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In the Nernst-Planck equations in two or more dimensions, a non-Faradaic solenoidal current can arise as
a consequence of connecting patches with different liquid junction potentials. Whereas this current
vanishes for binary electrolytes or in one-dimensional problems, it is in general nonvanishing, for example,
in crossed salt gradients. For a suspended colloidal particle, chemiphoresis in the concentration gradients is
generally vectorially misaligned with electrophoresis in the electrostatic potential gradient, and there is a
nonlocal contribution to the latter deriving from the Ohmic electric field associated with the current; in a
case study this contributes up to 20%–30% of the total effect.
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The growing realization that diffusiophoresis is a potent
and ubiquitous nonequilibrium transport mechanism for
micron-sized colloidal particles has led to a recent surge of
interest in the phenomenon [1–12]. For example, diffusio-
phoresis is effective at injecting or ousting particles from
dead-end channels [13,14], has been identified as a hitherto
unsuspected pore-scale particulate soil removal process in
laundry detergency [15], and can be used to manipulate and
sort particles by size and charge [14,16,17]. The biggest
effects arise in electrolyte solutions, where chemiphoresis
in concentration gradients combines with electrophoresis
in the diffusion potential to drive particles at speeds of
1–10 μms−1 [18], propelling them over large distances in
timescales of minutes. An additional peculiarity in binary
electrolytes is that the speed is logarithmically dependent on
the concentration, leading to persistent effects such as
osmotic trapping [2] and long-lived particle removal [15].
To my knowledge, the existing phenomena that have

been discussed in the above context pertain to binary
electrolytes or assume one-dimensional gradients [6,19–
23]. In this Letter, I argue that a still further enriched
phenomenology arises in multicomponent electrolytes
when concentration gradients are superimposed in different
directions (“crossed” salt gradients). In part this is because
chemiphoresis decouples partially from electrophoresis,
but additionally it is because a nonvanishing electric current
arises even in the absence of Faradaic reactions, when
patches with different liquid junction potentials are con-
nected by the intervening electrolyte solution. In itself this
is surely a fascinating phenomenon, but importantly for
diffusiophoresis the nonvanishing current means there is a
nonlocal contribution to diffusiophoresis that can only be
elucidated by solving the whole ion transport problem.
Since it seems quite possible to engineer crossed gradients
with dissolving salt crystals [3], ion-exchange resins [5],

suitably chosen “soluto-inertial beacons” [7,24], or by
using CO2 to generate carbonic acid gradients [10], and
perhaps in combination with merging streams with differ-
ent salinities [1], these observations may provide novel
opportunities for particle manipulation and sorting.
Let me start with the Nernst-Planck equations which

govern ion transport in these problems [25,26],

∂ρi
∂t þ∇ · Ji ¼ 0; Ji ¼ −Dið∇ρi þ ρizi∇φÞ: ð1Þ

In these, ρi is the density of the ith ionic species, Di is the
corresponding diffusion coefficient, zi the charge on the ion
in units of e, where e is the unit of elementary charge, and
φ ¼ eϕ=kBT is a dimensionless electrostatic potential
wherein kBT is the unit of thermal energy and ϕ is the
actual electrostatic potential. Equation (1) combines mass
conservation laws for the individual ion densities with
expressions for the fluxes driven by diffusion and drift in
the electric field. For simplicity I omit advection terms
although these are certainly relevant in microfluidics
devices, and may additionally arise if bulk flows are driven
by diffusio-osmotic effects (see further below) [14].
The Nernst-Planck equations must be augmented by a

closure for the electrostatic potential. At a fundamental
level this is the Poisson equation, ϵ∇2ϕ ¼ −eρz, where
ρz ¼

