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Graph GOSPA metric: a metric to measure the
discrepancy between graphs of di�erent sizes

Jinhao Gu, Ángel F. García-Fernández, Robert E. Firth, Lennart Svensson

Abstract—This paper proposes a metric to measure the dis-

similarity between graphs that may have a di�erent number

of nodes. The proposed metric extends the generalised optimal

subpattern assignment (GOSPA) metric, which is a metric for

sets, to graphs. The proposed graph GOSPA metric includes costs

associated with node attribute errors for properly assigned nodes,

missed and false nodes and edge mismatches between graphs.

The computation of this metric is based on finding the optimal

assignments between nodes in the two graphs, with the possibility

of leaving some of the nodes unassigned. We also propose a lower

bound for the metric, which is also a metric for graphs and is

computable in polynomial time using linear programming. The

metric is first derived for undirected unweighted graphs and it is

then extended to directed and weighted graphs. The properties of

the metric are demonstrated via simulated and empirical datasets.

Index Terms—Metrics, graph matching, generalised optimal

sub-pattern assignment metric.

I. I�����������

Graphs are a type of structured data that can be defined
as collections of objects, where certain pairs of objects have
a relationship of some kind represented by edges [1]. As a
flexible and rich representation, graphs are prevalent in real-
world applications in multiple research fields, such as social
networks [2], physical systems [3], [4], and chemical reactions
[5]. Additionally, graphs can also be applied in machine
learning [6] and signal processing tasks [7]–[9].

It is important to be able to measure the discrepancy
between graphs using a distance or a loss function [10]. One
option to measure the discrepancy between graphs is to first
represent each graph as a graphon (also known as a graph
limit) [11], which is a bounded symmetric measurable function
defined in [0, 1] ⇥ [0, 1]. One can then use a metric in the
graphon space, such as the L

p metric or the cut metric, to
measure the di�erence between graphs [11]. However, this
approach does not consider node attributes and the resulting
metrics on the graphon space cannot be easily interpreted in
terms of edge errors, or di�erence in the number of nodes. In
addition, there are many design variables to convert a graph
into a graphon.
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Another option, used in [12], to measure the di�erence
between graphs of the same sizes is to obtain their single
linkage matrices, and then use the Gromov-Haussdorf metric
[13], also used in shape analysis [14], to measure the di�erence
between theses single linkage matrices. An alternative is to
obtain the Laplacian matrices of the graphs and compute the
Wasserstein distance of their induced Gaussian distributions,
as in [15]. This distance can measure structural properties of
the graphs, but is limited to graphs with the same number of
nodes, without node attributes.

A desirable characteristic of a distance function is that it
operates directly on the space of interest (in our case graphs)
and that it is a mathematically principled metric, as metrics
are consistent with an intuitive notion of error. Metrics are
functions that meet the properties of non-negativity, identity,
symmetry and triangle inequality [16]. Distances that satisfy
all the properties of a metric, but not the identity property, are
commonly referred to as pseudometrics [17]. Pseudometrics
play an important role in measuring the discrepancy between
graphs that do not have node attributes. In this case, nodes
are represented by arbitrary labels and these pseudometrics
only consider the discrepancies in the edge connections so the
identity property of metrics is not of relevance. Pseudometrics
for graphs can nevertheless be used to define a metric for the
equivalence class of isomorphic graphs [17].

Graph distances can be divided into several types based
on their properties: 1) distances for graphs with or without
node attributes; 2) distances that are metrics for graphs of
the same size (same number of nodes); 3) distances that are
also metrics for graphs of di�erent sizes; 4) distances that are
pseudometrics for graphs of the same size; 5) distances that
are pseudometric for graphs of di�erent sizes. In the following,
we review some commonly used graph distances.

A classic way to compute the dissimilarity between graphs
is through graph edit distances (GEDs) [18], [19]. Based on
costs for insertions, deletions, and substitutions of both nodes
and edges, the GEDs compute the path of modifications to
transform one graph into the other with minimum cost. A
GED defines a metric if the individual cost functions for each
edit operation are metrics [20]. GEDs are generally NP-hard
to compute but there are approximate strategies to compute
them in polynomial time, e.g., linear programming relaxation
[20], bipartite graph matching [21], and greedy algorithms
[22], [23]. However, these approximations do not necessarily
preserve the metric properties.

It is also possible to define graph distances by computing
the maximum common subgraph (MCS) between two graphs.
For example, a GED can be defined based on the MCS [24].
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In addition, it is possible to define a pseudometric based on
the MCS [25], in which distances between isomorphic graphs
are zero. However, finding the MCS of two graphs is NP-
hard, making it computationally challenging, especially for
large graphs.

The chemical distance is a pseudo-metric that does not
consider information on node attributes [5]. It is obtained by
minimising the edge discrepancy between two graphs of the
same size, whose mapping is represented via a permutation
matrix [5]. Finding this optimal mapping between two graphs
is computationally expensive, and the computationally e�cient
approximations to estimate the optimal permutations [26],
[27] break the triangle inequality property. The Chartrand-
Kubiki-Shultz (CKS) distance [28] for graphs of the same size
consists of applying the chemical distance to the weighted
graphs whose adjacency matrices contain pairwise shortest
path distances between the nodes.

A family of graph distances for graphs of the same size
that includes the chemical distance and the CKS distance was
defined in [29]. We refer to these distances as generalised
chemical distances (GCD). In its main form, the GCDs only
consider edge mismatches and therefore define pseudomet-
rics. The GCDs have the benefit that being computationally
tractable. For example, an implementation based on the al-
ternating direction method of multipliers (ADMM) for large
graphs was proposed in [30]. Node attribute errors can be
incorporated into the GCDs such that GCDs define metrics
for graphs of the same size [29]. If graphs are of di�erent
sizes, we can apply the GCD by adding dummy nodes such
that both graphs are of the same size, as done in the graph
matching algorithm in [31] and in the integer programming
GED metric in [20]. However, special care should be taken in
how these dummy nodes are penalised to preserve the GCD
metric properties. For example, in [30], the dummy nodes have
zero as an attribute and do not have edges with other nodes.
This use of dummy nodes implies that the triangle inequality
property is not met. For instance, if we compare two graphs
without edges, we compare two sets of nodes, and defining a
metric for sets of nodes requires more considerations [32].

In this paper, we propose the graph generalised optimal sub-
pattern assignment (GOSPA) metric to measure the discrep-
ancy between graphs of di�erent sizes with node attributes.
The graph GOSPA metric is an extension of the GOSPA
metric [32], which is a metric for sets, to graphs. The graph
GOSPA metric computes an optimal assignment between
nodes by penalising attribute errors for assigned nodes and also
penalising nodes that are left unassigned. Apart from penalties
for nodes, the graph GOSPA metric includes penalties for edge
mismatches in the graphs. As the graph GOSPA metric can
leave nodes in both graphs without assignment, it does not
require the introduction of dummy nodes to deal with graphs of
di�erent sizes. This is computationally beneficial as it lowers
the dimensionality of the optimisation problem. In addition,
it includes a hyperparameter p to adapt the cost of outliers.
We also propose a lower bound on the graph GOSPA metric
that is also a metric and is computable in polynomial time
using linear programming (LP). We first present the graph
GOSPA metric for unweighted, undirected graphs, and then

we extend it to weighted and also directed graphs. We also
define an associated pseudometric for graphs that do not have
node attributes.

