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ABSTRACT 

The present study focused on the propagation of a hot thermal transient through 

a U-Bend, and the resulting thermal stresses this causes. The flow conditions are 

fully turbulent in a mixed convection regime. A coupled framework has been used 

to simulate the 3-D conjugate heat transfer between the fluid and solid domains, 

and subsequently compute the thermal stress within the solid domain. An 

empirical model is then used for the fatigue life prediction. Highly complex flow 

evolution has been observed. Significantly, the reversal of the Dean vortex pair 

due to buoyancy has been identified. This reversal causes steep wall temperature 

gradients, increases the thermal stress at the front and back part of the two bends, 

and generates a large stress region at the bottom of the near-horizontal section, 

which leads to a fatigue life reduction of the U-bend. 

Keywords: Conjugate heat transfer; von-Mises Stress; Coupled simulation. 
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1. Introduction 

Predicting thermal stress is a key element in the design of pipework for nuclear power plants. 

The time-averaged and peak thermal stresses during different operating cycles are useful for 

predicting the cumulative fatigue damage of a pipe (Schwartz, 1982, Fatemi and Yang, 1998). 

However, simulating pipe thermal stresses is challenging due to coupled nature of the 

governing equations (Marugán-Cruz et al., 2016). Many researchers have contributed to the 

simulation of stresses for straight pipes (Flores et al., 2014, Rodríguez-Sánchez et al., 2014). 

In contrast to straight pipes, the heat transfer of a U-bend exhibits some unique phenomenon 

due to its shape, which makes the thermal stress simulation more challenging. One aspect is 

the appearance of Dean vortices. They are counter-rotating vortices created by the flow around 

bends due to the local imbalance between centripetal forces and the opposing pressure gradient. 

These secondary flows occur in many industrial applications and can have a significant impact 

on heat and mass transfer (Vashisth et al., 2008, Noorani et al., 2013, Giannakopoulos et al., 

2017). Skillen et al. (2020) also indicated that there is a significant impact on the thermal 

stratification from the secondary flow, such as Dean vortices. The dynamics of a hot thermal 

transient propagating through pipe bends is particularly relevant to the nuclear industry. In mixed 

convection conditions (relevant to the passive safety case of nuclear reactors), thermal transients 

can significantly affect the Dean vortices, potentially leading to a reversal of the secondary flow 

(Viollet, 1987). Skillen et al. (2020) proposed a mechanism by which this Dean vortex reversal 

occurs; the thermal inertia of the wall causes near-wall fluid to remain at a lower temperature than 

that away from the wall. This generates a baroclinic torque, resulting in a buoyancy-induced 

secondary flow of the opposite direction to that of the Dean vortices. The propagation of a transient 

thermal flows can also generate stratified layers and large buoyancy-induced recirculation regions. 

This phenomenon has been reported by Viollet (1987), who carried out a series of simulations on 

the U-bend with a linear ramp of the inlet fluid temperature. He concluded that the thermal 
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stratification tends to appear at low Froude number and Reynolds number conditions. Both these 

phenomena add significantly to the complexity, relative to the straight pipe.  

Stratification of a thermal transient can lead to steep temperature gradients, in both fluid and solid 

domains, that can adversely affect the pipe wall by raising the thermal stress. Therefore, accurately 

predicting the thermal stress of a U-bend is an important capability in the design of pipework. 

Prevéy (1981) studied the macroscopic residual stress distributions of a U-bend using site data. 

Cheng and Finnie (1996) carried out a stress and fatigue analysis of U-bend steam generator tubes 

based on available U-bend data where fatigue failure had occurred. They observed that the 

maximum stress of the U-bend is close to the cyclic yield stress, where Goodman's straight-line 

analysis (Goodman, 1919) provided a reasonable approach for predicting its fatigue life. Attia 

(2006) carried out an experiment on the long-term fretting wear of a full-scale U-bend tube of 

steam generators and established a framework on the fretting risk management. However, any 

interaction between the thermal fluid and the stress of the U-bend tube was not considered in 

their research. 

In this study, a coupled framework has been used to model the 3-D incompressible Navier-

Stokes equations with the Unsteady Reynolds Averaged Navier-Stokes (URANS) equations, 

and linear thermo-elastic formulations. Conjugate heat transfer (CHT) between the fluid and 

solid walls is also considered. The aim of this paper is to assess the influence of the secondary 

flow reversal has upon the stresses within a u-bend pipe wall. 

This paper is structured as follows: the problem formulation used in the present study is 

presented in the next section, followed by the results and discussion. Finally, some conclusions 

are drawn. 
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2. Problem Formulation 

2.1.Governing Equations and Numerical Schemes 

The simulations for the present study are carried out using a coupled framework, as shown in 

Figure 1. The framework employs three simulation domains (i.e. Finite Volume (FV) fluid 

domain for the simulation of the fluid flow inside the U-bend pipe, FV structure domain for 

the simulation of the heat transfer of the U-bend wall and Finite Element (FE) structure domain 

for the simulation of the thermally-induced stress/fatigue of the U-bend wall) across two codes, 

which are Code_Saturne version 5.0 (Fournier et al., 2011) and FEniCS version 2019.1.0 

(Alnæs et al., 2015). Three sets of meshes are used for the simulation, which are hexahedral 

mesh for the FV fluid domain, hexahedral mesh for the FV structure domain, and tetrahedral 

mesh for the FE structure domain. Conformal hexahedral meshes are used between FV fluid 

and FV solid domains for the U-bend wall. Non-conformal meshes are used between the FV 

and FE structure domains. Conjugate heat transfer simulations are performed with 

Code_Saturne as shown in the left-hand part of Figure 1. The coupling between the FV fluid 

and FV solid domains is accounted for internally within Code_Saturne by enforcing consistent 

temperature and heat flux between the domains, using the Code_Saturne's PLE library 

(Fournier, 2020). The fluid flow is governed by the incompressible URANS equations. 

