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An element-based preconditioner for mixed finite element problems ∗

Tyrone Rees† and Michael Wathen†

Abstract. We introduce a new and generic approximation to Schur complements arising from inf-sup stable
mixed finite element discretizations of self-adjoint multi-physics problems. The approximation ex-
ploits the discretization mesh by forming local, or element, Schur complements of an appropriate
system, and projecting them back to the global degrees of freedom. The resulting Schur complement
approximation is sparse, has low construction cost (with the same order of operations as assembling
a general finite element matrix), and can be solved using off-the-shelf techniques, such as multigrid.
Using results from saddle point theory, we give conditions such that this approximation is spectrally
equivalent to the global Schur complement. We present several numerical results to demonstrate the
viability of this approach on a range of applications. Interestingly, numerical results show that the
method gives an effective approximation to the non-symmetric Schur complement from the steady
state Navier-Stokes equations.

Key words. saddle-point linear systems, preconditioners, Krylov subspace methods, finite element methods,
Schur complements

AMS subject classifications. 65F08, 65F10, 65F15, 65F50, 65N22, 74S05

1. Introduction. We seek (u, p) ∈ X ×M that solves the saddle point problem

a(u, v) + b(v, p) = 〈f, v〉 ∀v ∈ X ,
b(u, q) = 〈g, q〉 ∀q ∈M,

(1.1)

where X and M are two Hilbert spaces, a(·, ·) : X ×X → R and b(·, ·) : X ×M→ R are two
bounded bilinear forms, and (f, g) ∈ X ′×M′, where X ′ andM′ are the dual spaces of X and
M, respectively. This is a well-posed problem provided that it satisfies certain conditions,
given in Section 4.1. Such problems arise in fields as diverse as constrained optimization,
constrained least-squares, fluid dynamics, electomagnetics, elasticity, optimal control, and
many others (see, for example, the references within the survey of Benzi, Golub and Liesen
[7]).

We focus on the case where (1.1) comes from the solution of a partial differential equation
(PDE). We discretize using the Finite Element Method, and in particular, by choosing finite
dimensional spaces Xh ⊂ X and Mh ⊂ M. This entails overlaying the domain with a grid
and using this to define local elements, giving an elemental structure. We select basis functions
that have support only on a small number of neighbouring elements, which are usually chosen
to be unity at one mesh point and vanish at the others. We describe the requirements for
such a discretization to be well-defined in Section 4.1.

Suppose we have such a pair of spaces defined by the basis functions φi ∈ Xh, ψi ∈ Mh;
we assume they share the same elements, but the basis functions may differ. We look for

an approximation (uh, ph) =
(∑

i uiφi,
∑

j pjψj

)
, where we find the coefficents of each basis
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element by solving a linear system of the form

(1.2)

[
A BT

B 0

]
︸ ︷︷ ︸

A

[
u
p

]
︸︷︷︸
x

=

[
f
g

]
︸︷︷︸
b

,

where Ai,j = a(φi, φj) ∈ Rn×n and Bi,j = b(φj , ψi) ∈ Rm×n (see, e.g., [11, 17] for more detail).
We can decompose the matrices in (1.2) into a sum of σ elemental matrices. On the eth

element, let ne and me be the number of local degrees of freedom in Xh andMh, respectively
(see Figure 1 for an example). Let the small dense matrices Ae ∈ Rne×ne and Be ∈ Rme×ne

be the element equivalents of A and B.

Figure 1: Global (left) and local (right) meshes for a P2-P1 triangulation of a domain. Here
n = 25, m = 9, ne = 6, me = 3, and σ = 8.

We introduce Boolean matrices Le ∈ Rne×n and Ne ∈ Rme×m that map the local orderings
to the global orderings. Thus, we write

(1.3) A =
∑
e

LTe AeLe := LT ÂeL, B =
∑
e

NT
e BeLe := NT B̂eL.

where LT = [LT1 , . . . L
T
σ ], NT = [NT

1 , . . . N
T
σ ], Âe = blkdiag(Ae), and B̂e = blkdiag(Be).

As we will outline in Section 3.1, preconditioners based on Schur complement approxima-
tions work well for systems of the form (1.2). In this paper we describe a sparse approximation
to the Schur complement based on local contributions by element matrices of another saddle
point problem:

(1.4) Ŝdual =
∑
e

NT
e CePe

−1Ce
TNe and Ŝprimal =

∑
e

LTe (He + Ce
TDe

−1Ce)Le,

One of the main aims of the paper is to identify appropriate choices of matrices Ce, Pe, He

and De to give effective preconditioners. In (1.4), we form the Schur complement on an
element and then map the local matrix into a global matrix by using the standard assembly

2



process. The idea of using elements to define preconditioners is not new, and we outline their
development in the literature in Section 2.

In Section 3, we review preconditioning for saddle point systems, in particular looking at
(ideal) Schur complement preconditioners and natural norm, or Riesz-map, preconditioners.
We further explore the link between these methods in Section 4, where we extend existing
results in the literature. In Section 5, we prove our main result that, under certain conditions,
we can derive matrices Ŝdual and Ŝprimal that are spectrally equivalent to the Schur comple-
ments of the original system (1.2) or, correspondingly, are spectrally equivalent to a natural
norm preconditioner.

One potential use of the class of preconditioners we describe here is to have a black-box
method to derive optimal preconditioners without requiring any knowledge of the analytic for-
mulation of the underlying system. We apply such preconditioners to three well-known exam-
ples of saddle-point systems, Stokes equation (Section 6.1), Maxwell’s equation (Section 6.2)
and the Navier-Stokes equation (Section 6.3). Finally, in Section 7 we draw conclusions and
point out potential avenues for future work.

2. Related work. Solving a local system on an element or, more generally, on a patch
of elements has a long history in the Computational Fluid dynamics community, either as a
solution method in its own right, or (especially effectively) as a smoother for multigrid. For
Navier-Stokes, Local Multilevel Pressure Schur Complement approaches solve for the local
Schur complement, and then use a (block) simple iteration (such as Jacobi or Gauss-Seidel)
to give a solution to the global problem [59, Section 2.4]. Replacing the (1,1) block of the
local system by a diagonal matrix, and using this to form an approximation to the local Schur
complement gives the well-known method proposed by Vanka [61]. Similar element-wise ideas
have also been applied by Schörberl [52] when developing multilevel projection methods for
nearly incompressible materials, which have been further utilized by Benzi and Olshanskii
[8] to develop robust smoothing operations for multigrid. More recently, PCPATCH [19, 20]
derives effective relaxation methods based on specific “patches”, or local contributions from
elements.

The solution of a linear system by solving local sub-problems is, of course, a cornerstone
of domain decomposition methods. In particular, we highlight that local Schur complements
have been used in the development of balancing Neumann-Neumann methods for saddle point
systems [14]; for an overview of related methods see, e.g. Toselli and Widlund [58, Chapter
9] and the references therein. More recently, there has been interest in multilevel precondi-
tioners based on local subdomains or elements. For example, in the context of overlapping
domain decomposition, GENEO [54, 55] is designed specifically for heterogeneities within the
variational form by incorporating local generalized eigenvalue problems on overlaps to define
the coarsening.