The outline of the paper is as follows. In Section II, we
formulate the problem of designing a metric and provide the
background. Section III presents the proposed metric based
on optimal assignments. In Section IV, we present the LP
metric and its decomposition in terms of localisation costs for
properly assigned nodes, costs for missed nodes, false nodes,
and edge mismatch. In Section V, we extend the proposed
metric to directed and weighted graphs. In Section VI, we
analyse the proposed metric implementations via simulations
and real datasets. Finally, conclusions are drawn in Section
VII.

II. P������ ����������� ��� ����������
In this section, we formulate the problem of designing a

metric for undirected and unweighted graphs and review the
GOSPA metric.

A. A metric for graphs
An undirected, unweighted graph (V,E) consists of a pair

of sets: the vertex set V and the edge set E. The vertex set
V = {x1, ..., xnX} is a set of vertices (also called nodes) with
the i-th node denoted by xi 2 X, where X is the single-node
attribute space, which has an associated base metric d(·, ·). For
example, if the attribute is a real vector, we can set X = RN .
Therefore, V 2 F (X), where F (X) denotes the set of finite
subsets of X. Given the set of nodes, the edge set E (V ) ✓ E =
{{x, y} : x, y 2 V, x 6= y}, where we consider graphs without
self-edges. The space of these graphs is denoted by ⌦.

Our objective is to design a metric d(·, ·) to measure the
di�erence between two graphs X = (VX , EX) and Y =
(VY , EY ). Without loss of generality, we assume that X is
the ground truth graph and Y is the estimated graph, provided
by some algorithm. Therefore, a metric enables us to rank
di�erent graph estimates according to their closeness w.r.t. the
ground truth graph.

Suppose d(·, ·) is a function such that d : ⌦ ⇥ ⌦ ! R+ =
[0,+1). The function d(·, ·) is a metric on ⌦ if it meets the
following properties for all X,Y, Z 2 ⌦ [16]:

1) (identity) d(X,Y ) = 0 if and only if X = Y ;
2) (symmetry) d(X,Y ) = d(Y,X);
3) (triangle inequality) d(X,Y )  d(X,Z) + d(Z, Y ).

The proposed metric will be based on the GOSPA metric [32],
which is a metric for sets, and we proceed to review it in the
next subsection.

B. GOSPA metric
In this section, we review the GOSPA metric between two

sets of nodes. Suppose that VX = {x1 . . . , xnX} is the ground
truth of set of nodes and VY = {y1, . . . , ynY } is the estimate
of the corresponding set of nodes.

We first define an assignment vector ⇡ = {⇡1, . . . ,⇡nX}
between sets {1, . . . , nX} and {1, . . . , nY }. The assignment
vector meets ⇡i 2 {0, . . . , nY } and if ⇡i = ⇡i0 = j > 0,
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then this implies that i = i
0. Here, ⇡i = j implies that xi is

assigned to yj , and ⇡i = 0 implies that xi is left unassigned.
The set of all possible assignment vectors between VX and
VY is denoted ⇧VX ,VY .

Definition 1. Given a base metric d(·, ·) in X, a scalar c > 0,
and a scalar p with 1  p  1, the GOSPA metric (↵ = 2)
[32] between sets VX and VY is

d
(c) (VX , VY ) = min

⇡2⇧VX,VY

 
nXX

i=1

d (xi, y⇡i)
p

+
c
p

2

 
nX + nY � 2

nXX

i=1

1⇡i>0(⇡i)

!!1/p

(1)
where 1A(·) is an indicator function of the set A. That is,
1A(·) = 1 if x 2 A or 0 otherwise.

The first term in (1) represents the distance between node
attributes for assigned nodes to the power of p. The second
term represents the cost of unassigned nodes, to the power
of p. Two assigned nodes xi and y⇡i contribute to the overall
error with d(xi, y⇡i)

p. An unassigned node in VX or VY incurs
a penalty of c

p
/2. In multi-object tracking, assigned nodes

would represent an object and its estimate with a localisation
error d(xi, y⇡i). An unassigned node in VX would represent a
missed object, and an unassigned node in VY would represent
a false object.

The GOSPA metric is a metric for sets, and is not a metric
for graphs as it does not take into account the corresponding
set of edges. This implies that GOSPA for sets does not meet
the identity property when we consider graphs. Nevertheless,
the metric for graphs we propose will be based on extending
the GOSPA metric to additionally consider the set of edges, so
we refer to the proposed metric as graph GOSPA metric. That
is, the graph GOSPA metric will make an assignment between
nodes in VX and VY to penalise localisation errors for properly
assigned nodes and the number of missed and false nodes.
Additionally, the graph GOSPA metric will include an edge
mismatch penalty depending on these assignments in a manner
that the metric properties in Section II-A are preserved.

III. G���� ������ ����� �� ������� �����������
This section is organised as follows. Section III-A presents

the graph GOSPA metric. Section III-B provides some exam-
ples to illustrate how the metric works.

A. Graph GOSPA metric
The graphs X = (VX , EX) and Y = (VY , EY ) have

sets of nodes VX = {x1, ..., xnX} and VY = {y1, ..., ynY }.
The corresponding adjacency matrices to represent the sets
of edges for the node orderings x1:nX , y1:nY are AX and
AY , respectively [8]. We use AX(i, j) to represent the (i, j)
element of matrix AX . Specifically AX(i, j) = AX(j, i) = 1
if there is an edge between node i and node j of X , and
AX(i, j) = AX(j, i) = 0 if there is no edge.

Definition 2. For 1  p < 1, a scalar c > 0, edge mismatch
penalty ✏ > 0 and base metric d(·, ·) in the single node space

X, the graph GOSPA metric d
(c,✏)(X,Y ) between two graphs

X and Y is

d
(c,✏) (X,Y ) = min

⇡2⇧VX,VY

 
nXX

i=1

d (xi, y⇡i)
p

+
c
p

2

 
nX + nY � 2

nXX

i=1

1⇡i>0(⇡i)

!
+ eX,Y (⇡)p

!1/p

(2)

where the edge mismatch cost is given by

eX,Y (⇡)p =
✏
p

2

nXX

i=1:⇡i>0

nXX

j=1:⇡j>0

|AX(i, j)�AY (⇡i,⇡j)|

+
✏
p

2

nXX

i=1:⇡i=0

nXX

j=1:⇡j>0

|AX(i, j)|

+
✏
p

2

nYX

i=1: 69l:⇡l=i

nYX

j=1:9l:⇡l=j

|AY (i, j)|. (3)

We can see that, similarly to the GOSPA metric in (1), (2)
is an optimisation problem over all assignment vectors. The
function to optimise is the same as in (1), including node
attribute errors (localisation errors) and costs for missed and
false nodes, but adding an extra penalty for the edge mismatch
eX,Y (⇡). There are two types of edge mismatch costs:

• An edge cost created by two pairs of properly assigned
nodes (two nodes in X and two nodes in Y ). If the edge
exists in one graph but it does not exist in the other
graph, this contributes to an edge mismatch penalty. The
corresponding cost is ✏

p and the sum over all these costs
is given by the first line in (3).