P
i ziρi is the space charge (in units of e) and ϵ is the

permittivity (assumed constant) of the supporting medium.
The combined set are then known as the Poisson-Nernst-
Planck (PNP) equations. Introducing the Debye length
λD ¼ ðϵkBT=e2ρDÞ1=2, where ρD ¼ P

i z
2
i ρi, allows the

Poisson equation to be written as λ2D∇2φ ¼ −ρz=ρD.
This makes it clear that if the problem size L ≫ λD, the
bare electrostatics problem is singular [27–32], in the sense
that there is an “outer” domain on the length scale OðLÞ in
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which ρz ≈ 0 (local charge neutrality), asymptotically
matched to “inner” solutions on a length scale OðλDÞ
(i.e., electric double layers or EDLs), whenever the boun-
dary conditions would otherwise overdetermine φ in the
outer domain [33].
Crucially, local charge neutrality does not necessarily

imply a vanishing electric current I ¼ P
i ziJi (in units

of e) in the outer domain. Rather, by summing the mass
conservation laws in Eq. (1), one can only conclude that the
current should be solenoidal (∇ · I ¼ 0). In fact, even for
pure diffusion problems without Faradaic reactions [34], a
nonvanishing current (I ≠ 0) is not only possible but may
be mandatory. To see this, insert the fluxes Ji from Eq. (1)
into the definition of I to obtain [26]

I ¼ −∇gþ σE; ð2Þ

where g ¼ P
i ziDiρi is a weighted sum of ion densities,

σ ¼ P
i z

2
i Diρi is the conductivity, and E ¼ −∇φ is the

electric field (the latter two are in semireduced units). The
two terms in Eq. (2) correspond to a diffusion current, and a
conduction current obeying Ohm’s law. By taking the curl
of Eq. (2) one can eliminate the electrostatic potential to
find

σ∇ × I ¼ ∇σ × ðIþ∇gÞ: ð3Þ

This is an inhomogeneous partial differential equation for I
in which the source term ∇σ ×∇g mandates I ≠ 0 [35].
Of course there are many examples where I does vanish.

One such case is where the gradients are one dimensional
so that φ can be found by quadrature [21]. Another
important case is that of a binary electrolyte [25,26] for
which φ ¼ −β ln ρs (the diffusion or liquid junction poten-
tial). Here β ¼ ðD1 −D2Þðq1D1 þ q2D2Þ is a normalised
diffusivity contrast, and I suppose that z1 > 0 and z2 < 0,

set qi ¼ jzij, and use ρs ¼ ρ1=q2 ¼ ρ2=q1 for the overall
electrolyte concentration [36].
To summarize the mathematical problem thus far, given

g and σ and supposing that I · n is specified on the
boundaries of the domain of interest, we must find the
current distribution that satisfies Eq. (2) with ∇ · I ¼ 0 and
E ¼ −∇φ. To prove solutions do exist, and are unique, we
can note that this combination implies [26,37]

∇ðσ∇φÞ þ∇2g ¼ 0: ð4Þ

This is an inhomogeneous Poisson equation for φ with the
equivalent of a spatially varying dielectric permittivity.
Existence and uniqueness of φ (up to an additive constant)
then follows by analogy with standard electrostatics [38].
A direct proof is given in the Supplemental Material [39],
along with a discussion of an equivalent variational
principle. Equation (4) is nonsingular and amenable to
solution by standard numerical methods, and replaces
the original electrostatic Poisson equation in closing the
Nernst-Planck equations.
Let me turn now to a numerical case study which

demonstrates the principles by which a nonvanishing
electric current arises. To distinguish between the crossed
gradients, I set the problem up with four rather than three
ions, which would be the minimal example of a crossed
salt gradient. I consider a 100 μm square domain in which a
100-fold gradient in an electrolyte with a large diffusivity
contrast (HCl, β ≈ 0.64) is crossed with a 100-fold gradient
in a supporting electrolyte (KBr, β ≈ −0.01) [40]. The
concentration gradients are initially localized to the mid-
planes, with widths 10 μm [41], dividing the square domain
into four quadrants as shown in Fig. 1(a). The actual
concentration units need not be specified since the overall
units of concentration can be factored out of the Nernst-
Planck equations.