More closely aligned to the methods we propose are the class of element-based methods
inspired by the work of Hughes, Levit and Winget [28] and Ortiz, Pinksy and Taylor [45], who
introduced element-by-element (EBE) methods for solving self-adjoint PDEs. Such methods
approximate the sum in (1.3) by a product. Nour-Omid and Parlett [44] show that we may
apply the EBE method as a preconditioner for conjugate gradients [26], and Wathen [62] and
van Gijzen [60] give an analysis of such methods for symmetric and non-symmetric problems,
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respectively. Gustafsson and Lindskog [25] also exploit local contributions by developing a
preconditioner based on global structure preserving Cholesky factorizations on elements.

For symmetric positive definite systems, Kraus [31, 32] described the use of local (dual)
Schur complements to build a preconditioner which they call the additive Schur complement
approximation (ASCA), Kraus and co-authors [33] extend the work on ASCA to introduce
the of idea of auxiliary space multigrid (ASMG) methods which they utilize the coarse-grid
operator from ASCA. Axelsson, Baheta and Neytcheva [4] give descriptive eigenvalue bounds
for Ŝ−1

dualSdual, where Sdual = BA−1BT and Ŝ−1
dual is defined in (1.4) with Pe = Ae and Ce = Be,

which rely only on the Cauchy-Bunyakowski-Schwarz constant. Neytcheva and co-authors
[41, 42, 43] apply this idea to non-positive definite systems, and Neytcheva [41] gives a bound
on ‖Ŝ−1

dualSdual‖ based on the norms of relations involving the constituent blocks. In that work,
Neytcheva also shows numerically that this is a viable method for solving Stokes equation and
the Oseen equation.

3. Iterative solution of saddle point systems. The convergence of a Krylov subspace
method applied to (1.2) is generally unsatisfactory unless paired with a suitable preconditioner,
P, which has two, competing, properties: a solve with P must be cheap, and the Krylov
method applied to P−1A must converge more quickly. We might satisfy the latter condition
if, for example, the eigenvalues of P−1A are in clusters away from the origin. We recommend
the surveys by Wathen [64] and Benzi, Golub, and Liesen [7] for a comprehensive overview
of the state-of-the-art in preconditioning techniques in general (in the former), and for saddle
point matrices in particular (in the latter).

In the case where the leading matrix A in (1.2) is symmetric, the saddle point system
A is symmetric but indefinite, and MINRES [46] is the method of choice. MINRES requires
a symmetric positive definite preconditioner, and convergence is exactly described by the
eigenvalues of the preconditioned system P−1A (see, e.g., [17, Section 4.1]).

3.1. Schur complement preconditioners. An idea that has proved successful for solving
systems of the form (1.2) is to build a preconditioner that exploits an approximation to the
Schur complement. The ideal preconditioners are

Pdual =

[
A 0
0 BA−1BT

]
, Pprimal =

[
A+BTW−1B 0

0 W

]
.

These involve the negative of the dual Schur complement, BA−1BT , and the primal Schur
complement, A + BTW−1B. Often the choice between using Pdual and Pprimal depends on
the invertibility of the leading block, A. Murphy, Golub and Wathen [39] and Ipsen [29] show
that the preconditioned matrix, P−1

dualA, has three distinct eigenvalues. Thus, MINRES would
converge in precisely three iterations. For the primal Schur complement, Greif and Schötzau
[22] give bounds for the eigenvalues of P−1

primalA. For the specific case where the dimension
of the null space of leading block A is m (the dimension of the dual variables), Greif and
Schötzau [23] show that the preconditioned matrix has two distinct eigenvalues.

Although in one sense these preconditioners are ideal, as convergence is rapid, forming
and solving with these is not practical as the primal and dual Schur complements are typically
dense. However, they give us something to aim for in a practical preconditioner.
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3.2. Operator preconditioning for saddle point problems. Another framework for solving
systems of the form (1.2) is operator preconditioning. Given a Hilbert space V, the Riesz map
is a mapping τ : V ′ → V such that, for any r ∈ V ′,

(τr, v)V := 〈r, v〉 ∀v ∈ V.

The continuous saddle point system (1.1) is an operator L : X ×M→ X ′×M′, which returns
functions outside of the space (X ,M). Consider the Riesz map

(3.1) τ =

[
χ 0
0 µ

]
,

where χ : X ′ → X and µ : M′ → M are the Riesz maps associated with the spaces X and
M, respectively. Applying τ to (1.1) gives the transformed equation

τL (u, p) = τ (f, g) ,

where τ (f, g) ∈ X × M and τK : X × M → X × M. We now have a reformuation of
(1.1) posed entirely in the space X ×M, and the map τ is therefore analogous to applying
a preconditioner to the operator L. Furthermore, we can build a practical preconditioner
by choosing an inner product which is sufficiently close to the bilinear forms associated with
these spaces, yet is numerically tractable. We refer the reader to the monograph by Malek
and Strakos [40], for example, for more detail.

In some sense, therefore, block diagonal preconditioners are natural for saddle point prob-
lems of the form (1.1). We refer the reader to the article by Mardal and Winther [37], which
describes in detail such preconditioners. However, their derivation requires detailed knowledge
of the problem, and may be non-trivial, especially in real-world applications.

It is well known that there is a strong link between operator preconditioning and Schur
complement preconditioning. Preconditioners for a range of problems from mixed finite ele-
ments [23, 49, 53, 63] were developed as approximations to the primal or dual Schur comple-
ment, but can be thought of as a finite dimensional analogue to τ .

4. The relationship between natural norm and Schur complement preconditioners.
Pestana and Wathen [47] describe the link between the dual Schur complement (BP−1BT )

and the Riesz map, µ, on the secondary variables for a specific choice of P , and we give
an alternative proof of this result below. Zulehner [66], presents similar results to [47] but
considering the underlying operators instead of the discretized system. We also derive an
analogous link between the primal Schur complement (A + BTD−1B) and Riesz map, χ,
on the primary variables for a specific choice of D. Again, Zulehner [66] presents similar
arguments based operators. These relationships are central to the theory that we develop for
practical element preconditioners in Section 5.

4.1. Saddle point theory. We assume that the operators a(·, ·) and b(·, ·) are bounded,
satisfying

|a(u, v)| ≤ Γ∗a ‖u‖X ‖v‖X ∀u, v ∈ X(4.1)

|b(u, p)| ≤ Γ∗b‖u‖X ‖p‖M ∀u ∈ X , p ∈M,(4.2)
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for some positive constants Γ∗a, Γ∗b . We define the space

V := {v ∈ X : b(v, p) = 0 ∀ p ∈M}.

Brezzi’s splitting theorem [12] tells us that the mapping in (1.1) defines an isomorphism if
and only if the bilinear forms satisfy the following conditions:

1. the bilinear form a(·, ·) is V−elliptic, i.e.

(4.3) ∃α∗ > 0 s.t. a(v, v) ≥ α∗‖v‖2X ∀v ∈ V.

2. The bilinear form b(·, ·) satisfies the inf-sup condition:

(4.4) ∃β∗ > 0 s.t. inf
p∈M

sup
u∈X

b(u, p)

‖u‖X ‖p‖M
≥ β∗.

When we discretize problems of the form (1.1), we need to be careful in the choice of
approximation spaces. It is not necessarily true that the finite dimensional problem will
satisfy the equivalent inf-sup condition. In particular, we cannot choose the spaces Xh and
Mh independently; see, for example, Brezzi and Fortin [13, Chapter 2]. If the spaces are
complimentary, we say they satisfy the Ladyshenskaja-Babuška-Brezzi (LLB) condition, or
that they are inf-sup stable. The discrete analogue to (4.4) is therefore

(4.5) inf
ph∈Mh

sup
uh∈Xh

b(uh, ph)

‖uh‖Xh
‖ph‖Mh

≥ β.