• For both graphs, each edge connecting an assigned node
and an unassigned node contributes to a half-edge mis-
match penalty. The corresponding cost is ✏

p
/2. The sum

over all such costs for edges in X is given by the second
line of (3) and the corresponding sum for edges in Y

is given by the third line of (3). As this type of edge
mismatch cost involving an unassigned node is half the
edge cost for a pair of assigned nodes, we refer to it as
half-edge mismatch cost.

In the graph GOSPA metric, c, ✏ and p are hyperparameters.
We can change c to control the penalty for node unassign-
ments, and the sensitivity to node attribute error. We can also
adjust the value of ✏ to change the sensitivity to the changes
in connectivity between nodes. Hyperparameter p controls
how much outliers are penalised. These parameters should be
chosen according to the application.

As we will see in Section IV, the introduction of the half-
edge mismatch cost allows us to express the metric using
binary assignment matrices. This representation is computa-
tionally convenient as it gives rise to the linear programming
relaxation of the metric, computable in polynomial time.

The proof that d(c,✏)(·, ·) is a metric is provided as a par-
ticular case of the proof of the linear programming relaxation
metric in Proposition 2, in Section IV.

B. Examples
We use Figure 1 to illustrate how the graph GOSPA metric

works. This figure shows a ground truth graph X and four
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di�erent graph estimates Y . For simplicity, we consider the
condition p = 1, ✏ ⌧ c and � ⌧ c, with � shown in Figure
1.

We first consider Figure 1(a), where we have a graph X

with nodes x1, x2, x3 (left to right) and graph Y with nodes
y1, y2, y3. The optimal assignments for the nodes in X are
(⇡1,⇡2,⇡3) = (1, 2, 3), which means that each node in X has
been assigned to a node in Y based on the distance between
them. In Figure 1(a), every edge between nodes is correctly
detected, therefore, there is only localisation error in Figure
1(a) and the metric value is, d(c,✏)(X,Y ) = 3�, with each
pair of assigned nodes contributing with �.

In Figure 1(b), the assignment vector for X is also (1, 2, 3).
In this case, apart from the three localisation errors, there is
also a missed edge between nodes y1 and y3 within Y , such
that the edge mismatch error ✏. The metric value for Figure
1(b) is d

(c,✏)(X,Y ) = 3�+ ✏.
In Figure 1(c), we compare two graphs with di�erent sizes.

The optimal assignments for nodes in X are (1, 2, 0). That is,
the last node x3 is left unassigned, which contributes to the
error of a missed node, c/2. In this case, the edge between
the two assigned nodes in Y is properly detected. However,
the third node with edges connected the other two nodes in X

does not exist in Y . Therefore, we penalise each missed edge
connected to the missed node with half edge mismatch penalty
✏/2. Thus, the total edge mismatch cost in Figure 1(c) is ✏/2+
✏/2 = ✏. As there are two pairs of assigned nodes, each with
a localisation error of �, the metric value is d

(c,✏)(X,Y ) =
�+�+ c/2 + ✏ = 2�+ c/2 + ✏.

In Figure 1(d), we have one unassigned node in graph X ,
and another node in Y is also unassigned, as the distance �

between x3 and y3 is much larger than c and ✏ ⌧ c. Therefore,
x3 a missed node and y3 is a false node. The assignments are
(1, 2, 0). Each edge between the unassigned nodes and the
assigned nodes contributes with a half-edge mismatch cost.
As there are 3 of these edges, the total edge mismatch cost in
Figure 1(d) is ✏/2+ ✏/2+ ✏/2 = 3✏/2. Then, as there are two
pairs of assigned nodes, each with a localisation error of �,
the metric value is d(c,✏)(X,Y ) = �+�+c/2+c/2+3✏/2 =
2�+ c+ 3✏/2. According to the metric, the best estimate of
X is in Figure 1(a), which only has localisation errors.

IV. LP G���� GOSPA ������

In this section, we show that the metric in (2) can be
reformulated as an integer linear programming problem in
Section IV-A. In Section IV-B, we also show that the resulting
distances are metrics for graphs. In Section IV-C, we explain
the metric decomposition.

A. Integer linear programming formulation

We proceed to write the graph GOSPA metric in terms of
binary matrices instead of the assignment vectors in Section
IV-A. We use WX,Y to denote the set of all binary matrices
of dimension (nX + 1)⇥ (nY + 1), representing assignments

Xx1 x2

x3

Y y1 y2

y3

�

�

(a)

X

Y
�

�

(b)

X

Y
�

(c)

X

Y
�

�

(d)

Fig. 1: Example to illustrate the node and edge mismatch costs for the same
ground truth graph X , and di�erent estimated graphs Y (� ⌧ c): (a) three
properly assigned nodes and no edge mismatch; (b) three properly assigned
nodes and one missed edge; (c) two properly assigned nodes, one missed node
and two half-edge mismatch penalties; (d) Two properly assigned nodes and
two unassigned nodes (� � c), three half-edge mismatch penalties.

between VX and VY . A matrix W 2 WX,Y satisfies the
following properties [33]:

nX+1X

i=1

W (i, j) = 1, j = 1, . . . , nY (4)

nY +1X

j=1

W (i, j) = 1, i = 1, . . . , nX (5)

W (nX + 1,nY + 1) = 0, (6)
W (i, j) 2 {0, 1}, 8 i, j (7)

where W (i, j) is the element in row i and column j of matrix
W . The element W (i, j) = 1 if xi is assigned to yj . If xi

remains unassigned, W (i, nY + 1) = 1, and if yj remains
unassigned then W (nX + 1, j) = 1.

There is a bijection between the sets of binary matrices
WX,Y meeting the conditions in (4)–(7) and the sets of assign-
ment vectors ⇧VX ,VY , such that for ⇡ 2 ⇧X,Y , W 2 WX,Y ,
i = 1, . . . , nX and j = 1, . . . , nY :

⇡i = j 6= 0 ()W (i, j) = 1 (8)
⇡i = 0 ()W (i, nY + 1) = 1 (9)
@i 2 {1, . . . , nX},⇡i = j 6= 0 ()W (nX + 1, j) = 1. (10)

We also introduce the following matrix that contains all
possible costs (to the p-th power) between pairs of nodes
(including unassigned nodes).

Matrix DX,Y is an (nX+1)⇥(nY +1) matrix whose (i, j)
element is:

DX,Y (i, j) =

8
>>><

>>>:

d (xi, yj)
p

i  nX , j  nY ,

cp

2 i = nX + 1, j  nY ,

cp

2 i  nX , j = nY + 1,

0 i = nX + 1, j = nY + 1.

