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Abstract 

Empirical evidence on the magnetic properties of a wide range of materials 
supports the idea that the properties can usefully be interpreted in terms of 
concepts that employ magnetic moments. To understand how they form in 
the materials, and how they interact among themselves, is quite often a hard 
task even though the fundamental interactions between the constituents, namely 
electrons and ion cores, are known. We give here a review at an introductory 
level of the present understanding of the subject for both insulators and metals. 
The case of dilute magnetic impurities is also briefly considered in the last 
section. 

1. Introduction 

The magnetic properties of materials stem from a small fraction of the total num
ber of electrons that are unpaired and not accommodated in atomic core states and 
molecular bonding orbitals. Viewed from the interpretation of x-ray scattering ex
periments all the electrons in the sample contribute to charge-induced processes, e.g. 
Thomson scattering, and the few unpaired electrons can produce magnetic scattering. 
One important example is magnetic Bragg diffraction which is a signature of long
range magnetic order, produced either by a spontaneous magnetic ordering of the 
sample or induced by an applied magnetic field. In the former case, magnetic Bragg 
spots appear in the diffraction pattern when the sample's temperature is lowered 
through the temperature Te, at which possible (depending on the specific features 
of the magnetic interactions) spontaneous ordering develops. Of course, Bragg spots 
are a realization of Fourier components of the spatial distribution of the unpaired 
electron density, and neutron diffraction data is often inverted to give contour maps 
of the magnetic moment distribution; see, for example, Chapter 2 in this book and 
Ref.!' Fig.1 shows the contour map deduced from neutron Bragg diffraction from a 
single crystal of K2NaCrF6 , together with an interpretation based on the local den
sity functional theory2. (Recall that, the Bragg amplitude contains time-averaged, 
equivalent to thermally averaged, atomic variables, and so one obtains from the in
terpretation of magnetic Bragg diffraction patterns information on the time-averaged 
magnetization. ) 
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Fig.I: Magnetization density profile in the (001) plane through the chromium site of 
elpasolite (K2NaCrFa): a) results from Neutron Bragg diffraction and b) calculated 
spin density averaged over a cube of dimension 4A. The spin density on the Cr3+ atom 
has t 2g symmetry as expected. The covalent effect is apparent in the small islands 
of unpaired spin approximately centred on the fluorine sites. These islands are not 
centred exactly on the fluorine ions since the spin is associated with antibonding wave 
functions that have a negative overlap between the metal and ligand ions, as shown 
in the figure. Experimental data Ref.3; calculation by B. Lindgren. Contour units 

o 3 are O.OlpB A- . 

The subject of this lecture is the formation of magnetic moments by unpaired 
electrons in salts and metals. It is a subject based on the quantum mechanical treat
ment of a many-body problem, and there are many open questions. The complexities 
of the subject reduce at the extremes of temperature, so it is prudent to begin our 
discussion with these cases. 

At a high temperature, well above Te , most magnetic materials possess a suscep
tibility which obeys the so-called Curie law, namely, the susceptibility X is inversely 
proportional to the temperature T. This behaviour can be interpreted in terms of 
a model based on an ideal gas of free and constant magnetic moments, of magni
tude M, for which the susceptibility per magnetic moment X=(M2/3T); here and 
elsewhere in the lecture kB=1, n=l. For an assembly of effectively free atoms of an
gular momentum J one finds M2 (gpB)2 J(J +1), where 9 is the Lande factor. The 
susceptibilities of most rare-earth compounds are in agreement with this estimate 
around room temperature, which indicates that at that temperature the ions behave 
as if they are isolated magnetic moments. 

The ground-state configuration of electrons in an unfilled shell of an isolated atom 
has a fixed value ofthe spin momentum S (1st Hund's rule), ofthe angular momentum 



L (2nd Hund's rule) and of the total angular momentum J (3rd Hund's rule). The 
first Hund's rule derives from a combination of the Pauli exclusion principle and the 
Coulomb interaction between electrons in the same orbitals, the second one comes 
from the Coulomb interaction between electrons in different orbitals of the same shell, 
while the third Hund's rule is a consequence of the relativistic spin-orbit interaction. 
The orders of magnitude of these interactions are ~eV, <eVand <meVrespectively, 
which means that spins align at ~400K, orbitals at <400K, spin and orbitals at <4K. 

When many atoms are brought together to form a solid, there are two competing 
mechanisms to be considered: that of segregation of electrons to those well local
ized molecular orbitals responsible for chemical bonding, versus full delocalization 
of conduction electrons described by the appearance of band states. The s and p 
electrons are mainly involved in the latter, while d and f take part in chemical bonds 
formation, and remain quite well localized. It is interesting to compare the Curie law 
for the susceptibility with the result, due to Pauli, for free electrons. To a good ap
proximation, the Pauli susceptibility is independent of the temperature and it has a 
magnitude (3/L~J2€F) where €F (kj.J2m) and the Fermi wavevector kF is obtained 
from the electron density no using kF={31i2n o )1/3. 