For a stable discretization, the inf-sup constant, β, is independent of the discretization pa-
rameter (mesh size).

There is an affinity between the continuous operators and their matrix representations,
and we can write the relations above in terms of matrices. In finite dimensions, (4.1) and
(4.2) become

|uTAv| ≤ Γa ‖u‖X ‖v‖X ∀u,v ∈ Rn(4.6)

|pTBu| ≤ Γb ‖u‖X ‖p‖M ∀u ∈ Rn,p ∈ Rm(4.7)

for positive constants Γa and Γb, where

(4.8) Xi,j = (φi, φj)Xh
and Mi,j = (ψi, ψj)Mh

,

are the matrices that define the natural inner products of the primary and secondary spaces,
respectively. Similarly, the matrix representation of the inf-sup condition (4.5) is

(4.9) sup
u

(Bu,p)

‖u‖X
≥ β ‖p‖M ∀p ∈ Rm.

Following the theory in Braess [11, Chapter 4], we associate the mapping B : Xh → M′h
with (Buh, ph)Mh

= b(uh, ph) for all ph ∈ Mh, and its adjoint mapping B′ : Mh → X ′h
with (B′qh, vh)Mh

= b(vh, qh) for all vh ∈ Xh. The following lemma gives five alternative
statements of the inf-sup condition (4.9).
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Lemma 4.1. Let Vh be the finite dimensional analogue of V. The following statements are
equivalent:

1. There exits a constant β that satisfies (4.9).
2. The operator B : V⊥h →M′h is an isomorphism, and

‖Bvh‖Mh
≥ β ‖vh‖Xh

∀vh ∈ V⊥h .

3. For all v ∈ Rn, v ∈ null(B)⊥,

‖Bv‖M−1 ≥ β ‖v‖X ,

4. The operator B′ :Mh → V0
h ⊂ X ′h is an isomorphism, and∥∥B′ph∥∥Xh

≥ β ‖ph‖Mh
∀ph ∈Mh.

5. For all p ∈ Rm, ∥∥BTp
∥∥
X−1 ≥ β ‖p‖M .

Proof. For the equivalence of 1, 2 and 4, see Braess [11, Lemma 4.2].
We now show 2 ⇐⇒ 3. First note that ‖vh‖2Xh

= vTXv. Since Bvh ∈Mh, Bvh =
∑

j qjψj
for some coefficients q 6= 0. Then

‖Bvh‖Mh
=
∑
i

∑
j

viqj (Bφi, ψj)Mh
=
∑
i

∑
j

viqjb(φi, ψj) = qTBv.

Furthermore, we have

(Bv)j =
∑
i

vi(Bφi, ψj)Mh
= (Bvh, ψj)Mh

=
∑
k

qk (ψk, ψj)Mh
= (Mq)j ,

and so q = M−1Bv, which shows the equivalence of 2 and 3.
A similar argument gives 4 ⇐⇒ 5.

We will use these results below to show relationships between a Schur complement and
the natural norm for such problems.

4.2. Dual Schur complements and the natural norm. The following theorem formalises
the relationship between the dual Schur complement and the matrix associated with the
natural norm of Mh for saddle point systems in general. We refer the reader to Pestana and
Wathen [47, Section 3] for an alternative proof of this result.

Theorem 4.2. Suppose we have an inf-sup stable discretization of a saddle point problem
of the form (1.1) where a(·, ·) is Vh− elliptic. Let λ satisfy the generalized eigenvalue problem

BX−1BTp = λMp.

Then λ is independent of h, and lies in the range [β2,Γ2
b ].
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Proof. Consider the generalized Rayleigh quotient

pTBX−1BTp

pTMp
.

We can bound this quantity from below by β2 using Condition 5 of Lemma 4.1, and from
above by Γ2

b using (4.7) with u = X−1BTp.

Remark 4.3. From Theorem 4.2, if A can be identified with X, then the dual Schur com-
plement of the leading block of A is spectrally equivalent to the matrix M .

4.3. Primal Schur complements and the natural norm. Zulehner [66] examines the
relationship between the operator associated primal Schur complement (A + B′M−1B) and
the operator associated natural norm preconditioner on primary space (X). However, we are
unaware of a result in the literature that links the discrete primal Schur complement to the
natural norm in a way analogous to Theorem 4.2. Below we prove results for the cases when
A is symmetric positive definite (Theorem 4.4) and maximally rank deficient (Theorem 4.5).

Theorem 4.4. Suppose that the bilinear form a(·, ·) is elliptic with ellipticity constant αx,
and the associated matrix A is symmetric. For an inf-sup stable discretization, the generalized
eigenvalues satisfying

(A+BTM−1B)x = λXx

are such that λ ∈ [αx,Γ], where Γ = Γa + Γ2
b .

Proof. For the lower bound, we have

xT (A+BTM−1B)x = xTAx + xTBTM−1Bx ≥ xTAx ≥ αx xTXx.

For the upper bound, first note that

xTBTM−1Bx ≤ Γb‖x‖X‖M−1Bx‖M = Γb(x
TXx)1/2(xTBTM−1Bx)1/2,

where we have used (4.7). Therefore using this result, together with (4.6), we obtain

xT (A+BTM−1B)x = xTAx + xTBTM−1Bx ≤ Γa x
TXx + Γ2

b x
TXx,

which gives the required result.

Theorem 4.5. Suppose that the bilinear form is Vh-elliptic with ellipticity constant α, and
the matrix A associated with the bilinear form a(·, ·) is symmetric and positive semi-definite
with nullity n−m. For an inf-sup stable discretization, the generalized eigenvalues satisfying

(A+BTM−1B)x = λXx

are such that λ ∈ [γ,Γ], where γ = 1
2 min(α, β2) and Γ = Γa + Γ2

b .

Proof. We can decompose x = y + z where y ∈ null(B) and z ∈ null(B)⊥. Since A has
nullity n−m, and a(·, ·) is Vh−elliptic, we must have that Az = 0.
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We have that

xT (A+BTM−1B)x = yTAy + zTBTM−1Bz

≥ αyTXy + β2zTXz

≥ min(α, β2)(yTXy + zTXz),

using Lemma 4.1. Since (y − z)TX(y − z) ≥ 0, we have that yTXy + zTXz ≥ 2yTXz.
Therefore

xT (A+BTM−1B)x ≥ min(α, β2)

(
1

2

(
yTXy + zTXz

)
+

1

2

(
yTXy + zTXz

))
≥ min(α, β2)

1

2

(
yTXy + 2yTXz + zTXz

)
= γ xTXx,

from which we obtain the lower bound. The upper bound follows the proof of Theorem 4.4.

Theorems 4.4 and 4.5 provide the motivation for the “natural” choice for the weighting
matrix D = M . From this point onwards we consider the primal Schur complement to be
A+BTM−1B.

Remark 4.6. If null(B) and null(B)⊥ are X−orthogonal subspaces, then it is straightfor-
ward to adapt the proof of Theorem 4.5 to show that minimum eigenvalue is min(α, β2). This
is the case in, for example, Maxwell’s equations [23, Section 2.2].