(11)

The entries for i  nX and j  nY represent localisation
costs (to the p-th power) for assigned nodes. The entries for
i = nX + 1, j  nY and j = nY + 1, i  nX represent
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the costs (to the p-th power) for unassigned nodes (miss/false
detected nodes).

We also denote the component-wise 1-norm of a matrix
A 2 RnX⇥nY as [34]:

||A|| =
nXX

i=1

nYX

j=1

|A(i, j)|. (12)

Then we can introduce Lemma 1.

Lemma 1. For 1 < p < 1, a scalar c > 0, edge mismatch
penalty ✏ > 0 and base metric d(·, ·), the graph GOSPA metric
d
(c,✏)(·, ·) in (2) between two graphs X and Y can be written

as

d
(c,✏)(X,Y ) = min

W2WX,Y

�
tr
⇥
D

>
X,Y W

⇤
+ eX,Y (W )p

�1/p

(13)

where

eX,Y (W )p =
✏
p

2
||AXW1:nX ,1:nY �W1:nX ,1:nY AY || (14)

and W1:nX ,1:nY is the matrix formed by the first nX rows and
the first nY columns of matrix W (e.g., removing the last row
and column of W ).

It should be noted that

tr
⇥
D

>
X,Y W

⇤
=

nX+1X

i=1

nY +1X

j=1

DX,Y (i, j)W (i, j) (15)

and

||AXW1:nX ,1:nY �W1:nX ,1:nY AY ||

=
nXX

i=1

nYX

j=1

�����

nXX

k=1

AX(i, k)W (k, j)�
nYX

k=1

W (i, k)AY (k, j)

����� .

(16)

The proof of Lemma 1 is given in Appendix A. Thus, we
can write the optimisation problem based on the optimisation
over assignment vectors ⇡ 2 ⇧X,Y in (2) in terms of an
optimisation problem over assignment matrices W 2 WX,Y

in (13).
If we set ✏ = 0 in (13), we obtain d

(c,0)(·, ·), which
corresponds to the GOSPA metric (1) applied to the set of
nodes and can be e�ciently computed by solving a 2-D
assignment problem [32], [35]. This actually provides a lower
bound of d

(c,✏)(·, ·). However, d(c,0)(·, ·) is not a metric for
graphs as edge information is discarded and therefore the
identity property of metrics is not met.

B. LP relaxation
In this section, we relax the constraints of matrix W

in Lemma 1 for polynomial computation time with linear
programming, and we also show that the result is a metric.

Let WX,Y be the set of matrices of dimension (nX +1)⇥
(nY + 1) with relaxation of the constraints in (7) such that
W 2 WX,Y satisfies (4), (5), (6) and

W (i, j) � 0, 8i, j. (17)

With the relaxation of the constraints in (7), we can write the
metric function d

(c,✏)(X,Y ) in (13) as an alternative metric
function d̄

(c,✏)(X,Y ), where the optimisation is over W in
WX,Y rather than WX,Y . Therefore it follows immediately
that d̄(c,✏)(X,Y )  d

(c,✏)(X,Y ).

Proposition 2. For 1  p  1, a scalar c > 0, edge
mismatch penalty ✏ > 0 and base metric d(·, ·), the LP
relaxation of metric d

(c,✏)(X,Y ) in (13) is also a metric given
by

d̄
(c,✏) (X,Y ) = min

W2WX,Y

�
tr
⇥
D

>
X,Y W

⇤
+ eX,Y (W )p

�1/p

(18)

where DX,Y is given by (11) and eX,Y (W )p is given by (14).

The proof of Proposition 2 is given in Appendix B-A.
This proof also implies that the metric in (13) is a metric.
In Appendix B-C, we also prove that the metric can be
computed using LP. This implies that there are optimisation
algorithms that are ensured to converge and that the metric
can be computed in polynomial time [36].

For Equation (18) in Proposition 2, set WX,Y is obtained
by relaxing the binary constraints of set WX,Y to W (i, j) �
0, 8i, j. With the three other constraints in equation (4), (5),
(6) in Section IV-A, the set WX,Y is closed and bounded.
Since the metric function in equation (18) is continuous over
WX,Y , the minimum is achievable [37, Thm. 4.6].

C. Metric decomposition
In this section, we explain how the graph GOSPA metric,

as shown in Lemma 1, and the LP graph GOSPA metric
decompose into costs for properly assigned nodes, missed and
false nodes, and edge mismatch costs.

As explained after Definition 2, the node assignments are
determined by the assignment vector ⇡ defined in Section II-B.
Missed nodes are those nodes in VX that are not assigned to a
node in VY according to ⇡. False nodes are those nodes in VY

that are not assigned to a node in VX according to ⇡. Then,
DX,Y (i, j) represents the following costs:

• A localisation error for assigned nodes if i  nX , j 
nY .

• A missed node if i  nx, j = ny + 1.
• A false node if i = nx + 1, j  ny .
We denote the sets of indices (i, j) that belong to each of

the previous categories as S1, S2, S3. Then, we have

d
(c,✏)
p (X,Y ) = min

W2WX,Y

✓
l(X,Y,W )p +m(X,Y,W )p

+ f(X,Y,W )p + eX,Y (W )p
◆1/p

(19)

where

l(X,Y,W )p =
X

(i,j)2S1

DX,Y (i, j)W (i, j)

m(X,Y,W )p =
c
p

2

X

(i,j)2S2

W (i, j)
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f(X,Y,W )p =
c
p

2

X

(i,j)2S3

W (i, j)

(20)

represent the costs (to the p-th power) for assigned, missed
and false nodes given the assignment W . Therefore, we can
decompose the metric in terms of these costs (and the edge
mismatch cost) once we obtain the optimal assignment W . For
the LP metric, we have the same decomposition but with soft
assignments.

V. E��������� �� ����� ����� �� ������
In the previous sections, we have presented the graph

GOSPA metric for undirected, unweighted graphs, as the
counting procedure to evaluate the graph edge mismatches
is based on this type of graph. In Section V-A, we explain
that the metric in terms of binary matrices, see Lemma 1 and
Proposition 2, can be directly extended to weighted graphs by
using the right forms of the adjacency matrices. In Section
V-B, we show how the graph GOSPA metric can be extended
to directed graphs, weighted and unweighted. In Section V-C,
we explain how the graph GOSPA metric can also be applied
to graphs without node attributes, resulting in a pseudo-metric.

A. Graph GOSPA metric for weighted undirected graphs
In a weighted undirected graph, the adjacency matrix is

symmetric but is not constrained to have elements that are
either 0 or 1. Each element now contains a non-zero scalar
associated with its edge. For example, we can use the weight
between edges to represent the type of bond between two
atoms in a molecule. Note that, for the edge mismatch cost
in (14), a lack of edge would be equivalent to an edge with
zero weight. Therefore, we assume that the edge weights are
di�erent from zero so that the identity property of metrics
holds for weighted graphs. For weighted graphs (with possible
self-loops), we can establish the following proposition.

