.22), that
the value o} = p! may be used at all iterations.

This argument allows us to state the following lower bound on the complexity of the regular-
ization algorithm using a p-th degree model.

LEMMA 5.3. Given any p € INg and ¢ € {1,...,p}, there exists a p times continuously
differentiable function f from IR to IR with range only depending on p and g and Lipschitz
continuous p-th derivative such that, when the regularization algorithm with p-th degree
model (Algorithm 2.1) is applied to minimize f without constraints, it takes exactly

__p+1
ke = ’76 P*Q+1_‘

iterations (and evaluations of the objective function and its derivatives) to find an (e,d)-
approximate g-th-order-necessary minimizer.

This implies the following important consequence for higher dimensional problems.

THEOREM 5.4. Given any n € INg, p € INg and g € {1,...,p}, there exists a p times
continuously differentiable function f from IR" to IR with range only depending on p and ¢
and Lipschitz continuous p-th derivative tensor such that, when the regularization algorithm
with p-th degree model (Algorithm 2.1) is applied to minimize f without constraints, it takes
exactly

ke = [5%} (5.25)

iterations (and evaluations of the objective function and its derivatives) to find an (e, d)-
approximate g-th-order-necessary minimizer. Furthermore, the same conclusion holds if the
optimization problem under consideration involves constraints provided the feasible set F
contains a ray.

Proof.  The first conclusion directly follows from Lemma 5.3 since it is always possible to
include the unimodal example as an independent component of a multivariate one.

The second conclusion follows from the observation that our univariate example of slow con-
vergence is only defined on IR* (even if Theorem 5.2 provides an extension to the complete real
line). As a consequence, it may be used on any feasible ray.

We now make a few observations.

1. In the above example, we have restricted our attention to the Lipschitz continuous case
where § = 1. It is possible that it could be extended to cover a more general choice of
B € (0,1]: for example [6] develops precisely such examples for second-order methods and
Holder continuous functions.

2. Theorem 5.4 generalizes to arbitrary values of ¢, the bound obtained in [3] for the case
g = 1 and also shows that, at variance with the result derived in this reference, the
generalized bound applies for arbitrary problem dimension, but depends on ¢, p and gq.

3. For simplicity, we have chosen, in the above example, to minimize the model m(s) globally
at every iteration, but we might consider other pairs (s,ds). A similar example of slow
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convergence may in fact be constructed along the lines used above'® for any sequence
of acceptable!! model reducing steps and associated optimality radii (in the sense of
Lemma 2.5), provided the optimality radii remain bounded away from zero. This means
that our example of slow convergence applies not only to Algorithm 2.1 but also to a
much broader class of minimization methods containing all known methods using Taylor
series that attempt to achieve approzimate q-th order criticality as defined here; note that
much in the definition of the example’s function is independent of the algorithm and one
could for instance replace regularization with trust region or linesearch (of course, the
complexity would be worse for the latter two if one uses standard frameworks, see next
paragraph). Moreover, it is also possible to weaken the constraints on the step further by
relaxing (5.19) and only insisting on acceptable decrease of the objective function value
in Step 3 of the algorithm.

In [3], the authors derive their upper bound for ¢ = 1 for the general class of “zero-
preserving” algorithms, which are algorithms that “never explore (from xj) coordinates
which appear not to affect the function”, that is directions d along which T, (xg,-) is
constant. This property is obviously shared by Algorithm 2.1 because it attempts to
reduce the Taylors’ expansion of f around the current iterate (the presence of the isotropic
regularization term is irrelevant for this).

. Our example does apply, for instance, to a linesearch method using univariate minimiza-

tion along a descent search direction computed from the Taylor expansion of f, which
is another zero-preserving method. Note however that such a method, just as every
other linesearch method along descent directions (including possibly randomized coordi-
nate searches), is bound to fail when attempting to compute approximate minimizers of
order beyond three for problems whose dimension exceeds one'?, because then, the Taylor
expansion at a non-optimal point need no longer decrease along straight lines. This is
demonstrated by the following old example [18, 22]. Let

flar,m2) = (327 — @2) (27 — 22).

Then f(0,0) = 0 and the origin is not a minimizer since f decreases along the arc xo = 2z?