4.4. Schur complement relations. An interesting consequence of Theorems 4.2, 4.4 and
4.5 is that primal or dual Schur complements for different problems that share a primal or dual
space, respectively, are spectrally equivalent. We formalize this statement in the following.

Theorem 4.7. Suppose that you have two inf-sup stable discretizations on the mixed spaces
Uh × Lh and Zh × Lh where the corresponding saddle-point matrices are:

(4.10)

(
K1 BT

1

B1 0

)
and

(
K2 BT

2

B2 0

)
,

respectively. If U and Z define the matrices associated with the natural inner products of Uh
and Zh, then the eigenvalues, λ, of the generalized eigenvalue problem

(4.11) B1U
−1BT

1 p = λB2Z
−1BT

2 p,

are bounded from above and away from zero independently of h, and therefore the dual Schur
complements in (4.11) are spectrally equivalent.

Proof. Let us define L as the matrix associated with the natural inner product of Lh.
Then from Theorem 4.2, both B1U

−1BT
1 and B2Z

−1BT
2 are spectrally equivalent to L. Thus,

B1U
−1BT

1 and B2Z
−1BT

2 are spectrally equivalent.
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In a similar fashion to Theorem 4.7, suppose the saddle point systems (4.10) share a primal
space, so that they are posed on the mixed spaces Wh×Qh and Wh×Th. Then it is possible
to show that K1 +BT

1 Q
−1B1 is spectrally equivalent to K2 +BT

2 T
−1B2, where Q and T define

the matrices associated with the natural inner products of Qh and Th, respectively. These
results give intuition as to why the approximations we describe in Section 6 are effective.

5. Element Schur complement preconditioners. We now turn our attention to the ele-
ment Schur complement approximations defined in (1.4). In Section 5.1 we define the term
elementally inf-sup stable, and show spectral equivalence of element Schur complements and
relevant Gram matrices. We apply these results in Section 5.2 to describe element-based pre-
conditioners for saddle point problems that may not be elementally inf-sup stable, and discuss
how these may be practically applied in Section 5.3.

5.1. Element saddle-point system. In Section 4.1 we looked at the conditions under
which the global saddle point system is well-defined. Here we look at the problem on an
element.

Definition 5.1 (Elementally inf-sup stable). Given a domain, Ω, with a triangulation {Ti},
the discrete saddle point system, find (uh, ph) ∈ Ph ×Dh such that

h(u, v) + c(v, p) = 〈f, v〉 ∀v ∈ Ph,
c(u, q) = 〈g, q〉 ∀q ∈ Dh,

(5.1)

is said to be elementally inf-sup stable if, for all elements in the triangulation, the elemental
saddle point systems [

He CTe
Ce 0

] [
ue
pe

]
=

[
fe
ge

]
.

are inf-sup stable.

Note that it is not necessarily true that if a mixed finite element discretization is inf-sup
stable on the whole domain then it is elementally inf-sup stable. For example, it may be the
case that there exists a macroelement (a subset of the domain) for which the discretization is
inf-sup stable, but individual elements are not.

Lemma 5.2. Consider an elementally inf-sup stable discretization, as in Definition 5.1. Let
Pe and De be the elemental Gram matrices of the spaces Ph and Dh, respectively. Further, let
Ŝdual denote the global matrix assembled from the element matrices CeP

−1
e CTe and D be the

assembled Gram matrix of the space Dh. The generalized eigenvalues satisfying:

Ŝdualx = λDx

are bounded within some finite region [γ2
d ,Γ

2
d] independently of h.

Proof. By Theorem 4.2 and Definition 5.1, there exist constants γ2
e ,Γ

2
e independent of h

such that

γ2
e ≤

xTCeP
−1
e CTe x

xTDex
≤ Γ2

e.

10



We can write Ŝdual = NTCeP
−1
e CTe N and D = NTDeN for a boolean matrix N . Therefore

the result holds with γ2
d = mine γ

2
e and Γ2

d = maxe Γ2
e.

Lemma 5.3. Consider an elementally inf-sup stable discretization, as in Definition 5.1,
where the underlying bilinear forms of (5.1) satisfies the requirements of Theorem 4.4 or 4.5.
Let Pe and De be the elemental Gram matrices of the spaces Ph and Dh, respectively. Define
Ŝprimal to be the global matrix to be assembled from the element matrices He +CTe D

−1
e Ce and

P , which is the Gram matrix of the space Ph, is assembled from the elemental matrices Pe.
The generalized eigenvalues satisfying:

Ŝprimalx = λPx

are bounded within some finite region [γ2
p ,Γ

2
p] independently of h.

Proof. Similar to Lemma 5.2.

5.2. Relationship between element and global Schur complements. In Section 5.1,
we showed that, for an elementally inf-sup stable problem, the assembled element Schur
complements are spectrally equivalent to the appropriate Gram matrix. If either the primal
or dual space in Definition 5.1 coincides with that of the saddle point problem in (1.2), we can
further show spectral equivalence of the element Schur complements in Lemmas 5.2 and 5.3
and the global Schur complements presented in Section 4. We give the details via the following
two theorems.

Theorem 5.4. Consider a discete saddle point system (1.2) on Xh ×Mh that satisfies the
conditions of Theorem 4.2. Suppose further that we have an elementally inf-sup stable dis-
cretization of a saddle point problem on the mixed space Ph×Mh. If Ŝdual = NTCeP

−1
e CTe N ,

then generalized eigenvalues satisfying

BX−1BTx = λŜdualx

satisfy λ ∈ [β2/Γ2
d,Γ

2
b/γ

2
d ], which is independent of the mesh size.

Proof. From Lemma 5.2 and Theorem 4.2, both Ŝdual and BX−1BT are spectrally equiv-
alent to M . Thus, Ŝdual and BX−1BT are spectrally equivalent, as required.

Theorem 5.5. Consider a discrete saddle point system (1.2) on Xh × Mh that satisfies
the conditions of Theorem 4.4 or 4.5. Suppose further that we have an elementally inf-sup
stable discretization on the mixed space Xh×Dh. If Ŝprimal = LT (He +CTe D

−1
e Ce)L, then the

generalized eigenvalues satisfying

(A+BTM−1B)x = λŜprimalx

are bounded away from zero, with λ ∈ [αx/Γ̂
2
p,Γ/γ̂

2
p ] in the elliptic case, and λ ∈ [γ/Γ̂2

p,Γ/γ̂
2
p ]

in the maximally rank deficient case.

Proof. Similar to Theorem 5.4.

Theorems 5.4 and 5.5 show spectral equivalence between the element and global Schur
complements for both the dual and primal cases. The existence of a natural norm precondi-
tioner is vital in the proofs, but explicit knowledge of it is not required to form a practical

11



preconditioner. Again, we highlight the interesting observation that the elemental matrices
that make up Ŝprimal or Ŝdual need not be those that would be present in the primal or dual
Schur complements of (1.2), all that is required is that the problems share a primal or dual
space, respectively.