Turbulence closure is achieved through the use of the Elliptic Blending Reynolds-Stress Model 

(EBRSM) (Manceau and Hanjalić, 2002). As a low Reynolds number model, EBRSM does not 

need to apply any wall functions on the near-wall modelling and has the best performance on 

pipe bend simulations compared with other low Reynolds number URANS models (Tunstall 

et al., 2016). The turbulent heat fluxes are modelled by the Generalised Gradient Diffusion 

Hypothesis (GGDH) (Daly and Harlow, 1970, Ince and Launder, 1989) approach. The density 

variation of the water is up to 8.4% of its original density for a typical case in the present study, 
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as presented in the following sections. Since the focus of this study is the thermal stress rather 

than the fluid flow, the Boussinesq approximation is used and the impact of the density 

variation is seen as secondary, and is thus neglected. Buoyancy is accounted for through a 

Boussinesq approximation in both the gravity source term and the turbulence production 

(Viollet, 1987) for the fluid simulations.  

 

Figure 1. Flow chart of the simulation framework. 

The Thermal Displacement, Stress analysis, and Fatigue life prediction (TDSF) of the U-bend 

are performed on the FE structure domain, as shown in the right-hand part of Figure 1. Linear 

thermo-elastic formulations are implemented within our customised FEniCS solver. Based on 

the virtual work principle (Bleyer, 2018), the continuum mechanics variational formulation is 

to find 𝒅 ∈ 𝜣 such that 
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 ∫ 〈𝝈(𝒅, 𝑇), 𝜺(𝛿𝒅)〉
𝜴

𝑑𝜴 = ∫ 𝛿𝒅 ∙ 𝑏
𝜴

𝑑𝜴 +∫ 𝛿𝒅 ∙ 𝑡�̂�
𝛤

𝑑𝜞,     ∀𝛿𝒅 ∈ 𝜣, (1) 

where 𝒅 is the displacement vector, 𝛿𝒅 is the displacement increment, 𝑇 is the temperature 

distribution, 𝜣 denotes the displacement admissible function space, 𝜴 is the physical domain, 

𝜞 is the boundary of the domain, 𝑏 is the applied mechanical volume load, 𝝈 is the stress 

tensor, and 𝑡�̂� is the prescribed traction on the solid boundary. The strain tensor, 𝜺(𝛿𝒅), is 

determined from 

 𝜺(𝛿𝒅) =
1

2
(𝛿𝒅 + (𝛿𝒅)𝑇),       𝑖𝑛 𝜴, (2) 

and the stress tensor, 𝝈, is calculated as follows: 

 𝝈(𝒅, 𝑇) = 〈𝑪, (𝜺(𝛿𝒅) − 𝜺𝒕)〉 = 𝜆𝑡𝑟(𝜺(𝛿𝒅))𝑰 + 2𝜇𝜺(𝛿𝒅) − 𝜺𝒕, (3) 

where 𝑪 is the constitutive tensor, 𝑡𝑟(𝑎) denotes the trace of any matrix 𝑎, 𝑰 is the identity 

matrix, and 𝜆 and 𝜇 are the Lamé coefficients. The thermal strain tensor, 𝜺𝒕, is calculated as 

 𝜺𝒕 = 𝛼𝑡(3𝜆 + 2𝜇)(𝑇 − 𝑇0)𝑰,       𝑖𝑛 𝛺, (4) 

where 𝛼𝑡  is the thermal expansion coefficient and 𝑇0  is the reference temperature. The 

equilibrium equation, which is used to complete equation (1), is expressed as 

 𝜌𝑠𝑇0�̇� + ∇𝒒 = 0, (5) 

where 𝜌𝑠 is the density of the solid material and �̇� is the rate of change of entropy per unit mass. 
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The heat flux, 𝒒, is obtained from the isotropic Fourier law 

 𝒒 = −𝑘𝛻𝑇, (6) 

where 𝑘 is thermal conductivity. With equations (1) to (6), the thermally-induced displacement 

and stress can be obtained. The displacement is non-dimensionalised as �̃� ≡ 𝒅/𝐷, where 𝐷 is 

the pipe’s diameter. 

The TDSF solver employs empirical equations to predict the fatigue life of the U-bend, 

following the procedure of Cheng and Finnie (1996). The localised purely alternating stress at 

the 𝑖th element, 𝜎𝑝𝑎
𝑖 , and the localised cycles to failure at the 𝑖th element, 𝑁𝑖, are determined 

from the following expression (Jacko, 1983) 

 log 𝜎𝑝𝑎
𝑖 = 𝐴 − 𝐵 log𝑁𝑖 , (7) 

where 𝐴 = −2.982 and 𝐵 = 0.096. The mean stress effect on the fatigue life of the U-bend 

under thermal stress can be expressed by the modified Goodman line (Goodman, 1919, Cheng 

and Finnie, 1996) as 

 
𝜎𝑎
𝑖

𝜎𝑝𝑎
𝑖
+
𝜎𝑚
𝑖

𝜎𝑢
= 1, (8) 

where 𝜎𝑎
𝑖  is the localised stress combining the mean and purely alternating stresses, 𝜎𝑚

𝑖  is the 

localised mean alternating stress, and 𝜎𝑢 is the ultimate strength of the U-bend with the value 

of 5.82 × 108 Pa (Cheng and Finnie, 1996). The localised cycles to failure at the 𝑖th cell can 

be obtained by combing equations (7) and (8) as 
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 𝑁𝑖 = 10𝐴/𝐵 [
1 −