(the origin is a saddle point in this case). Yet the origin is a strong local minimizer along
every straight line passing through the origin, preventing any linesearch method based on
descent directions from progressing from (0, 0).

Let us now consider an alternative unconstrained minimization method which would attempt to
reduce the unregularized model (that is (2.16) with o, = 0) in order to find an unconstrained
first-order minimizer. It is easy to see that if one chooses

,gl) = —(e+wk), Igi) =0 for i€ {2,...,p—1} and flgp) = p!,

the same reasoning as above yields that the largest obtainable decrease with this model occurs at

_1
<6+Wk>pl
S =
p

and is given by

FO Zmi(si) = (1) (*p“k) |

This then implies that at least a multiple of ¢ 7T evaluations may be needed to find approximate

+1
first-order-necessary minimizers, which is worse than the bound in €~ E holding for the regularized

10 At the price of possibly larger constants.
I Remember that § = 1 is always possible for ¢ = 1. It thus unsurprising that no such condition appears in [3].
121 inesearch methods remain relevant for unidimensional problems, obviously, which is why we have mentioned

them in relation with our slow convergence example.
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algorithm. This is consistent with the known lower O(e~2) bound for first-order points that holds
for the (unregularized) Newton method (and hence the trust-region method), both of which use
p = 2. Adding the regularization term thus not only provides a mechanism to limit the stepsize
and make the step well-defined when T),(x, s) is unbounded below, but also amounts to increasing
the ’useful degree’ of the model by one, improving the worst-case complexity bound.

Summing up the above discussion, we conclude that an example of slow convergence requiring
at least (5.25) evaluations can be built for any method whose steps decrease the regularized
(0k > Omin) or unregularized (ox = 0) model (2.16) and whose approximate local optimality
can be measured by (2.20) for some constant 6 and 0 = 1 (which we can always enforce by
adapting w and (5.9)). For orders up to two, this includes most variants of steepest-descent and
Newton’s methods including those globalized with regularization, trust-region, a linesearch or a
mixture of these (see [13] for a discussion). General linesearch methods are excluded for high-order
optimization as they may fail to converge to approximate minimizers of order four and beyond.

Finally, one may wonder at what would happen if, for the interpolation data (5.9)-(5.10), the
model

g
mi(s) = Tp(r, s) + ls|™

were used for some m > p + 1, resulting in a shorter step. The global model minimizer would
then occur at s = [g(e + w)xq(1)]*/™~1 and give an optimal model decrease equal to [g(e +
wi)Xq(D]™ M= (m — q) /m. However, (5.6) would then fail for j = 0 and the argument leading
to an example of slow convergence would break down.

6. Summary, further comments and open questions. For any optimality order ¢ > 1,
we have provided the concept of an (e, d)-approximate g-th-order-necessary minimizer for the
very general set-constrained problem (2.1). We have then proposed a conceptual regularization
algorithm to find such approximate minimizers and have shown that, if V2 f is S-Ho6lder continuous,

this algorithm requires at most O(e_%) evaluations of the objective function and its first p
derivatives to terminate. When V2 f is Lipschitz continuous, we have used an unconstrained
univariate version of the problem to show that this bound is sharp in terms of the order in e for
any feasible set containing a ray and any problem dimension.

In view of the results in [8, 15], one may wonder at what would happen if the regularization
power (i.e. the power of ||s|| used in the last term of the model (2.16)) is allowed to differ from
p + B. The theory presented above must then be re-examined and the crucial point is whether a
global upper bound o, on the regularization parameter can still be ensured as in Lemma 3.2.
One easily verifies that this is the case for regularization powers r € (p, p+ ]. Arguments parallel
to those presented above then yield an upper bound of O(effrq) evaluations'?, recovering the
bound given in Section 3.3 of [8] for ¢ = 1. The situation is however more complicated (and
beyond the scope of the present paper) for r > p 4+ [ and the determination of a suitable general
complexity upper bound for this latter case has not been formalized at this stage, but the analysis
for ¢ = 1 discussed in Section 3.2 of [8] suggests that an improvement of the bound for larger r is
unlikely.