5.3. Solving systems associated with the element Schur complements. An important
part of preconditioners is the availability of techniques to solve systems associated with them.
It is clear from the construction of the primal and dual element Schur complements that the
matrices are sparse. For the global primal Schur complement (A+BTD−1B), it is possible to
choose the weighting matrix D such that the Schur complement matrix is sparse. However,
this does not necessarily mean that there are efficient preconditioners for such systems. Since
the element Schur complements we proposed are spectrally equivalent to operators that define
inner products, then off-the-shelf multigrid methods designed for Riesz-map preconditioners
should perform well. Specifically, PCPATCH [19] and the auxiliary space multigrid from [27]
are designed for Riesz-map operators arising from H(curl,Ω) and H(div,Ω) discretizations,
whilst standard algebraic multigrid methods work well for Riesz-map operators arising from
H1(Ω) and L2(Ω) discretizations.

6. Examples. In this section, we present numerical results for both symmetric and non-
symmetric problems, using Firedrake [50] with PETSc [5, 6] and PETSc4PY [15] as the solver
interface. We have also used FEniCS [1, 34] to generate the eigenvalue tables that depict
the theoretical bounds produced in Section 5. For systems involving simple H1 elliptic type
operators, we use an algebraic multigrid solver from HYPRE [18], and for more complex oper-
ators, arising from H(curl) discretizations, we use the sparse direct solver MUMPS [2, 3]. We
set the absolute and relative tolerance of the Krylov subspace solver to be 10−6 and 10−8,
respectively. Table 1 introduces the notation used in the results tables. We note that the
timings are for the total time to solve the model, including the assembly of both the linear
system and the preconditioners, as well as the linear solve.

Column label Linear model Nonlinear model

DoF
Total degrees of freedom
(system size)

Total degrees of freedom
(system size)

Time

Total time to solve the linear
system (including assembly of
the linear system and
preconditioner, as well as the
linear solve time)

Total time to solve the
nonlinear system (including
assembly of all linear systems
and preconditioners, as well as
linear solve time at each
nonlinear iteration)

Iteration Total number of linear iterations
Total number of nonlinear
iterations/average number of
linear iterations

Table 1: Notation used in the results tables

12



6.1. Stokes Flow. The Stokes equations describe viscous incompressible flow over some
bounded, sufficiently regular, domain Ω ⊂ Rd:

−ν∇2~u+∇p = ~f in Ω(6.1)

∇ · ~u = 0 in Ω,(6.2)

where ~u, p and ν are the fluid velocity, fluid pressure and the viscosity, respectively. For a
detailed description of the problem, see, e.g., Temam [57, Chapter 1] or Elman, Silvester and
Wathen [17, Chapter 3]. We seek a weak solution (~u, p) ∈ H1

E(Ω)d × L2(Ω) such that

ν(∇~u,∇~v)Ω − (p,∇ · ~v)Ω = (~f,~v)Ω, ∀~v ∈ H1
E0

(Ω)d,

−(q,∇ · ~u)Ω = 0, ∀q ∈ L2(Ω),

where H1
E(Ω)d and H1

E0
(Ω)d are subsets of H1(Ω)d that satisfy the required boundary con-

ditions. We consider the classical test problem known as the leaky cavity driven flow, see
Elman, Silvester and Wathen [17, Example 3.1.3] for full details.

Upon discretization, we obtain a saddle point system of the form (1.2), where A is a
discrete vector Laplacian scaled by the viscosity, ν, and B is a fluid divergence operator.

Theory. For a H1
E(Ω)d×L2(Ω) discretization of the Stokes problem, the operator precon-

ditioner [37, Example 3.1] takes the form

(6.3)

[
νA 0
0 1

νQ

]
,

where Q is the pressure mass matrix. In the language of (4.8), X and M are identified with
A and Q, respectively. Silvester and Wathen [53, 63] showed that the mass matrix, Q, is
spectrally equivalent to the dual Schur Complement, BA−1BT .

The elemental mass matrices, Qe, are invertible, and so we can define the primal element
Schur complement preconditioner as

(6.4)

[
νLT (Ae +BT

e Q
−1
e Be)L 0

0 1
νQ

]
.

When it comes to the dual element Schur complement, however, the elemental matrices
Ae are singular, and so we cannot form a dual Schur complement in the same way. One way
to get around this issue would be to add a small shift, taking Xe = Ae + εTe, where Te is
the element mass matrix of the velocity space. Provided ε is sufficiently small, the conditions
(4.3) and (4.4) will be satisfied. The preconditioner in this case will be

(6.5)

[
νA 0
0 1

νN
TBe(Ae + εTe)

−1BT
e N

]
.

The results in Section 4.4 show that the matrices of the element Schur complement need
not arise from the same problem. The preconditioner in (6.5) can also be derived from a PDE
with bilinear form a(~u,~v) = (∇~u,∇~v) + ε(~u,~v); see, e.g., Mardal and Winther [37, Example
7.5].
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Alternatively, consider the H(div,Ω)× L2(Ω) formulation of the mixed Laplacian. From
[49], the bilinear form for the constraint matrix, c, and the natural inner product, p, of
H(div,Ω) are defined as:

(6.6)
c(~τ , u) = (∇ · ~τ , u) where ~τ ∈ H(div,Ω), u ∈ L2(Ω)
p(~τ , ~σ) = (∇ · ~τ ,∇ · ~σ) + (~τ , ~σ) where ~τ , ~σ ∈ H(div,Ω).

Thus, the matrix C and P are associated with the bilinear forms c(~τ , u) and p(~τ , ~σ) from
(6.6), respectively. The dual space from the mixed Laplacian in [49] is the same as the Stokes
discretization, and thus, by Theorem 4.7 BA−1BT and CP−1CT are spectrally equivalent.
From Theorem 5.4, NTCeP

−1
e CTe N , is spectrally equivalent to the Stokes Schur complement,

BA−1BT , where Ce and Pe are the element matrices of C and P , respectively. The precondi-
tioner here will be given by

(6.7)

[
νA 0
0 1

νN
TCeP

−1
e CTe N

]
.

To verify the quality of the preconditioners (6.4), (6.5) and (6.7) we consider the gen-
eralized eigenvalue problems from Theorems 5.4 and 5.5. We compute the minimum and
maximum eigenvalues coming from the eigenvalue problems

(6.8)
NTCeP

−1
e CTe Nx = λ1(BA−1BT )x, NTBe(Ae + εTe)

−1BT
e Nx = λ2(BA−1BT )x,

LT (Ae +BT
e Q
−1
e Be)Lx = λ3(A+BTQ−1B)x,

and present these in Table 2. From the table, we can see that for all three generalized
eigenvalue problems the minimum and maximum eigenvalues are bounded away from zero and
are bounded from above, and thus, the approximations (6.4), (6.5) and (6.7) are spectrally
equivalent to the corresponding global Schur complement.

Ŝ1x = λ1BA
−1BTx Ŝ2x = λ2BA

−1BTx Ŝ3x = λ3(A+BTQ−1B)x
# cells mine(λ1) maxe(λ1) mine(λ2) maxe(λ2) mine(λ3) maxe(λ3)

8 0.134775 0.906035 0.081566 0.589784 0.506419 1.0
32 0.135293 0.993885 0.079786 0.625184 0.500296 1.0
128 0.134122 0.999828 0.078566 0.653874 0.500000 1.0
512 0.133646 1.000029 0.077982 0.663387 0.500000 1.0

Table 2: Minimum and maximum eigenvalues of the element Schur complements with
S1 = NTCeP

−1
e CTe N , S2 = NTBe(Ae + εTe)

−1BT
e N and S3 = LT (Ae +BT

e Q
−1
e Be)L

While Table 2 gives us information about how closely the element Schur complements
approximate the relevant global Schur complement, it does not give a complete picture of the
quality of the preconditioner for the whole system. Figure 2 shows the generalized eigenvalues

Ax = λP∗x,
14



where A is the discretized Stokes equation and P∗ is one of the three preconditioners (6.4),
(6.5) and (6.7). Aside from the eigenvalue at zero, that corresponds to the known null-
space of the Stokes problem [17, Chapter 3.3], the eigenvalues are bounded away from zero
and strongly clustered, which will give fast convergence for MINRES. For reference, a block
diagonal preconditioner with the pressure mass matrix in the (2,2) block gives eigenvalues
that are indistinguishable to those for P1 to the eye.