𝜎𝑚
𝑖

𝜎𝑢
𝜎𝑎
𝑖
]

1/𝐵

. (9) 

As the thermal displacements are less than 9% of the pipe diameter (as presented in Section 

3.3) and have limited influence on the CHT simulation, a one-way coupling method is used for 

the framework. During the simulation, the temperature distribution of the U-bend wall obtained 

from the CHT simulations is passed to the TDSF solver through file I/O. The TDSF solver 

reads in the data of temperature distribution at the present time step that based on the mesh of 

the FV structure domain. To ensure a consistency interpolation of the temperature distribution 

between non-conformal FV and FE structure meshes, an interpolation polynomial in the 

Lagrange form (Langtangen, 2012) is used in the TDSF solver as 

 𝑇(𝒙𝑭𝑬) =∑ 𝑇(𝒙𝒋)𝜙𝑗(𝒙𝑭𝑬)
𝑛

𝑗=1
, (10) 

where, 𝒙𝑭𝑬 is the 3-D coordinate of an arbitrary element node of the FE structure mesh, 𝑛 is 

the total number of cells of the FV structure mesh, 𝒙𝒋 is the 3-D coordinate of the centre of the 

cell 𝑗 of the FV structure mesh and 𝜙𝑗(𝒙𝑭𝑬) is the Lagrange basis polynomials. After the 

interpolation, the temperature distribution at the present time step based on the FE structure 

mesh is applied to the FE structure domain as a volumetric source term for the TDSF 

simulations. 

2.2.Geometry and Mesh 

The geometry of the U-bend is shown in Figure 2. The length of both vertical sections is 10𝐷, 

while the radius of curvature of both elbows is 1.5𝐷. The near-horizontal section is 6𝐷 in 

length, with a slope of 1% to approximate the pipework of the Superphénix reactor (Viollet, 
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1987, Skillen et al., 2020). The wall thickness is 0.05𝐷. As shown in Figure 2, the origin point 

of the system, 𝑜, is located in the centre of the inlet boundary, i.e. the top of the left hand side 

of the vertical section of the pipe, with a global Cartesian frame of reference, 𝑥 − 𝑦 − 𝑧. In this 

study, a mesh comprising approximately 4M and 0.5M cells in the FV fluid and FV solid 

domains, respectively, has been employed. Tests were performed with meshes comprising 

1.2M FV fluid cells and 0.3M FV solid cells, and no appreciable differences were observed in 

the wall temperatures (Zimoń et al., 2020). The TDSF simulation employs 0.5M tetrahedral 

elements in the FE solid domain. By increasing the tetrahedral elements to 4.6M for the mesh 

sensitivity test, the TDSF simulation gives the same results on the wall thermal displacements. 

TDSF simulations in the following sections were carried out by 0.5M elements. 

2.3.Initial and Boundary Conditions 

A no-slip condition for the velocity and a zero-gradient Neumann condition for the pressure at 

the interface between the fluid and solid domains of the CHT simulation have been enforced 

in the present study. At this interface, consistency in both the heat flux and temperatures is also 

enforced. A zero gradient Neumann condition is applied for the temperature at the U-bend 

external wall. 

The fluid flow is initialised by conducting an isothermal URANS computation at 𝑇0. These 

results are used as the initial condition of the simulation at a dimensionless time �̃� ≡ 𝑈𝑡/𝐷 =

0, where 𝑡 is the time and 𝑈 is the bulk flow velocity. The temperature of the inlet thermal 

transient linearly increases with time until reaching its final value 𝑇1 = 𝑇0 + ∆𝑇 with a total 

temperature difference of ∆𝑇 at �̃� = 7.5. For �̃� > 7.5, the temperature of the inlet fluid remains 

as 𝑇1. The diameter of the pipe, 𝐷, is determined by 𝑇0 and ∆𝑇 in the present study. A Dirichlet 

condition is applied to the pressure and a zero-gradient Neumann condition is applied for all 

other variables at the outlet of the U-bend. 
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In the present case, no mechanical volume load or prescribed traction are applied. The stress-

free reference temperature, 𝑇0,  is set to be constant throughout the pipe in the TDSF 

simulations. Point-based displacement constraints at both inlet and outlet of the pipe-wall have 

been implemented, as shown in Figure 2. These two constraints are equivalent to the pipe being 

pinned to these locations so that to prevent the left and right vertical sections from diverging 

from one another but allow the solid structure to expand in response to the temperature 

distribution. 

 

Figure 2. Schematic diagram of the geometry and boundary conditions. 

2.4. Study Parameters 

The present study focuses on the influence of a hot thermal transient to the U-bend where the 

inlet temperature increases with a linear ramp as indicated in the section of Initial and Boundary 

Conditions. The properties of the fluid flow (i.e. water in the present study) are defined by the 

dimensionless parameters of the Reynolds number 
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 𝑅𝑒 ≡
𝑈𝐷

𝜈
= 10,000, (11) 

the reduced Froude Number 

 𝐹𝑟 ≡
𝑈

√𝑔𝛽∆𝑇𝐷
, (12) 

and Prandtl number 

 𝑃𝑟 ≡
𝜈

𝛼
= 6, (13) 

where 𝜈, 𝑔, 𝛼 and 𝛽 are kinematic viscosity, gravitational acceleration, thermal diffusivity and 

thermal expansion coefficient, respectively. The values of the Reynolds number and Prandtl 

number are based on the work of Viollet (1987), which are for mixed convection, fully-

turbulent flow conditions. Three Froude numbers (i.e. 𝐹𝑟 =  0.670, 0.814 and 0.913) are 

adopted for the present study to investigate how much of an influence changing the flow regime 

has on the thermal stresses. The temperature difference, ∆𝑇, is chosen as 311.15 𝐾 at 𝐹𝑟 = 

0.670 as suggested by Durmayaz and Yavuz (2001) with a reference temperature, 𝑇0 =

562.15 𝐾 based on the study of Nair and Gopal (1987), Green and Hetsroni (1995) and Durmayaz 

and Yavuz (2001). Froude number changes are achieved by varying ∆𝑇. The flow properties of 

the present study with 𝐹𝑟 = 0.670 are listed in Table 1. 