Proposition 3. The metrics d
(c,✏)(·, ·) and d̄

(c,✏)(·, ·) in (2)
and (18), respectively, are also metrics for weighted undirected
graphs (with possible self-loops).

The proof is the same as the one in Appendix B, as it is also
valid for weighted and undirected graphs. The main di�erence
with undirected, unweighted graphs is that now the adjacency
matrix elements are not constrained to be 0 or 1.

The interpretation of the graph GOSPA metric for undi-
rected, weighted graphs is the same as for undirected, un-
weighted graphs in terms of node attribute errors, missed
and false nodes, but di�ers in the edge mismatch penalty,
which now considers the di�erences in the edge weights. The
computational complexity of the LP implementation of the
graph GOSPA metric for weighted graphs is similar to the
case of unweighted graphs, as there are the same number of
variables and constraints.

We use Figure 2 to illustrate how the graph GOSPA metric
works on weighted graphs. Figure 2 considers weighted ver-
sions of the graphs in Figure 1. As in the examples in Figure
1, we consider p = 1, ✏ ⌧ c, and � ⌧ c, and also that

Xx1 x2

x3

0.3

0.5
0.7

Yy1 y2

y3

0.5

0.3

0.4

�

�

(a)

X 0.3

0.5
0.7

Y

0.5

0.3

�

�

(b)

X 0.3

0.5
0.7

Y 0.3

�

(c)

X 0.3

0.5
0.7

Y

0.6

0.3

�

�

(d)

Fig. 2: Example to illustrate the node and edge mismatch costs for weighted
graphs, ground truth graph X , and di�erent estimated graphs Y : (a) three
properly assigned nodes, 0.3 edge-mismatch penalty; (b) three properly as-
signed nodes (� ⌧ c) and one missed edge with 0.7 edge-mismatch penalty;
(c) two properly assigned nodes, one missed node and 0.6 edge mismatch
penalties; (d) Two properly assigned nodes (� ⌧ c) and two unassigned
nodes (� � c), 0.9 edge mismatch penalties.

� is su�ciently small such that the assignment matrices with
respect to Figure 1 do not change. In this case, the localisation
errors remain unchanged and we only proceed to calculate the
edge mismatch costs.

In Figure 2(a), there is no actual edge mismatch, but there is
a weight di�erence between graph X and graph Y . Therefore,
the edge mismatch cost is eX,Y = ✏⇥ (0.7� 0.4) = 0.3✏, and
the metric value is d

(c,✏)(X,Y ) = 3�+ 0.3✏.
In Figure 2(b), we also have a missed edge between nodes

y1 and y2 in Y , and the weight of the corresponding edge in
X is 0.7, so the edge mismatch error for this case is 0.7✏. The
metric value for Figure 2(b) is d

(c,✏)(X,Y ) = 3�+ 0.7✏.
In Figure 2(c), as we have two half-edge mismatch penalties,

and the weights for the missed edges are 0.7 and 0.5. The edge
mismatch error is then eX,Y = ✏/2⇥ (0.7 + 0.5) = 0.6✏. The
metric value is d

(c,✏)(X,Y ) = 2�+ c/2 + 0.6✏.
In Figure 2(d), similarly, there are three half-edge mismatch

penalties, and the weight for each edge is 0.7, 0.5, 0.6 respec-
tively. The edge mismatch error is eX,Y = ✏/2⇥ (0.7+ 0.5+
0.6) = 0.9✏. The metric value is d(c,✏)(X,Y ) = 2�+c+0.9✏.

B. Graph GOSPA metric for directed graphs

In a directed unweighted graph, the adjacency matrix has
elements that are either 0 or 1, but it is not symmetric.
A possible application of directed graphs is modelling the
one-way connectivities between users in social networks. In
directed weighted graphs, the adjacency matrix has elements
that can be any real number and it is not symmetric. Due
to the non-symmetric adjacency matrices in directed graphs,
the metric for directed graphs must be adapted, as (13) only
meets the symmetry property for symmetric AX and AY . The
extension of this metric for directed graphs (both weighted and
unweighted) is given in the following lemma.

This article has been accepted for publication in IEEE Transactions on Signal Processing. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TSP.2024.3449091

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.



7

Lemma 4. For 1  p  1, a scalar c > 0, edge mismatch
penalty ✏ > 0 and base metric d(·, ·), the graph GOSPA metric
for directed graphs X and Y is

d
(c,✏)(X,Y ) = min

W2WX,Y

�
tr
⇥
D

>
X,Y W

⇤
+ eX,Y (W )p

�1/p

(21)

where DX,Y is given by (11) and the edge cost is

eX,Y (W ) =
✏
p

4

✓
||AXW1:nX ,1:nY �W1:nX ,1:nY AY ||

+ ||AY W
T
1:nX ,1:nY

�W
T
1:nX ,1:nY

AX ||
◆

(22)

The LP lower bound of (21), d̄(c,✏)(·, ·) is also a metric and
is obtained by minimising over W 2 W̄X,Y .

Both d
(c,✏)(·, ·) and d̄

(c,✏)(·, ·) for directed graphs are sym-
metric and meet the identity property. The proof of the triangle
inequality is given in Appendix B-B. In Appendix B-C we
prove that d̄

(c,✏)(·, ·) for directed graphs is also computable
in polynomial time using LP. Note that if AX and AY are
symmetric (as in undirected graphs), the edge mismatch cost
(22) can be written as in (14). Therefore, (22) is a general
edge mismatch cost that can be used to cover directed and
undirected graphs, and for undirected graphs, (21) coincides
with (13). The computational complexity of the LP imple-
mentation of the graph GOSPA metric for directed graphs is
higher than the implementation for undirected graphs as there
is a higher number of constraints, as explained in Appendix
B-C [38].

The decomposition of the graph GOSPA metric for directed
graphs into node attribute errors, missed and false nodes are
the same as for undirected graphs. The edge mismatch cost is
obtained as follows:

• For every two pairs of properly assigned nodes (two nodes
in X and two nodes in Y ), if a (directed) edge exists in
one graph but it does not exist in the other graph, the
associated edge mismatch penalty is ✏

p
/2.

• Each (directed) edge in either graph connecting an as-
signed node and an unassigned node contributes to an
edge mismatch penalty ✏

p
/4.

We proceed to use the examples in Figure 3 to explain how
the graph GOSPA metric works on directed graphs. We also
use the same hyper-parameters p = 1 and � ⌧ c.

In Figure 3(a), the edge between nodes x1 and x3 in X has
the opposite direction to the edge between nodes y1 and y3

in Y , which yields one edge mismatch penalty, ✏. The metric
value in this case is d̂

(c,✏)(X,Y ) = 3�+ ✏.
In Figure 3(b), there is a missed edge between nodes y1 and

y3 in Y , and this contributes to a half-edge mismatch penalty,
✏/2. The total metric value is d̂

(c,✏)(X,Y ) = 3�+ ✏/2.
In Figure 3(c), there is a missed node and two missed edges,

and each gives a quarter-edge mismatch penalty, eX,Y = ✏/2.
The metric value for Figure 3(c) is d̂(c,✏)(X,Y ) = 2�+c/2+
✏/2.