Figure 2: Eigenvalues of generalized eigenvalue problem with total 187 degrees of freedom,
where A is the discretized Stokes problem and P1, P2 and P3 are given in (6.7), (6.5) and
(6.4), respectively.

Numerical Results. In the following we use the (inf-sup stable) P2-P1 (Taylor-Hood)
element [56], although the methods can be applied to any stable element pair. Table 3 give
the two and three dimensional timing and iteration results for a constant Reynolds number,
ν = 1e-3. The table shows that for both the two and three dimensional results that the element
Schur complement preconditioners perform the same as the natural norm preconditioners. It
appears that all iterations numbers increase slightly with respect to the mesh size but are
all comparable on a single mesh. The timings for primal element Schur complement slightly
higher than the other preconditioners. This is likely to the construction of the algebraic
multigrid solver for the leading block of (6.4). The timing results appear to be linear with
respect to the problem size.
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Dual precond Dual-ε precond Primal precond Natural norm
in (6.7) in (6.5) in (6.4) precond in (6.3)

DoF Time Iteration Time Iteration Time Iteration Time Iteration

9,539 0.4 43 0.4 42 0.3 42 0.3 41
37,507 0.8 43 1.0 43 0.8 45 0.7 41
148,739 3.6 45 3.8 47 4.9 45 3.8 43
592,387 11.8 51 14.2 47 15.6 48 13.8 51

2,364,419 53.1 57 55.7 53 52.6 45 61.1 55
9,447,427 214.7 55 200.0 50 245.1 51 212.1 53

(a) Two dimensional results

Dual precond Dual-ε precond Primal precond Natural norm
in (6.7) in (6.5) in (6.4) precond in (6.3)

DoF Time Iteration Time Iteration Time Iteration Time Iteration

402 0.4 49 0.2 43 0.2 51 0.2 40
2,312 0.6 59 0.3 57 0.3 57 0.2 55
15,468 1.8 64 1.7 63 2.3 60 1.7 59
112,724 18.8 66 18.6 66 26.5 63 17.3 62
859,812 190.3 68 186.7 68 270.7 66 181.7 66

(b) Three dimensional results

Table 3: Iteration and timing results for the two-dimensional Stokes leaky cavity driven flow
problem with ν = 1e-3 and ε =1e-6.

6.2. Mixed formulation of Maxwell’s equations. We now consider the time-harmonic
Maxwell equation in mixed form [23, 24, 38]. The continuous problem is given as follows:

(6.9)
1

Rem
∇× ∇× b +∇r = f in Ω

∇ · b = 0 in Ω,

where b is the magnetic field, r is the Lagrange multiplier associated with the divergence
constraint on the magnetic field and Rem is the magnetic Reynolds number. For this problem,
we set the forcing terms and Dirichlet boundary conditions corresponding to the exact solution

~u =

[
exp(x) cos(y)
exp(x) sin(y)

]
and p = xy.

The standard weak form is: find (~b, r) ∈ H(curl,Ω)×H1
E(Ω) such that

1
Rem

(∇×~b,∇× ~c)Ω + (~c,∇r)Ω = (f ,~c)Ω, ∀~c ∈ H(curl,Ω),

(~b,∇s)Ω = 0, ∀s ∈ H1
E0

(Ω).

In the mixed Maxwell case, the matrices A and B in (1.2) are the discrete curl-curl operator
and magnetic divergence operator, which we denote as 1

Rem
K and J , respectively.
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Theory. As with the previous example, the operator preconditioner preconditioner for a
H(curl,Ω) × H1

E(Ω) discretization of the mixed Maxwell problem (see Mardal and Winther
[37, Example 7.4]) is given by:

(6.10)

[
1

Rem
K +R 0

0 U

]
,

where R and U are the H(curl,Ω) mass matrix and scalar Laplacian operator, respectively.
In the language of (4.8), X and M are identified with 1

Rem
K +R and U , respectively. Greif

and Schötzau [23], showed that if you chose the weighting matrix in the the primal Schur
complement to be the scalar Laplacian then 1

Rem
K + JTU−1J is spectrally equivalent to

1
Rem

K + R, and thus, the proposed approximate Schur complement preconditioner in [23] is

the same as that in (6.10).
Since the elemental matrix 1

Rem
Ke + Re, which when assembled form 1

Rem
K + R, is

invertible, then the dual element Schur complement preconditioner is

(6.11)

 1
Rem

K +R 0

0 RemN
TJe

(
1

Rem
Ke +Re

)−1
JTe N

 .
Similarly to the Stokes, the elemental matrix, Ue, of U is singular so we cannot form

the primal Schur complement in the same was as (6.11). Thus, in an analogous fashion we
introduce a small perturbation, ε, and consider the preconditioner:

(6.12)

[
1

Rem
K + LTDT

e (Ue + εZe)
−1DeL 0

0 U

]
,

where Ze is the H1 mass matrix.
Alternatively, consider the H(curl,Ω)×H(div,Ω) formulation of the first order Maxwell’s

equations. From [38, 48], the bilinear form for the constraint matrix, c, the leading block
matrix, h, and the natural inner product, d, of H(div,Ω) are defined as:

(6.13)
c(~τ , u) = (∇× ~u, ~τ) where ~u ∈ H(curl,Ω), ~τ ∈ H(div,Ω)
h(~u,~v) = (~u,~v) where ~u,~v ∈ H(curl,Ω),
d(~τ , ~σ) = (∇ · ~τ ,∇ · ~σ) + (~τ , ~σ) where ~τ , ~σ ∈ H(div,Ω).

Thus, the matrix C, H and D are associated with the bilinear forms c(~τ , u), h(~u,~v) and
d(~τ , ~σ) from (6.13), respectively. Here the primal space of the first order Maxwell problem is
the same as the mixed Maxwell problem we consider in (6.9), and thus, by results in Section 4.4
K+BTU−1B and H+CTD−1C are spectrally equivalent. Let Ce, He and Pe be the elemental
matrices of C, H and D, respectively, then by Lemma 5.3 we consider the preconditioner

(6.14)

[
LT
(

1
Rem

He + CTe D
−1
e Ce

)
L 0

0 U

]
,

17



since LT
(

1
Rem

He + CTe D
−1
e Ce

)
L is spectrally equivalent to 1

Rem
K+R, the matrix associated

with the natural inner product of H(curl,Ω).
As was the case for Stokes, the behavior of the preconditioners (6.11), (6.12) and (6.14)

depends on the quality of approximations in Theorems 5.4 and 5.5. Again, we compute the
minimum and maximum eigenvalues coming from the eigenvalue problems

NTJe (Ke +Re)
−1 JTe Nx = λ1J(K +R)−1JTx,

LT
(
He + CTe D

−1
e Ce

)
Lx = λ2

(
K + JTU−1J

)
x,

LT
(
Ke + JTe (Ue + εZe)

−1 Je

)
Lx = λ3

(
K + JTU−1J

)
x,

and present these in Table 4. For simplicity, we have taken Rem to be 1. The table shows the
minimum and maximum eigenvalues are bounded away from zero and are bounded from above
for these generalized eigenvalue problems, and thus, again, the element Schur complements
are spectrally equivalent to the corresponding global Schur complement.