For metallic systems, especially those including transition metal elements, the 
foregoing model of isolated moments is one part of an apparent dichotomy. At high 
temperatures such systems do show various properties which can be adequately ac
counted for in terms of isolated magnetic moments, e.g. a Curie law for X. On the 
other hand, ground state properties of unpaired electrons in metallic systems are 
described by a band theory. Some modern versions of band theory incorporate finite 
temperature effects4,5 and are a step toward a unified theory of the magnetic proper
ties of metallic systems. The rudiments of an itinerant electron model of magnetism 
lead to the following account of the ground state of ferromagnetic nickel illustrated 
in Fig.2. 

In the rigid-band model, energy bands are calculated with a non dispersive ex
change field that can differ for electrons of opposite spin orientation when the two 
spin populations differ as they will in an ordered state. With a suitable choice for the 
magnitude of the exchange field one can construct a ground state of nickel in which 
one 3d-band is filled with spin-up electrons. The second 3d-band contains spin-down 
electrons, and is displaced in energy relative to the filled band upward in energy 
across the Fermi energy level, so that it falls short of being fully occupied. To obtain 
the observed nickel magnetic moment, 4.46 electrons per atom go into the partially 
filled spin-down band. The missing 0.54 electron per atom occupy a completely free 
electron 4s-band, with diffuse and randomly oriented, paramagnetic spins. Since the 
population of the spin-up band exceeds the population of the spin-down band by 0.54 
electron per atom, the model has a net ferromagnetic moment in accord with empir
ical evidence. At absolute zero there is 0.60pB per nickel atom. A fraction O.54pB 
is accounted for by the spin magnetism in the rigid-band model, and the balance 
is the magnetic moment contribution of the orbital electronic motion. The latter is 
estimated from the observed gyromagnetic factor gj the total moment is the sum of 



the spin moment, MIJ , and the orbital moment (g - 2)MIJ' In the case of nickel metal 
the experimental value for 9 is 2.20, i.e. 10% of the moment arises from the orbital 
'electronic motion. 

Fermi 

surface 
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Fig.2: Since magnetic moments can only arise from unpaired electrons it follows that a 
completely filled energy band cannot contribute a non-zero magnetic moment, for in 
such an energy band all the electrons are paired and the total spin and orbital angular 
momentum is zero. In a partially filled energy band it is possible to have an imbalance 
of spins leading to a net magnetic moment per atom. The figure represents the rigid
band model for nickel above the Curie temperature Tc=627K, and at absolute zero. 
(a) For T>Tc the exchange field is zero, and the net magnetic moment is zero because 
there are equal numbers of holes in both the spin-up and spin-down bands. (b) At 
absolute zero the exchange field achieves its maximum value, cf.§3, and the spin-up 
and spin-down energy bands are displaced relative to one another. The 4s-band is 
usually thought to contain roughly equal numbers of electrons in both spin directions, 
and so no subdivision of the 4s-band is shown. The net spin moment of O.54JLB per 
atom arises from the excess population of the 3d t-band over the 3d -I.-band. 

If the rigid-band model contains a germ of a useful idea it might be expected to 
furnish an equally reasonable account of iron and 'cobalt, the other two 3d-transition 
metal ferromagnets. For the moment, let us set aside the orbital ~lectronic motion 
and take g=2. The total integer number of 3d and 48 electrons per atom is denoted 
by n, and ( is the fraction of 48 electrons. As before, it is assumed that electrons in 

.	the 48-band do not possess a net moment and the fraction ( of electrons represent 
lost magnetic moment. The spin magnetic moment is then, 

MIJ = /LB(10 - (n - ()) /LB(10.60 - n)', 

where the value (=0.60 is chosen to give the observed value for nickel with n=10. Us
ing the values of n appropriate for cobalt (n=9) and iron (n=8) one finds MIJ =1.60/LB 

3d ~ 3dt 

(a) 

0.54 hole 

4$ 4.46 electrons 
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and M.=2.60JLB and these values are in tolerable agreement with the observed values 
of 1.72JLB and 2.22JLB for cobalt and iron (T=OK). 

Diffraction experiments on ordered 3d-metals (T<Tc) are consistent with a model 
based on local moments and some diffuse magnetization. The latter is a clear fea
ture in the interpretation of magnetic Compton scattering of x-rays by metallic 
ferromagnets6 (in one sense Bragg diffraction and Compton scattering are complete 
opposites, for Bragg diffraction gives information on time-averaged atomic variables, 
as we have already noted, whereas Compton scattering gives information on instan
taneous values of atomic variables. Compton scattering is often referred to as the 
impulse limit of scattering for this reason). A picture of itinerant unpaired electrons 
arises from the observation of d-electron Fermi surfaces, which are usually consistent 
with results from band theory. An acceptable theory of magnetism in metallic sys
tems must account for electron-electron correlations in the itinerant electron model. 
The key challenge is to incorporate the fluctuations in the spin density, which are 
absent in the independent-electron band theory of the itinerant model. It is rarely 
enough merely to introduce electron-electron interactions into band theory in the 
guise of exchange fields, even when they are determined in the calculations by a 
self-consistent method. At present, we do not have available a unified theory of a 
magnetic metal, capable of describing both the characteristic electron spin correla
tions as well as the electronic transport properties predicted by simple band theory 
based on independent electrons. With this challenging note we more or less conclude 
the introduction to our subject. 