Table 1 

Properties of water under the present working condition and the diameter of the U-bend pipe 

(Blumm and Lindemann, 2003, Engineering, 2003, Engineering, 2004). 
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Property Unit Value 

Density kg/m3 667.09 

Kinematic viscosity m2/s 1.17 × 10−7 

Thermal expansion coefficient 1/K 2.21 × 10−3 

Thermal diffusivity m2/s 1.27 × 10−7 

Thermal conductivity W/(m·K) 0.68 

Gravitational acceleration m/s2 9.81 

Flow velocity m/s 7.57 × 10−2 

Diameter of pipe m 1.55 × 10−2 

 

The rate of conductive heat flow between the fluid and solid domains are determined by the 

ratio of thermal diffusivities 

 
𝛼𝑠
𝛼𝑓
= 144.8, (14) 

and the ratio of thermal conductivities 

 
𝜅𝑠
𝜅𝑓
= 123.5, (15) 

which are representative of water flowing within a steel pipe. The subscripts represent solid (s) 

and fluid (f), respectively. The density, Poisson ratio, thermal expansion and specific heat 

capacity of the solid are all selected based on C50 steel (EN 1.0540) as suggested by Cheng 

and Finnie (1996) for the TDSF simulations. The properties of the C50 steel are shown in Table 

2. 

Table 2 
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Properties of C50 steel (EN 1.0540) (Cheng and Finnie, 1996, Bringas, 2004, From, 2020). 

Property Unit Value 

Density kg/m3 7800 

Poisson ratio - 0.29 

Thermal expansion coefficient 1/K 1.20 × 10−5 

Specific heat capacity J/(kg·K) 470 

Thermal diffusivity m2/s 1.84 × 10−5 

Thermal conductivity W/(m·K) 83.98 

 

2.5.Model Verification and Validation 

The URANS results at 𝐹𝑟 = 0.670 are compared with reference Large Eddy Simulation (LES) 

results (Skillen et al., 2020) for the wall temperature and the velocity and has been presented 

in Zimoń et al. (2020), so is not repeated here. Good agreement has been observed that supports 

the accuracy of the URANS simulations.  

The TDSF solver is validated against both 2-D and 3-D benchmark cases. The 2-D benchmark 

case is an analytical thermo-elastic case (Zander et al., 2012). As shown in Figure 3 (a), a two-

dimensional ring, with an outer radius of 1.0 m and inner radius of 0.25 m, has a prescribed 

temperature of 1 K and 3 K on the outer and inner boundary, respectively. The inner boundary 

of this ring is displaced by 0.25 m in the radial direction. The value of Young’s modulus, 

coefficient of thermal expansion and thermal conductivity are all set to 1 in SI units. As can be 

seen from Figure 3(b)-(d), the differences between the present simulation results and the 

analytical results are less than 0.1% on the temperature distribution, displacement, and von-

Mises stress, where the von-Mises stress is a criterion to assess the possibility of structural 
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damage (Segalman et al., 2000) with the definition of: 

 𝜎𝑣 = √
1

2
[(𝜎11 − 𝜎22)

2 + (𝜎22 − 𝜎33)
2 + (𝜎33 − 𝜎11)

2] + 3(𝜎12
2 + 𝜎23

2 + 𝜎31
2 ), (16) 

where 𝜎𝑖𝑗 is the Cauchy stress tensor. The 3-D benchmark case is a one-eighth hollow spherical 

vessel being heated and pressurised from its internal (Afkar et al., 2014, Cardiff et al., 2018). 

Figure 4 (a) presents the geometry and boundary conditions of the spherical vessel. The 

spherical vessel has an inner radius of 0.19 m and an outer radius of 0.2 m. The inner surface 

of the spherical vessel has a time varying temperature 𝑇𝑖𝑛 = 40𝑡 + 𝑇𝑏𝑎𝑠𝑒 and pressure 𝑃𝑖𝑛 =

𝑡 5⁄ , where 𝑡 is the time and 𝑇𝑏𝑎𝑠𝑒 is the base temperature that is 300 K in this case. The outer 

surface has a fixed surface convective heat coefficient ℎ𝑜𝑢𝑡. Other thermal properties could be 

find from Cardiff et al. (2018). The von Mises Stress contour at 𝑡 = 5 s is presented in Figure 

4 (b). The von Mises Stress and temperature distributions along the radial direction are 

compared with published results in Figure 4 (c) and (d). Good agreement has been achieved. 
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Figure 3. validation results of the solid mechanics code with 2-D benchmark case (Zander et 

al., 2012). 

 

Figure 4. Validation results of the solid mechanics code with 3-D benchmark case (Afkar et 

al., 2014, Cardiff et al., 2018). 

3. Results and Discussion 

3.1.Thermal Flow and Conjugate Heat Transfer 

Figure 5 shows a strong stratification in the thermal fluid with a large buoyancy-induced 

recirculation region in the fluid domain, which is similar to what is observed by Skillen et al. 

(2020). By investigating the fluid flow at the near-horizontal section, the classical Dean 

vortices are suppressed and a counter-rotating vortex pair formed when �̃� = 30 as shown in 

Figure 6. This is due to the buoyancy effect between the cold dense near-wall fluid and the hot 

light fluid at the core of the pipe.  
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Figure 5. Flow streamline at �̃� = 15 with 𝐹𝑟 = 0.670, coloured by normalised temperature 

with yellow and blue indicate the high and low temperature, respectively. 