Although the results presented essentially solve the question of determining the optimal eval-
uation complexity for unconstrained problems and problems with general inexpensive constraints,
some interesting issues remain open at this stage. A first such issue is whether an example of slow
convergence for all e € (0,1) can be found for feasible domains not containing a ray. A second is
to extend the general complexity theory for problems whose constraints are not inexpensive: the
discussion in [11] indicates that this is a challenging research area.
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Appendix A.

A.1. Proof of Lemmas in Section 2.
Proof of Lemma 2.1. We first establish the identity

k
where (k+ ) < ]G +5) and fl=1. (A1)

i=1

(k—1

1 !
s (€097 6= Gy
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If k = 1, the result directly follows from a simple integration. To see (A.1) for k > 1, integrating
by parts, we have that

_ g1+B B k1:|1 (k—1) [! 14871 _ eyk—2 (k—1)
Ikl,ﬁ_|:1_'_6(1 £) o+(1+ﬁ)/o§ (1-¢) dg_(l—i—ﬁ)jk 2,148

and thus, recursively, that

(k-1 bo1ep . (E=1)
e = T e = Gy ) €= G
As in [12], consider the Taylor identity
o) - n(t) = o= | (1= T (E) - 9 (0)] de (A.2)
* (k=1 J '

involving a given univariate C* function 1(¢) and its k-th order Taylor approximation

k ‘ ;
o) = 340 (0)
=0

expressed in terms of the value ¢(°) = 4 and ith derivatives ¥(9, ¢ = 1,..., k. Then, picking
() = f(x + ts), for given z,s € R", and k = p, the identity (A.2), and the relationships
Y@ (t) = VP f(x + ts)[s]P and 7,(1) = T,(z, s) give that

[l +s) = Tp(z,s) = : ] / (1= 1 (VEf(z +&s) — Vi f(x)) [s]P de,

(r—1!Jo

and thus from the definition of the tensor norm (1.1), the Holder bound (2.2) and the identity
(A.1) when k = p that

—Ty(x,s 1 1 —OF (VR f( 4 Es) — VP f(x
flr )~ Tie) < )!/Olu & |vzse+ 60 - w2 [ 2] s
< /O (1= &) ! max |(V2f(z+&s) — V2 f(x)) [v]"|||s]|” d¢

(p—1)! ) || =1
1
= (1= MIVEf(x + &) — VEf(@)||ppd - |1s]]”
_ |
= ! : ) él P—¢ptde- Lijs|PtF = L lsl1P7
“ -1 (p+B)

for all 2, s € IR", which is the required (2.4).

Likewise, for arbitrary unit vectors v1,...,v;, choosing ¥(t) = Vi f(z + ts)[v1,...,v;] and
k = p — j,it follows from (A.2), the relationships =9 (t) = VEf(z + ts)[vy,...,v;][s]P~7 and
Tp—j(1) = VIT,(x, s) that

(Vi f(x+s)— Vng(lx,s))[vl, A

- (p—jl—w/o (1= P9 (VEf(w +€s) = VS @) [on, . vj][s]7 7 de.

(A.3)

Then picking vy, ...,v; to maximize the absolute value of left-hand size of (A.3) and using the
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tensor norm (1.1), the Holder bound (2.2) and the identity (A.1) when k = p — j, we find that

IV3, f 2+ ) = ViTp(x, 5|5

1 ) s 1777 )
< m/o (1—gr7t ‘(Vif(l” +&s) = Vif(@)lvr, - .- vy {S”] [[s[P~7 dg
1 1 , .
o [0 (V27 €9) VL) o) 517 dg
1 1 , :
= ———— | (=PI VEf(z+&s) = VEf ()| dE - ||s|P~
S ? R s
T e=i-D'Jo =i+ B!
for all z,s € IR, which gives (2.5). a

Proof of Lemma 2.3. The regularization parameter update (2.22) gives that, for each k,

Y10; < Max[y10j, Omin) < 0541, JE€ Sk, and yo; <oy, J €U,

where U}, def {0,...,k} \ Sk. Thus we deduce inductively that Uofylls’“"ygu’“l < . We therefore

obtain, using (2.23), that

O.In X
|Sk|log 1 + [Uk|log vz < log (a> ,

g0

which then implies that

lo 1 Omax
U] < —|Sk] NI log ( ) ;
logyz ~ log e o)

since 2 > 1. The desired result (2.24) then follows from the equality k + 1 = |Sk| + |Ux| and the
inequality v; < 1 given by (2.17). a