(a) (b) (c)

(d)

FIG. 1. Crossed salt gradients between HCl (horizontal) and KBr (vertical), localized initially to midplanes [41]. (a) Electrostatic
potential (equipotential lines labeled in mV) and space charge (colored background). (b) Circulating electric current (colored by
magnitude). (c) Equivalent circuit labeled by the HCl liquid junction potentials (in brackets are the “open circuit” values calculated from
Δφ ¼ −β lnðσ2=σ1Þ where β ≈ 0.64 and σ2=σ1 is the ratio of conductivities across the junction [36]). (d) Magnitude of current along the
x ¼ y diagonal (the dotted line is 1=r ∼ 1=jx − x0j where x0 ¼ 40 μm).
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I solve Eq. (4) in this square domain, with I · n ¼ 0 on
the boundaries (for details see Supplemental Material [39]).
Figure 1(a) shows that there is a significant liquid junction
potential (Δϕ ≈ 62 mV) between the two lower quadrants,
corresponding approximately to the expected value for
HCl treated as a binary electrolyte. Between the two upper
quadrants, the junction potential is much weaker
(Δϕ ≈ 25 mV) as might be expected in the presence of a
supporting electrolyte [36]. It is essentially this difference
that drives the circulating electric current [Fig. 1(b)]. By
joining the upper and lower halves, it is as if we have short-
circuited the two liquid junctions, as sketched in Fig. 1(c).
In the lower-left quadrant where the conductivity is small,
this current corresponds to a significant Ohmic electric
field as shown by the equipotential lines in Fig. 1(a).
Also Eq. (3) implies I should be irrotational as well as
solenoidal, in regions where the gradients vanish. This
explains why approximately jIj ∼ 1=r in the lower left
quadrant [Fig. 1(d)], and why the equipotential lines are
approximately radial [Fig. 1(a)]. Finally, also shown in
Fig. 1(a) is the space charge from ρz ¼ −ðϵkBT=e2Þ∇2φ.
Note that jρzj≲ 10−8 M so that local charge neutrality
should normally be a very good approximation [42].
The situation in Fig. 1 can only be transient since the

initially localized crossed gradients relax by diffusion [43].
Thus I next solve the steady-state Nernst-Planck equations,
preserving the 100-fold gradients by imposing fixed
chemical potential boundary conditions for the relevant
ion pairs: HCl on the left and right edges, and KBr on the
top and bottom edges [44]. Such boundary conditions
represent non-Faradaic sources and sinks, as detailed in the
Supplemental Material [39]. Zero-flux boundary conditions
are used otherwise, and this combination ensures that no
current enters or leaves the domain (I · n ¼ 0).
Figure 2 shows features of the steady-state solution.

First, note that a circulating current persists [Fig. 2(a)]
albeit somewhat reduced compared to the initial situation.
However this can no longer be cleanly mapped to an
equivalent electric circuit since the region where ∇σ ×
∇g ≠ 0 now fills the domain. Second, the circulating

current (which corresponds to cations moving clockwise
and anions moving anticlockwise) distorts the ion density
profiles [Figs. 2(b) and 2(c)]. Third, the more mobile Hþ
spreads out further than the less mobile Cl− [Fig. 2(c)]
because the ion densities become increasingly decoupled
with the increasing concentration of KBr. Finally note that
½Hþ� ≈ 0.3 on the left-hand side. Bearing in mind the
boundary condition [44], this implies an induced EDL with
a wall potential 1

2
ðkBT=eÞ lnð½Cl−�=½Hþ�Þ ≈ −87 mV [45].