 

Figure 6. Secondary flow and temperature distribution at cross-sections through the near 

horizontal section (𝑥/𝐷 = 4.5), at �̃� = 30 with 𝐹𝑟 = 0.670. 

3.2.Wall Temperature Distribution 

To investigate the effects of the stratification of the thermal fluid on the stress of the U-bend, 

the solid domain is focused on in the following sections. 
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Figure 7. Flattened wall temperature contours at �̃� = 15 (a), 30 (b), 45 (c) and 60 (d) 

with 𝐹𝑟 = 0.670. Dashed lines indicated the locations of the two bends. 

The wall temperature gradient is one of the most important sources of thermal stress. There is 

a positive correlation between pipe temperature gradient and thermal stress. For a given 

geometry, a larger temperature range within the solid domain typically leads to a steep 

temperature gradient. Figure 7 (a)-(d) show contours of normalised interface temperature, �̃� ≡

(𝑇 − 𝑇0)/∆𝑇, at different �̃�, and for 𝐹𝑟 = 0.670 in a cylindrical coordinate system, where 𝜃 is 

the azimuth angle and 𝑧𝑐 is the longitudinal location along the U-bend (the inlet of the domain 

is at 𝑧𝑐/𝐷 = 0). The two regions enclosed by the dashed lines are the locations of the bends. 

A thermal lag of the U-bend wall has been observed due to the thermal inertia as reported by 

Skillen et al. (2020). At �̃� = 15, the thermal front has travelled to the near-horizontal section, 

while, as can be seen from Figure 7 (a), the upstream vertical section is still far below 𝑇1. As 

time increases, both upstream and downstream vertical sections are gradually being heated by 

the thermal fluid. However, both of these sections have not fully reached 𝑇1 until �̃� = 60. A 

cold region at the bottom of the near-horizontal section can be observed from Figure 7 (b)–(d), 
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that is due to the stratification of the thermal fluid caused by the combination of the secondary 

flow and the recirculation. As time increases, the area of the stratification-induced cold region 

shrinks, but the temperature of the cold region does not undergo any major change. 

The Froude number is a key condition to quantify the significance of the buoyancy effect over 

the flow inertia. With increasing 𝐹𝑟, the significance of the buoyancy effect reduces, which 

leads to a decrease of the strength of the secondary flow and a smaller of the recirculation 

region, hence the stratification is weaker in the fluid domain (Zimoń et al., 2020). This 

phenomenon is reflected in the wall temperature, as shown in Figure 8 (a)-(c), which illustrates 

the contours of normalised temperature, �̃� , with different 𝐹𝑟  at �̃� = 60  in a cylindrical 

coordinate system. It is worth to note that �̃� is calculated based on their respective ∆𝑇 for 

different 𝐹𝑟 conditions. As can be seen, the core of the stratification-induced cold region is 

located around the joint between the near-horizontal region and the second bend for each 𝐹𝑟. 

For small Froude numbers, the cold region has a large area and a steep temperature gradient 

with its surrounding. The opposite is observed for larger Froude numbers. The spatial averaged 

temperature of the upstream vertical section has a positive correlation with the size of the cold 

region. In the range 𝐹𝑟 = 0.670 and 𝐹𝑟 = 0.913, a pair of hot regions appear, which are 

symmetrical about 𝜃 = 0 in the downstream vertical section.  
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Figure 8. Flattened wall temperature contours with 𝐹𝑟 = 0.670 (a), 0.814 (b) and 0.913 (c) 

at �̃� = 60. Dashed lines indicate the locations of the two bends. 

3.3. Thermally-Induced Displacement 

Young's modulus is known to be a function of the temperature but is usually treated as a 

constant value if the variation of the temperature is small. In the present study, the temperature 

of the U-bend wall is much higher than the room temperature with a large temperature 

variation. Thus, the effect of the variation of Young's modulus with temperature needs to be 

investigated. In this work, the function of Young’s modulus about temperature is estimated 

based on the polynomial fit of data from Engineering Toolbox (Engineering, 2004). Figure 9 

(a) and (b) shows its contours at the U-bend wall at  �̃� = 60  with 𝐹𝑟 = 0.670  and 0.913, 

respectively. When 𝐹𝑟 = 0.670, the Young’s modulus drops by 1.33% in the high temperature 

region close to the pipe inlet. While that is 0.87% when 𝐹𝑟 = 0.913. The Lamé coefficients 

are determined by the Young’s modulus, 𝐸(𝑇), as 

 

{
 
 

 
 𝜆 =

𝐸(𝑇)𝜈𝑠
(1 + 𝜈𝑠)(1 + 2𝜈𝑠)

,

𝜇 =
𝐸(𝑇)

2 + 2𝜈𝑠
,

 (17) 

where 𝜈𝑠 is the Poisson ratio. Based on equation (4), a 1.33% reduction of Young’s modulus 

leads to a 1.33% reduction on each component of 𝜺𝒕 in the present working conditions. 
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Figure 9. Young’s modulus contour at �̃� = 60 and 𝐹𝑟 = 0.670 (a) and 0.913 (b). 

The steel thermal conductivity is also a function of temperature, but the thermal conductivity 

changes a lot only when the temperature approaches absolute zero (Hahn and Özisik, 2012). In 

the present working condition, the thermal conductivity of steel is negatively correlated with 

the temperature. Its variation is between 1.37% and 0.67% (Powell et al., 1966, Peet et al., 

2011, Hahn and Özisik, 2012) and the heat flux, according to Equation (6), has a 1.37% to 

0.67% increment under the present working condition. 