From what we have said it follows that the subject is in an unsatisfactory con
dition, and it is not possible at this time to give convincing answers to some key 
questions. (To put the complex problems we address in a slightly broader perspec
tive we quote from Encyclopaedia Britannica (15th. Edition, 1989) "Few subjects. in 
science are more difficult to understand than magnetism" .) In the remaining part of 
the lecture we look at well-defined limits of the subject, and ideas on how to bridge 
between the limits. The next two sections focus on concentrated magnetic systems, 
namely pure magnetic salts and metallic magnets. Some aspects of magnetic impu
rities are covered in §4. 

The generic model which can provide answers to questions about magnetic mo
ment formation is believed to be well defined. The unpaired electrons in a magnetic 
material constitute a plasma with the addition of various interactions. (In itiner
ant models it is usual to measure the density in terms of a variable r. which is the 
interelectron spacing measured in units of the Bohr radius, ao , and for a (homoge
neous) ideal electron plasma aokF =(1.94/r.).) The inclusion of ion cores makes the 
plasma inhomogeneous. Electrons occupy bands, as indicated in Fig.2 for the case 
of nickel, and they are appropriately described by Bloch or Wannier wave functions. 
For a narrow-band material the latter are atomic orbitals, to a good approximation. 
Another important interaction in the problem is the electrostatic (Coulomb) interac
tion between electrons. Relativistic interactions, which produce magnetic anisotropy, 
among other things, are particularly important for heavy elements. Lastly, the model 



must be treated within the framework of quantum mechanics for many particles which 
is the origin of exchange forces, for example. 

2. Magnetic Salts 

The alignment of electron spins by Coulomb forces is familiar in atomic theory, 
scilicet the ground-state configuration has the maximum value of the total spin mo
mentum. In single molecules the effect is of opposite sign. Two electrons in the 
lowest-energy state of the H2 molecule have their spins in opposite directions and the 
total spin is zero. Here we are mainly concerned with concentrated magnetic systems, 
and the properties of the magnetic forces between the electrons is not as simple as 
for a few electrons in an atom or a molecule. 

Let us assume that the unpaired electrons occupy atomic orbitals, and the model 
material is made up of well-separated atoms at large distances. The model corre
sponds to an insulating salt. The most important source of the magnetic interaction 
is the electrostatic electron-electron interaction. It is the action of the Pauli exclusion 
principle that leads to magnetic effects even when there are no explicit spin-dependent 
terms in the model e.g. spin-orbit interactions and dipole forces. The so-called direct 
exchange mechanism under consideration leads to a Hamiltonian, usually associated 
with the name of Heisenberg, 

1i = I: J(i,j)Si . Sj . (1) 
ij 

Here, {Sd are quantum mechanical spin operators satisfying the SU(2) Lie Alge
bra commutation relations, placed at sites labelled i(j) and the exchange parameters 
J(i,j) are determined by the coordinate wave functions of the atoms involved. Al
though an expression for the parameters J( i, j) is available, usually they are regarded 
as adjustable, to be determined, if possible, from fits to experimental data. 

An investigation of the expression for J(i,j) leads to the finding that the ex
change parameters are negative, and the direct-exchange model supports an antifer
romagnetic order of the moments below Te. When a simple two-electrons system is 
considered, it is possible to demonstrate that J(1,2) has to be negative because of 
the structure of the wavefunctions (free of nodes). These results are in accord with 
the empirical evidence on the magnetic properties of insulating crystals containing a 
single species of transition metal atoms. The number of ferromagnetically coupled 
materials in this category is small. However, the direct exchange mechanism is con
ceptually unsatisfactory for a wide range of magnetic salts where the magnetic atom 
is surrounded by ligand ions 7 . Instead, one is led to examine a superexchange in 
which, through the mechanism of covalency, the wave functions of the metal atoms 
are mixed with those of the ligand ions. This serves in effect to connect the metal 
atoms even when they are so far apart that direct overlap of the partially filled orbitals 
on neighbouring atoms would be negligible. An investigation of the superexchange 



mechanism leads to an effective Hamiltonian (1), and the satisfactory finding that it 
is rare to obtain positive exchange parameters which support a ferromagnetic order 
of the moment. 

To move forward and hopefully clarify some of the complex issues, let us consider 
the Hubbard Hamiltonian for a single band of electrons. It is a rudimentary model 
system containing as it does a bare minimum of features necessary to yield both band
like and localized electron behaviour in the appropriate limits. In general, though, 
properties of the model cannot be calculated without approximations. Each atom in 
the simplest Hubbard model has an effective spin of ~ and an orbital s state. There 
are four possible configurations on an atomj it can be empty, singly-occupied with 
spin up or spin down, and doubly-occupied. The singly-occupied configurations are 
spin doublets, and the doubly-occupied configuration is a spin singlet. The cost in 
energy of adding an electron to create a spin singlet configuration is U, and, 

U = ! la(1)12Ia(2)12V(l,2)dR1dR2 , 

where a(j) is a spatial orbital occupied by an electron labelled j and V(l,2) is the 
Coulomb interaction between two electrons, namely, 

Values of U deduced from the analysis ofexperimental data are in the range U~4-geV. 
The role of the ligand ions is to provide a connection between metal atoms, and they 
are not explicit in the modeL The connection between the metal atoms leads to a 
hopping mechanism which is off-diagonal in the isolated-atom configurations. We 
denote by t the matrix elements between just those pairs of states that differ only by 
a single electron having been moved, without change in its spin state, from an atom 
to one of its neighbours. 