This has potentially significant ramifications for diffusio-
osmosis as discussed below.
What are the implications for diffusiophoresis of a

colloidal particle in such crossed salt gradients? By reverting
Eq. (2), the diffusiophoretic drift velocity can bedecomposed
into a vector sum of three contributions [46],

U=Γ0 ¼ 4 ln cosh

�
1

4
ζ̄

�
∇ ln ρþ ζ̄∇g=σ þ ζ̄I=σ: ð5Þ

In this ρ ¼ P
i ρi is the total ion density and ζ̄ ¼ eζ=kBT is

the nondimensionalized zeta potential. The overall scale is
set by Γ0 ¼ ðϵ=ηÞðkBT=eÞ2 where η is the viscosity of the
medium (Γ0 ≈ 510 μm2 s−1 inwater at room temperature). In
Eq. (5) the first term is chemiphoresis in the local ion
gradients, the second is electrophoresis also arising from local
gradients, and the third is a nonlocal electrophoretic con-
tribution deriving from the field associated with the current.
Equation (5) is appropriate to large (e.g., μm-sized) particles
and is derived by adapting the existing theory to the present
situation [6,18]. For details see Supplemental Material [39].
Figure 3(a) illustrates this for a ζ ¼ −40 mV particle

placed close to the left-hand edge of the square domain in
Fig. 2 (i.e., in the steady-state solution of the Nernst-Planck
equations). Of the three contributions, that from the current
is the smallest, but nevertheless amounts to ≈20% of the
resultant drift velocity. Overall, this nonlocal current
contribution is largest near the edges of the square domain,
and can contribute up to 20%–30% to the total magnitude
of the drift [Fig. 3(b)]. Representative trajectories computed
by integrating the kinematic equation dR=dt ¼ U are

(a) (b) (c)

FIG. 2. Steady-state crossed salt gradients. (a) Circulating electric current; (b),(c) ion densities for KBr and HCl respectively (solid and
dashed lines are density contours for cations and anions, labeled by concentration).
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shown in Fig. 3(c). The current (circulating clockwise)
causes negatively charged particles to drift downwards near
the left-hand wall, where the effect is strongest since the
conductivity σ is smallest. Figure S2 in the Supplemental
Material shows trajectories calculated for other values of
the zeta potential. There is a considerable dependence on
the sign and magnitude of the particle charge, indicative of
the possibility to exploit the effect for particle sorting.
The calculated trajectories neglect a possible stirring of

the fluid by diffusio-osmosis at the walls. The effect may be
significant, since as we have seen the boundary conditions
may induce large EDLs at the walls. Equation (5) can be
repurposed for diffusio-osmotic “wall slip” if the sign is
reversed and the gradients are projected parallel to the wall.
In this case, assuming ζ ≈ −90 mV the slip could be as
much as 4 − 5 μms−1 (downwards) on the left-hand wall,
with the nonlocal current contributing ≈40% of this. The
domain would then resemble a (low-Reynolds number)
lid-driven cavity, with the “lid” being the left-hand side.
The particle trajectories could be significantly perturbed in
the resulting flow [47]. Exploration of such fully coupled
problems is left for future work.
The design of devices which exploit these striking effects

is a clearly a promising avenue for future work. I note
that in this situation one loses the logarithmic sensitivity
exhibited in binary electrolytes [2,15,48], so that in relying
solely on transient gradients, the distance over which
particles move is limited by the relaxation time for these
gradients. This can be alleviated engineering steady-state
gradients as in the present case study, using soluto-inertial
beacons [7,24] or other semipermanent sources and sinks,
or by designing microfluidic devices in which long-lived
gradients can be established [1,6,10].
To summarize, a rich phenomenology arises in theNernst-

Planck equationswhen consideringmulticomponent electro-
lytes in more than one dimension. Circulating (solenoidal)
electric currents appear when patches with different liquid

junction potentials are connected by the intervening electro-
lyte solution, and the electric fields associated with these
currents can make a significant nonlocal contribution to
diffusiophoresis of suspended colloidal particles.
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