 

Figure 10. Thermal induced displacement contours at �̃� = 60 and 𝐹𝑟 = 0.670. 
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The contours of thermally-induced displacement at  �̃� = 60  and 𝐹𝑟 = 0.670  are shown in 

Figure 10. As can be seen from Figure 10 (a), the junctions of bends and near-horizontal section 

exhibit the largest thermally-induced displacement. Figure 10 (b) and (c) show the 𝑥- and 𝑦-

axis components of the thermally-induced displacement at  �̃� = 60  and 𝐹𝑟 = 0.670 . The 

maximum 𝑥-axis displacement of the U-bend is 0.070D located in the two bends. While the 

maximum 𝑦-axis displacement of the U-bend is 0.089D located in 𝑧𝑐/𝐷 = 12.33 and 𝜃 = 0 

(i.e. the horizontal section). Table 3 presents the maximum thermally-induced displacement 

magnitude over �̃� at 𝐹𝑟 = 0.670. The displacement magnitude has an 3.67% increment from 

�̃� = 15 to �̃� = 60 as the wall is heated by the thermal fluid. The maximum thermally-induced 

displacement magnitude with different 𝐹𝑟 at �̃� = 60 have also been calculated. As shown in 

Figure 11, the thermally-induced displacement magnitude between 𝐹𝑟 = 0.670  and 𝐹𝑟 =

0.913 have a variation of ∆|𝑑|̃𝑚𝑎𝑥 = 1.69 × 10
−3. This variation is the contributions from 

both the stratification-induced temperature gradients and the different ∆𝑇 at different 𝐹𝑟 under 

the present working conditions. 

Table 3 

Maximum thermally-induced displacement components over time at 𝐹𝑟 = 0.670. 

�̃�  

[-] 

|𝒅|̃𝑚𝑎𝑥  

[-] 

15 8.53 × 10−2 

30 8.64 × 10−2 

45 8.77 × 10−2 

60 8.85 × 10−2 
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Figure 11. Maximum thermally-induced displacement magnitude v.s. 𝐹𝑟 at �̃� = 60. 

As pointed by Kidawa-Kukla (2003) and Blandino and Thornton (2001), cyclic changes of 

temperature of a structure and non-uniform surface heating induce low frequency vibration. 

Time history of the displacement of the structure is an indication of the vibration. In order to 

investigate the thermally-induced vibration of the U-bend pipe under the present working 

conditions, several assumptions are needed to obtain the displacement time history. Since the 

present study considers the hot water injection only, we assume the cold-water injections could 

let the wall temperature of the U-bend return to its reference temperature, 𝑇0 (i.e. a symmetrical 

hot-cold water injections). We also assume the U-bend pipe subject to indefinite cycles of the 

hot-cold water injections continuously. The profiles (includes the duration and the total 

temperature difference) of the hot-cold water injections among cycles are assumed to be the 

same. Figure 12 shows the time history of the thermally-induced displacement along y-axis 

direction at 𝐹𝑟 = 0.670, 𝑧𝑐/𝐷 = 12.33 and 𝜃 = 0. According to Figure 11, the thermally-

induced displacement magnitude of the U-bend pipe at 𝐹𝑟 = 0.670 has the highest value under 

the present working condition. As shown in Figure 10, [𝑧𝑐/𝐷, 𝜃] = [12.33, 0] is the location 

of the maximum thermally-induced displacement along the pipe. By comparing between Figure 
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10 (b) and (c), the y-axis displacement is more pronounced than that of the x-axis displacement. 

Therefore, the displacement history shown in Figure 12 is the most pronounced one under the 

present working condition. As can be seen form Figure 12, a sinusoidal-like displacement 

history is obtained, which is qualitatively similar with Figure 2 (b) of the work of Kidawa-

Kukla (2003). We observed that the frequency of the thermally-induced displacement is the 

same as the frequency of the hot-code water cycles. Moreover, the amplitude (difference 

between the peak and valley) of the vibration is only 0.74% of the pipe’s diameter. Therefore, 

in the present working conditions and assumptions, the thermally-induced vibrations are 

limited to low frequency and small amplitude.  

 

Figure 12. Thermally-induced displacement along y-axis direction in time domain at 𝐹𝑟 =

0.670, 𝑧𝑐/𝐷 = 12.33 and 𝜃 = 0. 

In reality, the assumption may not apply, such as asymmetrical hot-cold water injections and/or 

the profiles of the hot-cold water injections among cycles are different. In that case, more site 

data is needed to carry out the thermally-induced vibration analysis. Apart from the thermally-

induced vibration, there are also other sources of vibrations of the U-bend pipe, such as 

turbulence-induced vibration, thermal-hydraulic vibration due to the density difference for 
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instance (Blevins, 1990, Nakamura et al., 2013, Miwa et al., 2015), but these are out of the 

scope of the present study.  

3.4.von-Mises Stress 

The results of von-Mises stress are presented and analysed in this section. As shown in Figure 

13 (a), the maximum stress is located at the two point-based displacement constraints, which 

is 3.84 × 109 Pa when 𝐹𝑟 = 0.670 at �̃� = 60. 3.84 × 109𝐹𝑟 = 0.670 �̃� = 60. It is about 39 

times larger than the maximum stress at 𝑧𝑐/𝐷 ∈ [5, 25] of the U-bend. The U-bend with ring-

based displacement constraints (i.e. applying the displacement constraints to the entire 

circumferences of both the inlet and outlet boundaries) at 𝐹𝑟 = 0.670 has also been simulated 

as a comparison. A large stress is observed at the entire circumferences for the ring-based 

constraints case. As can be seen from Figure 13 (a) and (b), the maximum stress of the ring-

based constraints is about 22% smaller than that of the point-based constraints at �̃� = 60. By 

applying the ring-based constraints, the stresses at the bends and the near-horizontal section 

have the same pattern but larger value compared with that of the point-based constraints, as 

illustrated in Figure 13 (c) and (d). As the boundary effect is out of the scope of this study, the 

simulations carried out in the following section are based on the point-based constraints. The 

stress discussed hereafter will focus on the U-bend for 𝑧𝑐/𝐷 ∈ [5, 25] where there is less effect 

of the constraints. 