# Ŝ1x = λ1J(K +R)−1JTx Ŝ2x = λ2(K + JTU−1J)x Ŝ3x = λ3(K + JTU−1J)x
cells mine(λ1) maxe(λ1) mine(λ2) maxe(λ2) mine(λ3) maxe(λ3)

8 1.0 1.0 0.473142 1.0 0.911392 1.0
32 1.0 1.0 0.475186 1.0 0.909101 1.0
128 1.0 1.0 0.475714 1.0 0.908287 1.0
512 1.0 1.0 0.475847 1.0 0.908073 1.0

Table 4: Minimum and maximum eigenvalues of the element Schur complements with

S1 = NTJe (Ke +Re)
−1 JTe N , S2 = LT

(
Ke + JTe (Ue + εZe)

−1 Je

)
L and

S3 = LT (He + CTe D
−1
e Ce)L

Similarly to in the previous section, Figure 3 shows the generalized eigenvalues of the
whole system for preconditioners (6.11), (6.12) and (6.14). The eigenvalues are again seen
to be bounded away from zero and strongly clustered. Interestingly, the eigenvalues of the
system preconditioned with P3 seem to asymptote to 0.5, suggesting this will perform slightly
better than the others if an optimal Krylov method, such as MINRES, is used.

Numerical results. Table 5 gives the timing and iteration results for this example. Simi-
larly with the previous example, the element Schur complement preconditioners exhibit iter-
ations almost identical to the natural norm preconditioner. Interestingly, the iteration results
for the primal Schur complement preconditioner in (6.14) are slightly lower than the others,
apart from the final mesh level. This might be caused but the clustering of the eigenvalues
around a half in Figure 3.

The timings do not scale linearly in this case, which is due to our use of a direct solver to
apply the preconditioner. Since we are applying the preconditioner with a direct solver we do
not provide three dimensional results for this example.
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Figure 3: Eigenvalues of generalized eigenvalue problem with total 169 degrees of freedom,
where A is the discretized Maxwell problem and P1, P2 and P3 are given in (6.11), (6.12),
and (6.14), respectively.

Dual precond Primal precond Primal-ε precond Natural norm
in (6.11) in (6.14) in (6.12) precond in (6.10)

DoF Time Iteration Time Iteration Time Iteration Time Iteration

16,641 0.6 30 0.7 28 0.6 30 0.8 30
66,049 1.9 33 2.8 28 3.1 33 2.8 33
263,169 6.6 33 7.3 29 8.5 33 7.7 33

1,050,625 27.6 33 29.5 29 31.3 33 31.4 33
4,198,401 116.1 34 107.6 30 124.6 35 119.9 34
16,785,409 606.6 35 619.1 36 619.8 37 600.7 35

Table 5: Timing and iterations results for the mixed Maxwell equations with Rem = 100 and
ε =1e-6.

6.3. The Navier-Stokes equations. Finally, we consider the Navier-Stokes equations,
given by

− 1

Re
∇2~u+ ~u · ∇~u+∇p = ~f

∇ · ~u = 0.
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The presence of the advection term (~u · ∇~u) provides both non-linearity and non-symmetry
in the model, which are two key differences between this example and the previous ones. The
nonlinear scheme we use is Newton’s method with absolute and relative tolerances of 10−6

and 10−8, respectively.
A standard mixed formulation of this model is: find (u, p) ∈ H1

0 (Ω)d × L2(Ω) such that

1
Re(∇~u,∇~v)Ω + (~u · ∇~u,~v)Ω + (p,∇ · ~v)Ω = (~f,~v)Ω, ∀~v ∈ H1

0 (Ω)d,

(q,∇ · ~u)Ω = 0, ∀q ∈ L2(Ω).

Upon discretization and linearization, we obtain a saddle point system of the form (1.2) with
A and B given by 1

ReG+O, where G is the vector Laplacian, O is the advection matrix, and
B is the divergence matrix.

Due to their non-symmetric nature, the discrete Navier Stokes equations do not fit into
the framework for natural norm preconditioners, thus we cannot apply the theory in Sec-
tions 4 and 5. However, we can construct the element Schur complement preconditioner, and
we include this method to show that such a preconditioner can be applied even if the natural
norm preconditioner is not available.

For nonsymmetric systems GMRES [51] is often used, but in this case, as shown by Green-
baum, Pták and Strakoš [21], clustered eigenvalues are not necessarily enough to guarantee
rapid convergence. However, we can still form local Schur complements and use these as a
heuristic preconditioner. We compare this approach with the Pressure Convection Diffusion
(PCD) preconditioner of Kay, Loghin and Wathen [30]. The implementation of PCD that we
use in our tests is based the version bundled with Firedrake, which we modified slightly to
give better performance.

For this example we will use the full LTDL decomposition:

P−1 =

[
I −Â−1BT

0 I

] [
Â−1 0

0 Ŝ−1

] [
I 0

−BÂ−1 I

]
.

where Â−1 and Ŝ−1 are approximations to the inverse of the advection diffusion operator and
the Schur complement, respectively. In Table 6 we present the definitions of Â and Ŝ for the
four different preconditioners we will test. The action of the inverse of Â and Ŝ is done via
a multigrid V-cycle. For PCD, Ŝ−1 = −U−1FpQ

−1, where again we use a multigrid V-cycle
to approximate the inverses. We note that for the Primalalt preconditioner, the inverse of
the approximate Schur complement is the sum of two matrix inverses. This preconditioner is
based on the work of Benzi and Olshanskii [8].

Tables 7 and 8 show timing and iteration results for a two and three dimensional cavity
driven flow (described in Elman, Silvester and Wathen [17, Example 8.1.2]) and flow over
a two-dimensional backwards facing step (described in Elman, Silvester and Wathen [17,
Example 8.1.3]), respectively. The backwards facing step is more complicated due to both the
nonconvex domain and the natural outflow conditions on the rightmost boundary.

Figure 4 shows the iteration and timing results for both the PCD and Primalalt precondi-
tioners in three dimensions whilst varying Reynolds number on a fixed mesh. Neither precon-
ditioner exhibits Reynolds number independent iterations and/or timings, however, the PCD

preconditioner fails to converge from Reynolds numbers higher than 380 whilst the Primalalt
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Preconditioner Approx matrix

Dual
Â = G+O

Ŝ = −ReNTBe(Ge +Oe + εTe)
−1BT

e N

Primal
Â = G+O + 1

ReLB
T
e Q
−1
e BeL

T

Ŝ = −ReQ

Primalalt
Â = G+O + 1

ReLB
T
e Q
−1
e BeL

T

Ŝ−1 = − 1
Re

(
(NTBe(Ge +Oe + εTe)

−1BT
e N)−1 +Q−1

)
PCD

Â = G+O

Ŝ = −QF−1
p U

Table 6: Â and Ŝ for the four different preconditioners.