For (tjU) --+ 0 in the model local magnetic moments are favoured since a large U 
will work against the formation of spin-singlets, through double occupancy of orbitals 
by electrons with oppositely aligned spins. In the opposite extreme of the parameter 
range the model reverts to a conventional band spectrum of one-electron Bloch levels 
in which each electron meanders through the metal. 

An expansion of the Hubbard Hamiltonian in the small energy parameter t(tjU) 
leads to a Heisenberg Hamiltonian. The exchange parameter for neighbouring atoms 
has the value J = ( - 2t2jU), and it is zero for more distant pairs. The interesting 
feature for the moment is that the Hubbard Hamiltonian, a mixture of hopping 
terms and on-site repulsion, in the appropriate limit leads to a Heisenberg exchange 
coupling which supports antiferromagnetic order. 

3. Metallic Magnets 

With regard to the subject of magnetic moment formation elemental rare-earth 
magnets are relatively simple, although a raft of magnetic moment configurations are 



observed8 . The unpaired electrons arise from 41 orbitals which are very compact, i.e. 
the 4/-energy band is very narrow. In consequence, a model based on local magnetic 
moments provides a good account of a wide range of magnetic properties of rare-earth 
metals. 

The favoured starting point is a Heisenberg Hamiltonian. A significant difference 
in the application of this model to rare-earth magnets compared to magnetic salts is 
that very often many exchange parameters are necessary. (Magnetic anisotropy also 
is nearly always an essential feature of a realistic model.) The exchange mechanism 
in force in rare-earth magnets is usually referred to as an indirect exchange. The 
fundamental interaction is that between a localized rare-earth moment and itinerant 
electrons. At the level of second-order perturbation theory, this interaction produces 
an exchange interaction between rare-earth moments that is mediated by itinerant 
electrons, and the exchange interaction is known as the RKKY (Ruderman-Kittel
Kasuya-Yosida) interaction. It is long-ranged and oscillatory so that the various 
shells of atoms can experience interactions ,of differing signs. 

The exchange parameter as a function of the distance from the rare-earth atom 
chosen as the origin, J(R), is found to be proportional to the spatial Fourier transform 
of the wavevector-dependent susceptibility of the itinerant electrons, X(k). For a 
parabolic band of electrons X(k) is the Lindhard susceptibility, and as a function of 
the dimensionless variable :x:=(2kFR) one finds, 

J(R) oc (:x:cos:x: sin:x:)1:x:4 
• (2) 

The occurrence of X(k) in the evaluation of J(R) can be understood from the view
point that, J(R) is a measure of the response of the itinerant electrons to the per
turbation caused by rare-earth atoms. The magnitude of kF is related to the filling 
of the conduction band. For an almost full or almost empty band (aokF )«1. When 
this condition prevails long wavelengths predominate which favour a ferromagnetic 
ordering of the moments. For nearly half-filled bands a wealth of possibilities for the 
magnetic ordering exist. 

The empirical features of transition metal magnets that readily can be accom
modated by an itinerant electron model, with a backbone provided by band theory, 
include: a large band width, of the order of electron volts, relatively large specific 
heats, and the feature addressed in §1, namely a number of Bohr magnetons per 
atom that is far from an integer value. The conundrum is that the unpaired electrons 
appear to have a dual character, for other properties are naturally explained in terms 
of local magnetic moments. 

To add a little more flesh and insight to the discussion given in §1 we return to 
the Hubbard Hamiltonian introduced in the previous section. Unlike the indirect
exchange mechanism used to interpret elemental metallic rare-earth magnets, the 
nonmagnetic s-like bands play no part in the model. The primary interactions in the 
Hubbard model are among the magnetic bands themselves. Since we are now dealing 
with an itinerant situation, we can assume that screening effects (which we can think 
of as slp-dll correlation effects) restrict the interaction to single sites and cancel out 
the long range part of the Coulomb interaction in our model. 



We define Fermi creation and annihilation operators by c+ and c, and the number 
operator n=c+c. For an electron at a site labelled j with a spin projection (1'= t,,j.., 
or the operators are ctO' and CjO', and their spatial Fourier transforms are c~O' and 
CqO" The Hubbard Hamiltonian for a single band of electrons is, 

(3) 


in which e(q) is the dispersion of the band of width t. We have written the Hamil
tonian using creation and annihilation operators in real and reciprocal space to em
phasize that in the model there is tension between dispersion, driven by the hopping 
mechanism, and the formation of local moments which is encouraged by the on-site 
repulsion. The dispersion is diagonal with respect to the wavevector labels , and the 
on-site repulsion is diagonal with respect to site labels. 

A molecular-field approximation in real space reduces the on-site repulsion to 
products njO'd_O', where the parameter dO' is the thermal average value of oc.cupation 
number, dO' =< njO' >, and it is assumed to be independent of the site label. In 
this approximation the Hamiltonian is simply a g~s of free electrons with Bloch 
energies that depend on the spin state, namely (e( q) +Ud_O'). In other words, in the 
molecular-field approximation the Hubbard Hamiltonian reduces to the rigid-band 
model mentioned in §l. The band splitting fl.=U(d.J, dt )=(2<s>U) where <s> is 
the spin moment in units of 2P.B. In the paramagnetic phase d.J,=ilt, which results in 
fl.=<s>=O. A small value of fl., obtained in the weak-coupling limit, corresponds to 
a partial magnetization, and in the opposite limit the magnetization saturates with 
dt=O. 