25 

 

 

Figure 13. Contours of von-Mises stress with 𝐹𝑟 = 0.670 at �̃� = 60. (a) and (c) with point-

based displacement constraints and (b) and (d) with ring-based displacement constraints. 

The variation of the maximum von-Mises stress as a function of �̃�  at 𝑧𝑐/𝐷 ∈ [5, 25]  is 

presented in Figure 14. The slope of the maximum 𝜎𝑣 is steep at �̃� < 30, while there is only 

about 1% difference for the maximum 𝜎𝑣 between �̃� = 45 and �̃� = 60. 
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Figure 14. Maximum von-Mises stress at 𝑧𝑐/𝐷 ∈ [5, 25] v.s. �̃� with 𝐹𝑟 = 0.670. 

The contours of thermally-induced von-Mises stress with different Froude numbers at �̃� = 60 

are shown in Figure 15. The thermal stress is believed to be a combined effect of the shape of 

the geometry, the temperature gradient of the U-bend wall and the different ∆𝑇 at different 𝐹𝑟. 

As can be seen, there are two types of areas subjected to large thermal stress. One is the front 

and back part of the two bends, as shown in Figure 13 (c). The other is the bottom of the near-

horizontal section. By increase 𝐹𝑟 from 0.670 to 0.913, a 4.03% reduction on the maximum 

von-Mises stress at 𝑧𝑐/𝐷 ∈ [5, 25] can be identified. With an increase in 𝐹𝑟, the thermal stress 

decreases in these high-stress regions due to the decrease of the stratification-induced 

temperature gradients, as shown in Figure 8, and the decrease of ∆𝑇.  

 

Figure 15. Contours of von-Mises stress at 𝑧𝑐/𝐷 ∈ [5, 25] with 𝐹𝑟 = 0.670 (a), 0.814 (b) and 

0.913 (c) at �̃� = 60. 

3.5.Fatigue Life Prediction 

The information of the full cycle, including the stress during the cold-water injections, is 

required to obtain an accurate fatigue life analysis of the U-bend. Due to a lack of data, the 

present study only gives a prediction following the procedure proposed by Cheng and Finnie 
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(1996), as in equations (7) to (9), by using the results of the thermally-induced stress, following 

the assumption that there is no denting present in the U-bend. According to Figure 14, the 

variation of the stress is small when �̃� ≥ 45. Therefore, the localised stress at �̃� = 60 is used as 

the localised total stress of equation (8). The second assumption is symmetrical hot-cold water 

injections. Thus, the localised mean stress, 𝜎𝑚
𝑖 , is calculated based on the stress of the U-bend 

at 𝑇0 and 𝜎𝑎
𝑖 . 

 

Figure 16. Fatigue life contours with 𝐹𝑟 = 0.670 (a), 0.814 (b) and 0.913 (c). 

With the present working conditions and assumptions, the contours of the cycles to failure with 

different Froude numbers are shown in Figure 16. It can be seen that the patterns of fatigue 

contours are close to that of the stress contours in Figure 15 since a larger stress leads to a 

smaller number of cycles to failure. The weakest part of the U-bend is at the front and back 

part of the two bends. With an increase of 𝐹𝑟, the number of cycles to failure increases, i.e. the 

U-bend is predicted to last longer. Figure 17 plots the minimum number of cycles to failure for 

different 𝐹𝑟. It can be seen that the minimum number of cycles to failure drops from 6.39 ×

1010 to 2.18 × 1010 when 𝐹𝑟 decreases from 0.913 to 0.670, i.e. the pipe is easier to break at 

a lower 𝐹𝑟, under the present working condition. 
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It is worth noting that denting, caused by the interaction between the U-bend and its supporting 

structures, has a significant influence on the fatigue life and reduces the cycles to failure by 

about four orders of magnitude, according to the study of Cheng and Finnie (1996). As applying 

supporting structures to the U-bend is essential in reality, a much shorter fatigue life than that 

in Figure 17 with the presence of dents in the U-bend should be expected. 

 

Figure 17. Minimum cycles to failure v.s. 𝐹𝑟. 

3.6. Infinite Froude number 

As discussed in previous sections, both stratification-induced temperature gradients and ∆𝑇 

have contributed to the Froude number effect. In order to identify the influence of the thermal 

stratification to the thermal stress, a set of idealised cases have been designed. In this set of 

cases, the temperature difference is fixed as ∆𝑇 = 38°𝐶  and the gravitational acceleration 

varies to act on the Froude numbers going from 0.670 to 0.913. Moreover, the gravitational 

acceleration has been further reduced to zero (i.e. 𝐹𝑟 = ∞) and assume the thermal fluid has 

flowed long enough so that the gradient of the U-bend wall temperature equals zero 

everywhere. Figure 18 shows the contour of the von-Mises stress at 𝑧𝑐/𝐷 ∈ [5, 25] with five 
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Froude numbers at �̃� = 60 under fixed ∆T condition. Since the temperature gradient equals 

zero across the whole domain, the thermally-induced stress shown in Figure 18 (d) is purely a 

contribution from the shape of the geometry. The difference between Figure 18 (d) and Figure 

18 (a)-(c) are the contributions from the stratification of the thermal fluid. It can be seen that 

the stratification of the thermal fluid increases the thermal stress at the front and back part of 

the two bends and generates a large stress region at the bottom of the near-horizontal section. 