In Figure 3(d), there are two unassigned nodes, two missed
edges and one extra edge, and in this case, the edge error is
✏. The total metric value is d̂

(c,✏)(X,Y ) = 2�+ c+ 3✏/4.

Xx1 x2

x3

Yy1 y2

y3

�

�

(a)

X

Y
�

�

(b)

X

Y
�

(c)

X

Y
�

�

(d)

Fig. 3: Example to illustrate the node and edge mismatch costs for directed
graphs, ground truth: X and estimated: Y : (a) three properly assigned nodes
and one edge mismatch penalty; (b) three properly assigned nodes (� ⌧ c)
and half edge mismatch penalty; (c) two properly assigned nodes, one missed
node and half edge mismatch penalty; (d) Two properly assigned nodes (� ⌧
c) and two unassigned nodes (� � c), one edge mismatch penalty.

C. Graphs without node attributes
There are applications in which graphs do not have node

attributes with physical meaning, or these attributes are not
available. In this case, one can denote the set of nodes with
integers, such that VX = {1, ..., nX} and VY = {1, ..., nY }.
Therefore, the localisation part of the graph GOSPA metric
does not have a physical meaning either. In this case, the base
metric can be set to zero d (·, ·) = 0 and the following lemma
holds.

Lemma 5. If the base distance is d (·, ·) = 0, the function in
(18) becomes

d̃
(c,✏) (X,Y ) = min

W2WX,Y

 
c
p

2

 
nXX

i=1

W (i, nY + 1)

+
nYX

j=1

W (nX + 1, j)

1

A+ eX,Y (W )p

1

A
1/p

(23)

where W satisfies (4), (5), (6) and (17), and eX,Y is given in
(14) for undirected graphs and (22) for directed graphs.

The function d̃
(c,✏) (·, ·) is a pseudometric for graphs [17],

which implies:
1) d̃

(c,✏)(X,X) = 0;
2) (symmetry) d̃(c,✏)(X,Y ) = d̃

(c,✏)(Y,X);
3) (triangle inequality) d̃

(c,✏)(X,Y )  d̃
(c,✏)(X,Z) +

d̃
(c,✏)(Z, Y ).

The proof of Lemma 5 is given in Appendix C and also
holds for the non-relaxed version of the graph GOSPA metric.
Additionally, it is direct to check that d̃(c,✏) (X,Y ) = 0 if and
only if X and Y are isomorphic. That is, graphs X and Y are
isomorphic if and only if they are of the same size and there
is a permutation matrix P such that AXP = PAY [29].

The pseudometric d̃
(c,✏) (·, ·) then defines an equivalence

relation in ⌦ such that X ⇠ Y if d̃
(c,✏) (X,Y ) = 0 [17].

Then, the equivalence class of an element (graph) X , denoted

This article has been accepted for publication in IEEE Transactions on Signal Processing. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TSP.2024.3449091

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.



8

Fig. 4: Randomly generated ground truth graph X .

by [X], is the set of elements in ⌦ equivalent to X such
that [X] = {Y 2 ⌦ : Y ⇠ X}, which is the set of graphs Y

that are isomorphic to X . The set of equivalence classes of
isomorphic graphs is referred to as quotient space ⌦ \⇠ , such
that [X] 2 ⌦ \⇠ [17].

Lemma 6. The distance ⇢̃
(c,✏) (·, ·) on the quotient space

⌦ \⇠ (set of equivalence classes of isomorphic graphs) defined
as

⇢̃
(c,✏) ([X] , [Y ]) = d̃

(c,✏) (X,Y ) (24)

where X and Y are two elements of [X] and [Y ], respectively,
is a metric on ⌦ \⇠ [17].

We now proceed to write the pseudo-metric d̃
(c,✏) (·, ·)

values for the graphs in Figure 1, by removing their node
attributes. In Figure 1(a), the two graphs are isomorphic so
d̃
(c,✏) (X,Y ) = 0. In Figure 1(b), there is only one edge

mismatch cost ✏, therefore, d̃
(c,✏) (X,Y ) = ✏. In Figure

1(c), the graphs have di�erent sizes, which contributes to a
cardinality error c/2, and d̃

(c,✏) (X,Y ) = c/2 + ✏. In Figure
1(d), as there are no node attributes in both graphs, the two
graphs X and Y are the same as the graphs in Figure 1(b),
therefore, they have the same metric value, d̃(c,✏) (X,Y ) = ✏.

VI. E����������� R������
This section demonstrates the properties of the graph

GOSPA metric by evaluating it on simulated undirected graphs
(Section VI-A) and simulated directed graphs (Section VI-B).
We also demonstrate the application of the graph GOSPA
metric on a real dataset with molecules (Section VI-C). We
compare the proposed metric with the MCS distance [24, Thm.
1], GED [19] and GCD [30, Eq. (2)]. The MCS distance
between two graphs X and Y is nX + nY � 2nc, where
nc represents the number of nodes in the largest common
subgraph. In this section, we use the LP implementation of the
graph GOSPA metric1 and refer to it simply as graph GOSPA
metric and the solver we use for LP is the interior-point method
[36].

1Matlab and Python implementations of the graph GOSPA metric will be
available via Github.

To use the GCD with graphs of di�erent sizes, we use the
procedure in [29] by adding dummy nodes to the smallest
graph so that graphs have the same size. The dummy nodes
have zero attribute value and are well-separated from any
other nodes in the graphs. We have followed the publicly
available code in [30] to write our own version of the GCD
distance [30, eq. (2)], directly optimising over the doubly
stochastic matrix that represents the node assignments. The
MCS distance is computed by using the built-in function in
RDkit to compute the MCS [39]. For the MCS distance, we do
not use node attributes in the simulations, while in the dataset
with molecules, we use the atom type as the node attribute.
The GED is computed with the built-in function in NetworkX
[40]. For the GED, we use a node match function such that, if
the distance between two nodes is smaller than c, which is set
to 3, they are treated as matched nodes and node deletion and
insertion cost are set to 1. The edge substitution cost is set to
0 and the edge deletion and insertion cost are set to 1 as well.
We set the hyper-parameters p = 1, � = 1 for the GCD, and
p = 1, c = 3, ✏ = 1 for the graph GOSPA metric. We also
use the Euclidean distance as the base metric for both GCD
and graph GOSPA metric.

A. Simulation results for undirected graphs
In this section, we consider random graphs generated from

a G(n, p) Erdos-Renyi model [41], where n represents the
number of nodes in the graph, and p represents the probability
of an edge existing between two nodes. The nodes of the
graphs have 2-D node states. These graphs can represent the
locations of some users and the connectivities with other users.