The condition for the formation of an ordered phase can be deduced from the 
longitudinal spin susceptibility, X(k), which at k=O diverges with the onset of fer
romagnetic order. By including the :fluctuationS' missed out in the molecular-field 
treatment at the first level of approximation one obtains the estimate 

Xo(k) 
(4)X(k) = 1 UXo(k) ' 

where Xo(k) is the spin susceptibility of the band electrons in the absence of the 
on-site interaction. For U>O the effect of the on-site interaction is to enhance the 
spin susceptibility. The model is unstable, at T=OK, with respect to the formation 
of ferromagnetic order if, 

(5) 


where pee) is the density of states and eF is the Fermi energy. The relation (5) is 
often referred to as the Stoner condition for the existence of ferromagnetic order in 
the itinerant model of magnetism. There is a simple and clear way to understand the 
physical meaning of the Stoner criterion. Suppose a few electrons fl.N are moved from 
the spin-up part of the band to the spin-down one (which amounts to a destruction 



of paramagnetism in favour of a ferromagnetic state). The cost in energy of such 
an operation is b..N b..c:=(b..N)2dc:ldN=(b..N)2p(c:)-1. Set against this, there will be 
a lowering of the Coulomb on-site interaction energy UNJ.Nt U(b..N)2. The 
ferromagnetic phase will then be stable if (b..N)2p(c:)-1 < U(b..N)2, i.e. l<Up(c:) 
which is the Stoner criterion if p(c:) is taken to have its value at the Fermi level. 

As a rough guide, p(C:F) varies with density according to (1/1'6) so a ferromagnetic 
state will not exist below a critical density. This finding ties in with the rigorous 
result that a two-electron (not frustrated) s:ystem does not support a ferromagnetic 
arrangement of the spins. 

For an approximately half-filled band (high density limit) and extremely large U 
there is the possibility of ferromagnetism in the Hubbard model. At lower values 
of the interaction parameter the half-filled band is most easily susceptible to an 
antiferromagnetic ordering of the spins. Ifa sufficient number of electrons are removed 
from this insulating state, with an antiferromagnetic order, a phase transition occurs 
to a ferromagnetic metal. An argument to support this claim used by Nagaoka is 
reviewed in Ref.9 together with material on multi-band Hubbard models. However, 
this conclusion is obtained in the framework of a mean-field theory, which usually 
does not furnish a reliable picture of a phase transition, and much debate is still in 
progress on the validity of the conclusion. 
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Fig.3: A schematic representation of the energy spectrum of a two-band Hubbard model 
for two values of the exchange splitting parameter, Ll. (a) Corresponds to the case 
when the bands do not overlap and (b) shows the excitation spectrum for overlapping 
bands. The shaded area is the spin-flip continuum of excitations, and the chain curves 
illustrated the acoustic (zero at the zone centre) and optic spin waves branches: 
the labels acoustic and optic are borrowed from the standard description of lattice 
vibrations. 

The excitation spectrum of a Hubbard model with two bands of electrons is be



lieved to have the features shown in Fig.3. There is a continuum of spin-Hip excita
tions generated by processes in which an electron in a spin-down band is promoted 
in energy to a spin-up band, which is empty for a sufficiently large 8.. Collective 
oscillations in the magnetization, spin waves modes, condense out at the continuum 
of states. For the two-band model, there is an optic mode and an acoustic mode. 
Antiferromagnetism occurs when the spin-down electrons fill the Brillouin zone, i.e. 
8. is large and dt=O. In this case, the dispersion of the collective mode is a maximum 
at the centre of the Brillouin zone. The new ground state, thus, is unstable with 
respect to ferromagnetic order, and is an antiferromagnetic or a spiral configuration 
of the moments. 

4. Magnetic impurities 

We have seen in §2 that magnetic properties of insulators can be s'afely described 
in terms of proper spin models: moments are associated with incomplete atomic 
shells, well localized on the sites of a lattice. They interact among themselves via a 
direct- or, if separated by nonmagnetic ions, super-exchange interaction. 

In the case of metals the situation is much more complicated. As we have men
tioned, there are at least two possible scenarios for their magnetic properties: First of 
all, we can have a completely itinerant description, where the magnetic moments are 
associated with the conduction electrons, as in the Hubbard model Eq.(3). Second, as 
metallic is not necessarily synonymous with itinerant, there is also the possibility for 
magnetic moments to be well localized, and surrounded by conduction electrons with 
whom they cannot scatter because of too large an energy gap between the atomic 
levels and the Fermi energy of the conduction band. This is indeed the situation de
scribed by the RKKY theory, where the interaction between well localized magnetic 
moments is mediated by conduction electrons. 