Dual precond Primal precond Primalalt precond PCD precond
DoF Time Iteration Time Iteration Time Iteration Time Iteration

9,539 1.7 4/63.2 1.3 4/48.0 1.1 4/36.2 1.1 4/31.8
37,507 8.8 4/65.0 7.8 4/53.2 6.2 4/38.5 6.3 4/34.2
148,739 33.8 4/68.2 29.5 4/55.8 23.6 4/40.5 20.2 4/34.8
592,387 129.4 4/73.8 112.0 4/58.0 90.5 4/42.2 69.4 4/36.0

2,364,419 525.0 4/77.5 427.7 4/58.0 346.8 4/43.5 270.9 4/36.8
9,447,427 1635.6 3/79.0 1614.8 3/62.0 1303.4 3/45.3 994.2 3/40.0

(a) Two dimensional results

Dual precond Primal precond Primalalt precond PCD precond
DoF Time Iteration Time Iteration Time Iteration Time Iteration

402 - -/- 0.5 5/55.2 9.4 5/46.6 0.5 5/48.6
2,312 1.7 4/80.8 1.4 4/61.5 1.4 4/50.2 1.4 4/59.2
15,468 18.5 4/63.8 21.4 4/59.5 17.3 4/46.5 18.6 4/68.0
112,724 170.3 4/71.5 217.1 4/61.0 174.3 4/47.2 159.9 4/68.0
859,812 1791.5 4/82.5 2106.0 4/64.5 1748.2 4/52.0 1434.2 4/64.8

(b) Three dimensional results

Table 7: Iteration and timing results for the two and three dimensional Navier-Stokes leaky
cavity driven flow problem with Re = 100 and ε =1e-6.

preconditioner continues to converge to the solution for Reynolds number higher than 400.
The PCD preconditioner iterations are significantly higher than the slightly more expensive
Primalalt preconditioner for all Reynolds numbers. The PCD preconditioner timing results are
lower than the Primalalt preconditioner until a Reynolds number of 320 but with the larger
iteration count the timings for the PCD preconditioner grow faster than the Primalalt precon-
ditioner, and for the larger Reynolds numbers the PCD preconditioner takes longer to converge
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to the solution.

Figure 4: Comparison of the PCD and Primalalt preconditioner whilst varying the Reynolds
number for the three-dimensional cavity driven flow problem with DoF = 859,812.

Note, from the table we scale the Primal and Primalalt preconditioners with ReQe rather
than Qe. Including the Reynolds number in the scaling is the natural choice, since ReQe is
the appropriate matrix associated with norm of the dual space, and also the scaling of the
Reynolds number arises in a similar fashion for the dual Schur complement. In fact, not
including the Reynolds number scaling would cause the preconditioned iterations to degrade
significantly and to not be mesh independent.

From Table 7, we see that for both the two and three dimensional results all the precon-
ditioners exhibit near mesh independent iterations. It appears that all the preconditioned
iterations increase slightly as the mesh is refined. For the two dimensional results, the PCD

preconditioner performs best with the Primalalt preconditioner differing by just a few iter-
ations. This is to be expected since the PCD preconditioner is designed specifically for this
problem, however it is interesting to note that it is possible to achieve similar iteration num-
bers based solely on generic element Schur complement preconditioners. The timings for the
two dimensional results scale linearly with the problem size. For the three dimensional results,
the Primalalt preconditioner performs best in terms of iteration numbers, however, the PCD

preconditioner performs best with respect to time. Similarly to the Stokes problem, the timing
differences are likely due to the higher cost associated with the algebraic multigrid solver for
the leading block.

For the backwards facing step, Table 8, the Firedrake implementation of the PCD pre-
conditioner does not converge, and so we only report the element Schur complement results.
While the iterations still grow with the mesh size, this growth appears to be stable. Again,
the timings scale linearly with the problem size.

We remark that by carefully considering the boundary conditions, the PCD preconditioner
can be modified to yield scalable iterations for outflow problems (see, for example, Elman,
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Dual precond Primal precond Primalalt precond
DoF Time Iteration Time Iteration Time Iteration

24,498 7.1 3/79.3 5.1 3/54.0 12.6 3/48.7
35,885 10.8 3/82.7 8.0 3/55.0 7.2 3/49.7
91,950 31.3 3/97.3 22.2 3/63.7 18.3 3/50.7
133,092 39.1 3/87.3 30.9 3/63.3 25.6 3/51.7
271,286 93.1 3/103.3 65.5 3/65.7 53.9 3/53.3
599,892 237.2 3/117.3 152.0 3/69.7 128.7 3/58.7

2,455,263 975.0 3/119.0 646.7 3/74.7 578.4 3/65.7

Table 8: Results for preconditioning GMRES for the Navier-Stokes equations with Re = 10
for the backwards facing step problem.

Silvester and Wathen [17, Section 9.2.2] and Bootland [10, Chapter 5]), but these are not yet
implemented in Firedrake. We speculate that similar considerations would also improve the
performance of the element Schur complement approach considered here; this is beyond the
scope of this paper.

7. Conclusion and outlook. In this work, we presented effective sparse Schur complement
approximations for inf-sup stable mixed finite element discretizations of self-adjoint problems.
Our new preconditioner is based on forming local, or element, Schur complements of an
appropriate system which is elementally inf-sup stable and shares either a primal or dual space
with the original system. By utilizing the existence of matrices associated with the natural
inner products of the underlying function spaces, we show spectral equivalence between the
Schur complement of the original system and the matrix formed by projecting the local Schur
complements back to the global degrees of freedom.

From the numerical results, the element based Schur complement preconditioners perform
similarly to the natural norm preconditioners for the self-adjoint multi-physics problems we
have considered. While our theory suggests that we should not expect the element Schur
complement preconditioner to be better, in terms of iteration count, than a natural norm pre-
conditioner, its construction requires less knowledge of the underlying mathematical structure,
and can be used as a black-box technique for implementing optimal block preconditioners. We
also envisage this technique will more widely be applicable in cases where the natural norm
preconditioner is not known. For example, in the nonsymmetric and nonlinear Navier-Stokes
example, where there is no concept of a natural norm preconditioner, our new Schur comple-
ment approximation performs similarly to the well-known PCD preconditioner in our tests,
while being somewhat more robust with respect to the Reynolds number in some cases. One
possible area of future work would be to extend the theory to cover nonsymmetric systems.
For example, one might be able to consider a field-of-values equivalence which could give rise
to theory in the nonsymmetric cases, see Loghin and Wathen in the context of general saddle
point systems [35], Ma, Hu, Hu, and Xu [36] in the context of magnetohydrodynamics pre-
conditioners, or Benzi and Olshanskii [9] in the context of linearized Navier-Stokes equations.

We only consider single element contributions, but grouping multiple local elements to-
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gether to form slightly larger local Schur complements may lead to a better approximation,
requiring only marginally more storage.

We focus on problems from mixed finite elements, but the ideas should work for any
partially separable functions which can be represented as a sum of element functions (see
Daydé, L’Excellent and Gould [16]). This may allow us use similar ideas to build fast solvers
for problems that do not come from PDEs, and where the natural norms are not obvious. The
extension of element preconditioners to these problems is left for future work.

Code availability. Together with the written manuscript, we provide the code used to
generate the results [65].
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