We generate a ground truth graph X using the Erdos-Renyi
model by setting n = 10 and p = 0.4 with the GraSP toolbox
[42], as shown in Figure 4, and the location elements of X

are generated by using the neato layout engine with parameter
maxiter = 5000 and start = 7 in Graphviz toolkit [43]. We
then generate a modified version of this graph, denoted as Y ,
which varies across di�erent scenarios. Each of these modified
graphs Y represents a di�erent type of change or perturbation
in the original graph X , such as adding noise to node attributes
(Scenario 1), adding or removing edges (Scenario 2 and 3),
or removing nodes (Scenario 4). By comparing X and Y , we
can assess how well the algorithm performs in detecting and
characterizing these changes in the graph structure.

We compute the average distances in each of the previous
scenarios via Monte Carlo simulation with 1000 runs. In
each Monte Carlo run for Scenario 1, we draw a graph Y

by adding independent zero-mean Gaussian random variables
with covariance matrix �

2
I2 to the attributes of X . The

average errors for di�erent values of �
2 are shown in Figure

5(a). With increasing noise variance in node attributes, the
GCD value keeps growing, which is caused by the growth
of localisation error in GCD. In the graph GOSPA metric,
when the localisation error is too large to assign two nodes
to each other, the missed node error and false node error will
increase until all nodes are missed/false nodes. Furthermore,
the contribution of missed/false error is only determined
by the quantity of missed/false nodes, therefore the graph

This article has been accepted for publication in IEEE Transactions on Signal Processing. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TSP.2024.3449091

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.



9

(a) Random node attribute noise. (b) Random edge addition.

(c) Random edge deletion. (d) Random node removal.

Fig. 5: Plots of average graph GOSPA metric, GCD, GED and MCS comparing the ground truth graph with (a) graphs with random Gaussian noise with
increasing noise variance in node attributes; (b) graphs with random edge addition in adjacency matrix and Gaussian noise in node attributes; (c) graphs with
random edge removal in adjacency matrix and Gaussian noise in node attributes; (d) graphs with di�erent sizes and Gaussian noise in node attributes.

GOSPA saturates, when there is a large noise variance in node
attributes. For the GED, as the noise level increases, the error
grows until it reaches its maximum, which is determined by the
number of nodes in the corresponding graphs, which explains
the saturation area in Figure 5(a).

In Scenario 2, we obtain graph Y by adding edges in the
adjacency matrix of ground truth X with probability q and
we also add random noise with covariance matrix 0.1I2 to
the node attributes. The average errors for di�erent q are
shown in Figure 5(b). In Figure 5(b), the values of GED, GCD
and graph GOSPA increase, where the error grows slowly
as the probability of adding extra edges increases. We can
also notice that the edge mismatch cost increases linearly
with the increasing probability of adding edges, which plays a
predominant role in determining the metric value of the graph
using the GOSPA metric. For the MCS distance, as we are
adding edges to the ground truth graph in Scenario 2, the
maximum common subgraph between the target graph and the
ground truth graph is actually the ground truth itself, therefore
we get zero MCS distance error.

The graph Y in Scenario 3 is generated by randomly
deleting edges in ground truth X with probability q, and we
also add random noise with covariance matrix 0.1I2 to the
node attributes. In Figure 5(c), we notice that the errors for all
the considered methods are similar to the values in Figure 5(b),

except for the MCS distance. This is due to the fact that the
size of maximum common subgraphs is getting smaller with
more edges being deleted from the prototype graph X . Thus,
the error increases in the MCS distance as the probability of
edge deletion grows gradually.

In Scenario 4, we draw graph Y by randomly removing the
nodes in the ground truth graph X with a certain probability
of node deletion. We also add Gaussian noise with covariance
matrix 0.1I2 to node attributes. In Figure 5(d), we see that
with the increasing probability of removing nodes, the number
of unassigned nodes in graph GOSPA rises, missed nodes
specifically, and the localisation error for assigned nodes
decreases. The edge mismatch cost in this example grows first
until the probability of node deletion q = 0.5, then the edge
mismatch cost decreases. This is because the graph GOSPA
metric does not consider the edges connected to unassigned
nodes. Thus, as there are more unassigned nodes with a higher
probability of node deletion, the edge mismatch cost decreases.
For the other graph distances, GCD, GED and the MCS
distance, their error also increases with the probability of node
deletion. For GCD, the error grows linearly, while for the other
two distances the error grows similarly as in the graph GOSPA
metric.

Computational complexity evaluation: In this section, we
generate random undirected graphs using the same settings
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TABLE I: Computational time over undirected graphs (CPU time in seconds).

(nX , nY ) Graph GOSPA GCD GED MCS
(10,10) 0.02 0.03 58.26 5.81
(20,20) 0.06 0.20 >3000 >3000
(40,40) 0.97 8.78 >3000 -
(60,60) 6.71 102.70 >3000 -
(80,80) 45.29 654.69 >3000 -

(100,100) 131.40 2550.10 >3000 -

TABLE II: Memory usage over undirected graphs (in MBytes).

(nX , nY ) Graph GOSPA GCD GED MCS
(10,10) 0.49 0.77 0.86 0.90
(20,20) 4.81 2.21 7.11 4968.46
(40,40) 71.07 14.78 153.28 –
(60,60) 353.34 46.36 1084.15 –
(80,80) 1111.18 108.27 4674.12 –

(100,100) 2660.09 244.50 14272.59 –

as in Section VI-A, but we change the number of nodes in
the generated graphs to nX = nY 2 {10, 20, 40, 60, 80, 100}.
Then, we calculate the time and memory usage of the imple-
mentations of the graph GOSPA metric for undirected graphs,
GCD, GED and the MCS distance.

In Table I, we can see that the graph GOSPA metric is
the one with the lowest computational time due to the LP
implementation. The second fastest is the GCD. The GED
takes longer than 3000 seconds (used as a time limit) to com-
pute even when we consider graphs with 20 nodes. The MCS
also takes more than 3000 seconds to compute graphs with
20 nodes. The considered MCS implementation did not work
for graphs with more than 40 nodes. The memory usage for
each metric has been calculated using the tracemalloc library
in Python and is shown in Table II. The graph GOSPA metric
requires more memory than GCD to store the constraints, but
less memory than GED.

B. Simulation results for directed graphs
In this section, we compare the graph GOSPA metric

with the GCD and the GED over directed graphs. In this
comparison, we use the symmetrised GCD for directed graphs
in [29, Thm. 2], which requires solving two optimisation
problems. We consider the same graphs used in Scenario 1
in Section VI-A, but setting zeros in the lower triangle of
the adjacency matrix to make the graphs directed. The metric
values for increasing noise variance �

2 in the attributes are
shown in Figure 6.

The graph GOSPA metric error in Figure 6 is similar
to the undirected case, only grows slower than the graph
GOSPA error in Figure 5(a), since the edge penalties for edges
connected to unassigned nodes are halved. The GCD in Figure
6, is also similar but twice the value due to how the extension
to directed graphs is done in [29, Thm. 2]. The GED remains
the same as the undirected case, although we removed one
direction in the compared graphs.

Computational complexity evaluation: In this section, we
use the same graphs used for the computational analysis
in Section VI-A, but we replace the lower triangle of the
adjacency matrices with zeros to obtain directed graphs. We
also compute the time and memory usage for directed graphs.
The simulation results are summarised in Table III and IV.