Although already very complex, the situation we have described takes into ac
count only the two extreme cases of well localized and completely itinerant magnetic 
moments, which are definitely not sufficient to describe the wealth of magnetic be
haviour observed in nature. There are in fact circumstances in which an ion that in 
isolation has a moment associated with an electronic shell may retain only a fraction 
of its magnetic moment, or none at all, when placed in a metallic environment 10 • 

To deepen our understanding of this problem, we consider what does happen 
when a small number of 3d transition metal, or 41 rare earth, atoms are dissolved in 
a nonmagnetic metal. We are now on a bridge straddling the theory of magnetism 
in insulators and the theory of itinerant magnetism, and we can somehow cross this 
bridge, varying the actual concentration of 3d or 41 impurity atoms. 

There are two main questions to be answered: first of all one should try to under
stand whether a localized magnetic moment can survive in that form in a metallic 
environment. From the experimental point of view, this means to check if a Curie 
term appears in the susceptibility, X, in addition to the largely temperature inde



pendent paramagnetic Pauli susceptibility of the host metal. In Table 1 results from 
such an investigation11 are reported for some specific alloys. 

HOST 

IMPURITY Au Cu Ag Al 

Ti No No 
V ? No 
Cr Yes Yes Yes No 
Mn Yes Yes Yes ? 
Fe Yes Yes No 
Co ? ? No 
Ni No No No 

Table 1: Presence (Yes) or Absence (No) of localized moments when transition metal 
impurities are dissolved in nonmagnetic hosts. A question mark indicates that the 
situation is uncertain. 

The theory should correspondingly explain how such moments survive in the host 
matrix. Even ignoring all the interactions between the electrons of the impurity 
and the electrons and ions of the host metal, there is still a simple mechanism by 
which the net moment of the atom could be altered: depending on the position of 
the impurity's levels, relative to the metallic Fermi level, electrons might leave the 
impurity for the conduction band of the host, or drop from the conduction band into 
the lower lying atomic levels, thereby altering or even eliminating the moment of 
the impurity. Moreover, the possible hybridization of the localized levels with the 
continuum of the conduction band levels in the host implies a mixing in which the 
former become spatially delocalized, while the latter have their charge distributions 
altered in the neighbourhood of the magnetic impurity. This will radically alter the 
intra-ionic energetics that determine the net spin configuration of those electrons that 
are in the immediate vicinity of the impurity. 

These simple arguments should be enough to highlight that the possible presence 
of a localized moment is strongly connected with the electronic properties of the host 
metal, making clear that the second question cannot be other than: how does the 
localized moment affect the electronic properties of the alloy? Experimental findings 
reported12 first in 1930, show that such impurities give anomalous contributions to 
many metallic properties, particularly to transport properties like resistivity and 
thermopower, but also to thermodynamic behaviour. One of the most important and 
interesting effect is the observation13 of a resistance minimum (see Fig.4) in some 
metals (in most metals the resistivity monotonically decreases with temperature, 
being dominated by phonon scattering which is rapidly suppressed as T goes to 
zero). It was recognized later14 that this minimum was an effect (the Kondo effect) 
associated with magnetic impurities (a 3d transition metal such as Fe) and their 
concentration. 
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Fig.4: The resistance minimum for various dilute alloys of iron in copper. Ro is the 
resistivity at OK. The position of the ·minimum depends on the concentration of 
Iron. 

Needless to say, the problem we are dealing with is one of considerable complexity, 
that must be handled in the framework of quantum mechanics: several theoretical 
models have been proposed, beginning with the Anderson model15 , introduced in 
its simplest version, the one impurity Anderson model, in 1961 and constituting the 
subject of intense current investigation on problems related with magnetism (see 
Refs.16,17 for a general review). 

4.1 The one impurity Anderson model 

It is somehow natural, when facing the problem of magnetic impurities in metallic 
alloys, to distinguish between electrons in atomic levels, possibly associated with spin 
degrees of freedom, and itinerant electrons. Although such an approach led Kondo 
to reproduce the observed minimum in the resistivity of dilute magnetic impurities 
in metals shown in Fig.4, it gave rise to new problems addressed in the next section. 

In the Anderson model, all the electrons are on an equal footing. The levels 
available for the electrons are states in the conduction band as well as localized 
ones. Although a sc·attering process between electrons in the two types of states is 
considered, the interaction responsible for the formation of the localized moments is 
the one between electrons in the same shell, giving the spin-degeneracy of the ionic 
levels a relevance at first sight not anticipated. 

The physical system described by the Anderson model is schematically illustrated 
in Fig.5. 
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Fig.5: Pictorial representation of the one-impurity Anderson modeL E and E+U are the 
unperturbed atomic levels shifted by the crystal potential. Taking into account the 
interaction with the conduction electrons, they shift to E.j...t and get a finite lifetime 
r-1 

. €F is the Fermi energy of the host metaL 

The non interacting electronic states are a continuum of band states filled up to 
the Fermi energy tF, and spin-up E +U, and spin-down E, non degenerate localized 
states of the impurity (already shifted by the crystal potential); they are occupied 
by one electron (d.j..=l) and empty (cit = 0), respectively. The energy U is the intra
atomic Coulomb correlation energy that makes stable, according to Hund's rule, the 
localized moment in the incomplete d or f shell. When these states are mixed by 
an hybridization term, band states become available for electrons in localized ones 
and vice versa. As a consequence, the average occupation number of both localized 
levels changes: d.j.. and dt are simultaneously different from zero and the new levels 
E.j.. E + Ud.j.. and Et=E +Ucit have a finite lifetime r-1 because of the interaction 
with the band states. Notice that the spin moment associated with the impurity 
is 2/-LB times the difference on d.j.. -cit so that the limit d.j.. -cit=O will be a non 
magnetic state. 