With the combined effect of the geometry and the temperature gradient, the front and back 

parts of the bends are subject to the highest stress of the U-bend. Table 4 lists the maximum 

von-Mises stress with different 𝐹𝑟 at �̃� = 60 under fixed ∆T condition. A 3.4% increment can 

has been observed on the stress at 𝐹𝑟 = 0.427 compared with that of 𝐹𝑟 = ∞. This indicates 

that the stratification-induced temperature gradients have an important effect on the stress of 

the U-bend. 

Table 4 

Maximum von-Mises stress at 𝑧𝑐/𝐷 ∈ [5, 25] with different 𝐹𝑟 at �̃� = 60 under fixed ∆T 

condition. 

Fr  

[-] 

Maximum von-Mises stress 

[Pa] 

Increase rate  

[%] 

0.670 9.72 × 107 13.12 

0.814 9.50 × 107 10.55 

0.913 9.33 × 107 8.56 

∞ 8.59 × 107 0.00 
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Figure 18. Contours of von-Mises stress at 𝑧𝑐/𝐷 ∈ [5, 25] with 𝐹𝑟 = 0.670 (a), 0.814 (b), 

0.913 (c) and ∞ (d) at �̃� = 60 under fixed ∆T condition. 

4. Conclusions 

A coupled framework was used to simulate the conjugate heat transfer between the fluid and 

solid walls and the corresponding thermal stress of a U-bend. Results highlight the complex 

flow evolution. Significantly, a reversal of the Dean vortex pair due to buoyancy occurs. Steep 

wall temperature gradients have been observed due to buoyancy-induced stratification. We 

observed low frequency and small amplitude thermally-induced vibrations under the present 

working conditions. Wall temperature gradients and wall thermal stress have negative 

correlations with the value of 𝐹𝑟. The maximum von-Mises stress has a 4.03% reduction due 

to the combined effect of the stratification-induced temperature gradients and the ∆𝑇. The 

stress has an up to 3.4% increment under the present working conditions due to thermally-

induced temperature gradients only. A fatigue life estimation is also carried out by using the 

thermal stress data through an empirical formula. It indicates that the weakest parts of the U-
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bend are the front and back parts of the two bends. Moreover, results indicate that the 

buoyancy-induced stratification of the thermal fluids increases the thermal stress at the front 

and back part of the two bends and generates a large stress region at the bottom of the near-

horizontal section, which can reduce the operational life of the U-bend. 

The present study established a coupled framework between the Finite Volume CHT solver 

and the Finite Element thermal-elasticity solver. It enables the simulation of thermal-elasticity 

related multi-physical phenomenon involved in the nuclear industry for a safer design. One-

way coupling from the CHT solver to the thermal-elasticity solver is used in the present study, 

as the thermally induced displacement is relatively small. In the near future, the solver will be 

further extended to enable two-way couplings between CHT and thermal-elasticity solvers so 

that to simulate thermal-elastic phenomenon with large displacement. The Finite Element 

based fatigue life prediction method should be implemented in the near future to replace the 

present empirical formula for a high accuracy. 

Nomenclature 

𝑏 applied mechanical volume load 

𝑪 constitutive tensor 

𝒅 displacement vector 

�̃�  dimensionless displacement 

𝐷 pipe’s diameter 

𝜣 displacement admissible function space 

𝐷𝑛 Dean number 

𝐸(𝑇) Young’s modulus as a function of temperature 

𝐹𝑟 Froude Number 

𝑔 gravitational acceleration (m/s2)  
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𝑰 identity matrix 

𝑘  thermal conductivity 

𝑁  cycles to failure 

𝒒  heat flux 

𝑅𝑐 radius of curvature 

𝑅𝑒 Reynolds number based on the pipe’s diameter 

𝑠  entropy per unit of mass 

𝑡 time (s) 

�̃�  dimensionless time 

𝑇 temperature distribution 

𝑡�̂� prescribed traction on the solid boundary 

𝑡𝑟(𝑎) trace of matrix 𝑎 

𝑈 bulk flow velocity (m/s) 

𝑧𝑐 longitudinal location of the U-bend 

Greek symbols 

𝛼 thermal diffusivity 

𝛽 expansion coefficient 

𝜞 boundary of the domain 

𝛿 increment of a given variable 

∆ difference of a given variable 

𝜺  strain tensor 

𝜃 thermal conductivity 

𝜅 thermal conductivity 

𝜆  the second Lamé coefficients 
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𝜇  the first Lamé coefficients 

𝜈 kinematic viscosity 

𝜈𝑠 Poisson ratio 

𝜌 density 

𝝈 stress tensor 

𝜎𝑣 von-Mises stress 

𝜴 physical domain 

Subscripts 

0  initial value 

1  final value 

𝑎  combining the mean and purely alternating 

𝑓  fluid 

𝑚  mean alternating 

𝑚𝑎𝑥 maximum value 

𝑝𝑎  purely alternating 

𝑠  solid 

𝑡  thermal 

𝑢  ultimate 

𝑥  𝑥-axis component 

𝑦  𝑦-axis component 

𝑧  𝑧-axis component 

Superscripts 

𝑖 the ith element of localised variable 
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Abbreviations 

CHT  Conjugate heat transfer 

EBRSM Elliptic Blending Reynolds-Stress Model 

LES  Large Eddy Simulation 

TDSF The Thermal Displacement, Stress analysis, and Fatigue life prediction 

URANS Unsteady Reynolds Averaged Navier-Stokes 
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