Fig. 6: Plots of average graph GOSPA metric, GCD and GED comparing
the directed ground truth graph with directed graphs with increasing random
noise variance in node attributes.

TABLE III: Computational time over directed graphs (CPU time in seconds).

(nX , nY ) Graph GOSPA GCD GED
(10,10) 0.01 0.5 58.34
(20,20) 0.05 0.37 >3000
(40,40) 0.93 16.44 >3000
(60,60) 6.37 203.28 >3000
(80,80) 26.41 1269.95 >3000

(100,100) 84.24 5119.86 >3000

As with undirected graphs, the graph GOSPA metric is the
one with the lowest computational complexity, though it has
higher memory usage than the GCD.

C. Experiments on a molecular dataset
In this section, we illustrate the use of the graph GOSPA

metric on the molecular dataset in the supplementary material
of [44]. This molecular dataset contains five collections of
di�erent types of compounds and we use three collections
of them: cyclooxygenase-2 inhibitors (COX-2, 467 graphs),
benzodiazepine receptor ligands (BZR, 405 graphs), dihydro-
folate reductase inhibitors (DHFR, 756 graphs). All collections
have molecules with more than 20 heavy atoms (C, N, O,
Cl, etc.). For simplicity, we choose three molecules from each
collection, and nine molecules in total. Within each collection,
the molecular graphs have similar structures as those shown
in Figure 7.

In this experiment, we use the atomic number of each ele-
ment (or node) in the molecular graphs as the node attributes.
In addition, as there are di�erent bonds within molecules, the
molecular graphs are weighted graphs, in which the entries of
the adjacency matrices can be 0, 1, 2, to represent di�erent
types of bonds. That is, weight 0 means there is no bond,
weight 1 represents a single bond, and weight 2 represents a

TABLE IV: Memory usage over directed graphs (in MBytes).

(nX , nY ) Graph GOSPA GCD GED
(10,10) 0.79 0.77 0.83
(20,20) 10.38 2.26 11.44
(40,40) 158.77 14.83 166.14
(60,60) 787.80 46.40 1107.38
(80,80) 2473.88 108.31 4703.80

(100,100) 6008.09 244.53 14315.83
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(a) COX-2

(b) BZR

(c) DHFR

Fig. 7: Plots of three molecular graph samples from the following collections:
(a) COX-2; (b) BZR; (c) DHFR.

(a) Graph GOSPA metric (b) GCD

(c) GED (d) MCS distance

Fig. 8: Illustration of the distance matrices computed using (a) graph GOSPA,
(b) GED, (c) GED and (d) GCD for molecules from three di�erent collections.
Each collection’s metric value is separated by a solid line. Each entry of the
x and y axes is named as ‘ai‘, ‘bi‘ or ‘ci‘ where i is either 1, 2 or 3, and
represents the i-th molecule in the ’a’, ’b’ or ’c’ family in Figure 7.

double bond. We set the hyperparameters p = 1, � = 1 for
the GCD distance, p = 1, c = 3, ✏ = 1 for the graph GOSPA
metric. Both the GCD and the graph GOSPA metric use the
Euclidean distance as the base metric.

In Figure 8, we compare four di�erent graph distances on
molecules from three di�erent types of collections. The results
of graph GOSPA, GCD, GED and MCS distance are shown
in Figure 8(a), 8(b), 8(c) and 8(d) respectively. In all four
distance matrices, di�erent types of molecules are separated

TABLE V: Average distance between molecule COX-2,1-1 and 100 molecules
from each family.

COX-2 BZR DHFR
Graph GOSPA 11.78 19.15 23.49

GCD 51.58 52.17 70.27
GED 21.42 32.57 37.65
MCS 15.54 17.41 23.15

by a solid line. This implies that, in the diagonal blocks, we
are comparing the molecules from the same family, whose
distances should in principle be lower than the distances of
molecules between di�erent families. All distances manage
to keep the property, though the MCS distance has more
problems with the COX-2 family.

We now proceed to compare the molecule COX-2,1-1,
considered as the ground truth graph X , with molecules from
other collections. We use 100 molecules from each collection
and compute the average distance value for every collection. In
Table V, we show that, in graph GOSPA, the average distance
between COX-2,1-1 and molecules in COX-2, is lower than
the average distances with molecules in BZR and DHFR, as
the structure becomes more diverse to the reference molecule
COX-2,1-1. In this experiment, all considered distances work
well, though the GCD performs a bit worse for the molecules
in family COX-2.

A feature of the graph GOSPA metric is that we can analyse
the results using the metric decomposition. To this end, in
Table VI, we show the decomposition of the graph GOSPA in
the previous experiment that considered molecule COX-2,1-1
as the ground truth graph X . In the experiment, we use the
atom number as the node attribute, the localisation error can
indicate the di�erence between atom types of two molecules.
For example, suppose two molecules have similar structures,
and almost all nodes within two molecular graphs have been
assigned. In that case, the localisation error will show the
di�erence in the atom types between two assigned nodes. The
false node error shows the part that exists in the compared
molecule but does not exist in the ground truth molecule.
Similarly, the miss node error tells us some substructures exist
in the ground truth but do not exist in the compared molecule.
As for the edge mismatch cost, we can see the di�erence in
molecule structures. The di�erence in bonds types, whether
there is a bond between two assigned atoms (nodes) or if the
bond type is di�erent, they all contribute to the edge mismatch
cost.

In COX-2 collection, the false node error and edge mismatch
error are predominant in the metric value, which indicates that
the other molecules in this family have substructures that do
not exist in the ground truth molecule COX-2,1-1. In BZR
and DHFR, the metric value is mostly a�ected by the missed
node and edge mismatch cost, which suggests that there are
di�erences in the chemical structure.

VII. C���������
In this paper, we have proposed the graph GOSPA metric,

which is based on obtaining the optimal assignment matrix
between nodes, to measure the discrepancy between two
graphs of di�erent sizes. The graph GOSPA metric meets the
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TABLE VI: Decomposition of the average graph GOSPA error between
molecule COX-2,1-1 and 100 molecules from each family.

COX-2 BZR DHFR
Localisation 2.04 3.36 4.75
False node 4.94 3.45 6.74
Miss node 0.24 4.16 3.70

Edge mismatch 4.56 8.19 8.30

metric properties (identity, symmetry and triangle inequality)
for graphs with attributes and di�erent sizes. The proposed
metric has an intuitive decomposition that captures the node
attribute errors for properly assigned nodes, missed and false
node costs, and edge mismatch costs.

For metric computation, we have proposed a lower bound
to the graph GOSPA metric that is also a metric and can
be computed using linear programming with polynomial time
complexity. We have also extended this metric to weighted and
directed graphs.

A possible line of future work is the distributed implemen-
tation of the metric using for example the alternating direction
of multipliers methods (ADMM) [30], [45] or other distributed
optimisation methods [46], [47]. We are also going to explore
the use of the graph GOSPA metric in di�erent applications
such as network science and chemistry in future work.
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