The core of Anderson's work15 consisted in writing down the Hamiltonian de
scribing the above situation, and calculating self-consistently the average occupation 
numbers d.j.. and cit as functions of the key variables of the problem, i.e. U, E, r 
and €F. The one impurity Anderson Hamiltonian is written assuming that only one 
band of extended states hybridizes with a localized, orbitally non-degenerate impu
rity level occupied by one electron. The Hamiltonian expressed in the language of 



second quantization is: 

1-lA 2: c(q)C;UCqU +E 2: I: lu +UI; ItI; h +2: (Vjql: Cqu +Viqc;ulu) , (6) 
qu u 	 qu 

where c;u (cqu ), I: (fu) are the creation (annihilation) operators for extended states 
and the local state, respectively. The various terms of the Hamiltonian have the 
following meaning: 

• 	 The first term, already encountered in the Hubbard model, describes the contri
bution of the electrons in the band, whose dispersion relation is c(q), according 
to the proper band theory developed for the host metal. 

• 	 The second term represents the one-electron atomic energy of the localized 
orbital on the impurity, renormalized by the crystal potential. 

• 	 The third term in (6) is the repulsive correlation energy among the E~.t states 
due to the Coulomb interaction. This term causes the formation of the atomic 
moments, since U>O prevents the occupation of the same orbital by electrons 
with opposite spin. 

• 	 The last term is the s-d or d- I mixing term which describes the (Anderson) 
hybridization between the localized and the extended states. The coefficients 
Vjq are in fact the matrix elements of the crystalline periodic potential (used to 
develop the band structure of the host metal) between them. This is a purely 
one electron scattering process whose importance rests in the fact that it allows 
the change in the average occupation numbers on the impurity and hence affects 
the magnetic moment. 

Let us now explore further the comparison between the Anderson and Hubbard 
models. They both contain a term (the first one) describing a system of conduction 
electrons in a paramagnetic band. Moreover, the Coulomb interaction between elec
trons on the same site is considered whatever the site of the lattice in Eq.(3), but just 
on the site where the impurity sits in Eq.(6). In other words, the Hubbard model 
describes a system of electrons, subjected to a crystal periodic potential, that do not 
interact except when on the same lattice site. On the other hand, the conduction 
electrons of the Anderson model do not interact among themselves, even when on 
the same site of the lattice, and only when caught by the localized impurity levels. 

As may be argued from Fig.5 the question of the existence of the impurity mag
netic moment depends on the average occupation numbers di,t since, if the energy 
difference Udn between spin-up and spin-down state levels goes to zero, no magnetic 
moment survives. Anderson solved the model described by the Hamiltonian (6) self
consistently, using the Hartree-Fock approximation, obtaining coupled equations for 
dt and d~, namely 

1 -1 ((E + Ud~.t) - €F) 1 -1 (E~.t - cF)J. 	I - cot = - cot ) (7)
'""'T.y 1r 	 r 1r r 



where r c:::: 7r Eq a(€F €(q))IVJqI2p(€F) and p(e) is the unperturbed density of band 
states. Notice that the conduction band is in a paramagnetic phase and the energy 
dispersion does not depend on Uj moreover, in order to obtain Eqs.(7), the localized 
eigenfunctions corresponding to the impurity levels E.J"t are orthogonal to the, typ
ically Wannier, functions appearing in the band theory of the host metal. This is 
the reason why the fourth term of Eq.(6) is always referred to as the a-d or d- f 
hybridization coupling. 

In this framework, by means of Eqs.(7), the magnetic versus non-magnetic be
haviour of the system can be discussed in terms of the two dimensionless parameters, 

€F-E U 
a:= and Y=r'U 

The a: parameter controls the position of the non interacting local levels with respect 
to €F and gives enough information to identify three different regimes: 

Magnetic (or Localized moment) regime. 

If O::;a:::;l, which means E.J,=E<€F and Et=E+U>€F, then an=rfO and the net 
moment associated with the impurity is non-zero. 

Intermediate valence regime. 

If a:=O,l, which means E.J"Et=€F respectively, the characterization is more 
difficult and the value of Y has to be considered: if Y is large, the situation 
is not magnetic but rather favourable to a state of mixed valence, since the 
lifetime (ex: y) of the localized levels turns out to be large. When y is small, the 
model is not meaningful, as the localized levels can completely hybridize with 
the conduction band. 



Empty or double occupied orbital regIme. 

If z<O or z>l, which means E.J"Et>€F or E.J"Et<€F, the two localized levels 
are simultaneously empty or occupied and hence dn=O, with no net magnetic 
moment. 

Coming back to the significance of V parameter, it characterizes the degree of 
localization at the impurity, being proportional to the lifetime r-1 of the localized 

. levels; it does not change the magnetic versus non-magnetic character of the system, 
but rather suggests how best to study it. In the magnetic regime, for instance, the 
extreme limit v«lleads back to the Hubbard model, while in the limit V~l a model 
where the magnetic moment is described as a different and perfectly localized entity 
(the s-d or Kondo model, as we will see in the next section) is more suitable. 