Proof of Lemma 2.4. We first observe that Vf;(HsHp“‘ﬁ) is a j-th order tensor, whose norm is
defined using (1.1). Moreover, using the relationships

Vo(lIs|7) =7ls|7?s and V,(s®) = s VoI (1 €R), (A.4)
defining

vo 1, and v X H(p +2—20), (A.5)

{=1
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and proceeding by induction, we obtain that, for some p;; > 0 with pu; 1 =1,
Ve [VEH([ls]P*7)]
J

— v, [Z Hyt s i s|[PHA26D 2GD=G-1® g I((j—l)—(i—l))@}

=2
J
= D it [(p+ B = 21 = 1) ][22 G008 g G0
=2

+((2(3 — 1) = (j = 1))||s||pHP—20=1) sRE=D=(G=D=1)® g (G=1)=(-D+)®

J
= pi—ricvia [(p + B4 2 — 2i)||s||PHF% s(2i70)® g [U-D®
=2
F(2(i — 1) — j + 1)|s|[pHP20-D sQE-D-)® I(jf(ifl))®:|
J
= pi-vi-wi1(p+ B +2 = 20) ||| BT @ [U70E

=2
J—1

+ Z(Zz —j A+ Dy v s|[PTP 2 s2i=1)® g [(i—)®
i=1

J
= Z ((p + B —+ 2 — 22‘)[14]',171',11/1'71 + (22 — j + 1),Lllj71’il/i) ||S||p+'872i S<2i7j)® & I(J72)®
i=1

where the last equation uses the convention that 110 = 0 for all j. Thus we may write

J
VA(IsIP ) = Vo [V (Isl7)] = D g sl H5 2 302 @ 16705 (ap)

i=1
with
wiivi = +B+2—20)p—1i-1vic1+ (20— j+ D10 (A7)
= [i—rim1+ (20— j+ Vo1 v,
where we used the identity
vi=p+8+2—-20)r;—q for i=1,...,j (A.8)

to deduce the second equality. Now (A.6) gives that
. . J . STU Zi=j .
ERICED SN G T
i=1
It is then easy to see that the maximum in (1.1) is achieved for v = s/||s]||, so that

i=1

j
IV (sl72) Ny = (ZM;M) Is[[P+777 = ;| s||P o7, (A.9)

with

J
def
T = Z,uj,i V. (AlO)
i=1

Successively using this definition, (A.7), (A.8) (twice), the identity p;_q ; = 0 and (A.10) again,
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we then deduce that

j J
To= > M+ (26— 4 Do v

i=1 i=1
j—1 J
;i11 i=1

= Zuj—u Vi1 + (20 = j + D] (A.11)
E

= S il B42 =20+ V)i + (20— j + 1]
i—1

j—1

= (P+B+1-3)) nj-1ivi
=1

= (p+B+1—-j)mi_,

Since m; = p + ( from the first part of (A.4), we obtain that =; = (p + 3)!/(p — j + B)!, which,
combined with (A.9) and (A.10), gives (2.25). We obtain (2.26) from (A.9) and (A.10), the
observation that m, = (p + §)! and (A.11) for j =p+ 1. ad

A.2. Proof of Lemmas in Section 3. Proof of Lemma 3.1. (See [2, Lemma 2.1])
Observe that, because of (2.18) and (2.16),

O
p+1

0 <my(0) — my(sk) = Tp(zk, 0) — T (g, s1) — (e

which implies the desired bound. Note that s; # 0 as long as we can satisfy condition (2.18), and
so (3.1) implies (2.21) is well defined. m|

Proof of Lemma 3.2. (See [2, Lemma 2.2]) Assume that

L
0k21_

n2
Using (2.4) and (3.1), we may then deduce that

|f(xk+3k)_Tp(xka3k)‘<£§177’2

-1/ <
o =11 < Ty (2k,0) — Tp(xp, sx)| ~ o

and thus that px > n2. Then iteration k is very successful in that pr > 72 and o1 < 0f. As a
consequence, the mechanism of the algorithm ensures that (3.2) holds. o
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