It is, of course, possible to go further with this simplified description of the subject 
introducing, for example, the periodic Anderson model to study the more realistic 
situation of an ordered array of magnetic impurities, possibly interacting among 
themselves, embedded in a metallic matrix18

• Despite the fact that the solution of 
such a problem, also, is intractable the physical concepts behind it are more or less 
the same we have already met in the simplified case of one impurity: hence, we do not 
move in that direction, but rather move to a brief description of the main phenomena 
that can be interpreted with a model that contains one impurity atom. 

4.2 From the Kondo problem to Heavy Fermions 

Of the three parameter regimes examined above, the last one is the least interest
ing from the magnetic point of view, and we do not pursue it. The second regime is 
related with the "valence instability" phenomenon, occurring in thos~ metallic alloys 
where the one-electron scattering between the conduction and the localized electrons 
(fourth term of Eq.(6)) is a dominant process, resulting in a strong Anderson hy
bridization. These compounds (typically rare earth elements like Ce, Sm, Eu, Tm, 
Yb diluted in metals) are characterized by a non integral valence or a quantum
mechanical mixture of the two ionic configurations (4f)n and (4f)n+l, with different 
valence (see Fig.6), and are then called valence fluctuation systems (see Ref.19 for a 
general~ review). 
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Fig.7: In order to understand how magnetic impurities affect the system's behaviour, it is 
quite often necessary to perform measurements with and without the impurities. In 
this figure, data from neutron scattering experiments on a Ce compound are shown21 : 

In (a) results for the magnetic Ceo.lLao.81Tho.09 and the non magnetic LaO.9Tho.l are 
compared and subtracted to get the magnetic contribution. In (b) the magnetic 
difference itself is shown for different values of the Ce concentration. Notice that Ce 
impurities do give rise to a clear magnetic behaviour if diluted in La and Th, but do 
not if alloyed only with Th. 
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Moreover, the mlxmg of localized states with the conduction states leads to 
anomalous effects such as strong pressure, temperature and alloying dependence in 
the thermal, magnetic and transport properties (see Fig. 7). 

For what concerns the magnetic regime, as we have already pointed out at the end 
of previous section, if y«l it is sensible to consider the electron in the localized level 
as a separate entity with respect to the conduction electrons. In such a situation, the 
Anderson Hamiltonian can be transformed to an effective one where the first three 
terms of Eq.(6) do not appear explicitly (as they do not describe any interaction 
process). Introducing spin operators for the localized electron, S±, S'\ the fourth 
(Anderson) hybridization term reads 

llK = L Jqql [(S+ c:.j,Cq/t +S- c:tCql.j,) + (szc:tCq1t SZC:.j,Cql.j,)], (8)
qql 

where Jqql depends on all the parameters of the original Anderson model. The 
Hamiltonian (8) describes the so-called s-d or very dilute Kondo modeP6. Our aim 
in the remaining few paragraphs is to give a flavour of the physics behind this subject, 
which is analyzed in more detail in Chapter 4 of this book. 

The Anderson hybridization mechanism is now described from a rather different 
vantage point, through the spin-flip process taken into account by the first two terms 
of Eq.(8). In the previous section we saw a conduction electron jumping (falling) 
in the localized Et (E.j,) level, increasing (decreasing) the net moment by l; now, 
the same phenomenon is described by an effective magnetic interaction such that the 
localized spin increases (decreases) by l while scattering with a conduction electron. 
The second term describes an ordering interaction and its appearance is a consequence 
of the transformation of the original Anderson Hamiltonian in the Kondo one. 

Although oversimplified, this model allows us to understand the effect whose ob
servation largely created most ofthe activity in this subject, i.e. the Kondo resistance 
minimum. It is possible to show9 that there exists a temperature TK (Kondo tem
perature) such that for T~TK the localized moment is free and the systems exhibits 
a strong magnetic behaviour (like a Curie term in the susceptibility). If T'::::!.TK the 
scattering process associated with the spin-flip becomes resonant and can be recog
nized as for responsible of the Kondo effect. Decreasing T below TK the model looses 
its meaning since the system tends to a ground state where it is no more possible to 
distinguish between conduction and localized electrons. The so-called Kondo problem 
is to explain how systems characterized by a Kondo resistance minimum, do behave 
for T<TKi to answer this question it is necessary to go back to the more general 
Anderson problem, which was indeed introduced just with this aim. 

An extensive investigation (both theoretical and experimental) continues on Kondo 
systems and, in particular, on the so called heavy fermions systems22,23. Their name 
originates from the experimental observation (for instance in metallic compounds of 
Ce and U like UBe13 or CeCu2Si2) of an extremely high electronic specific heat that, 
if interpreted in terms of the free electron theory, would correspond to an electronic 
mass much larger than that of the free electron. Also their paramagnetic suscepti
bility and their resistivity are unusually high compared to normal metals; moreover, 

http:T'::::!.TK


the latter shows the peculiar Kondo-like behaviour at high temperature but, as T 
decreases, it drops to zero or saturates (as shown in Fig.S and Fig.9) in a rather 
incomprehensible way, that a: solution of the general Kondo problem might explain . 
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