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FOREWORD 

In recent years much effort h~s been devoted to the complex problems of spin-parity 

analysis of three particle systems. A lot has already been learnt from the appli­

cation of such techniques to reactions involving the production of three mesons. 

Large scale spectrometer experiments with their immense statistics are now turning 

their attention to these ?YStems. It therefore seemed timely to devote a study 

weekend to explanation and discussion of the three particle partial wave analysis 

"black box". 

The purpose of this Daresbury Study Weekend was int~nded to be somewhat different 

from its predecessors. ~le in vi ted those with practical experience of the analysis 

techniques to explain themselves to others who, in the near future, would be con-

fronted with thousands, if not millions, of events. We invited theoreticians to 

explain and discuss the validity and limitations of such analyses and what may be 

learnt from the results. Our hope is that these proceedings reflect to some degree 

the interest andexcitementof the resulting meeting and that they will be of use to 

those who are or will be involved with the study of multibody reactions. 

Neither the meeting nor the publication of these proceedings would have been possi­

ble without the generous support of the Daresbury Laboratory. In particular we thank 

Mrs. Shirley Lowndes and Miss Linda Houghton for holding our hands throughout the 

whole ~~f~~. Miss Ann Haskayne for mu~h excellent typing, Mr. Ian Sharp for help 

with proof-reading and Mr. Geoff Berry for his excellent art-work. We are grateful 

to the speakers both for their talks and for their co-operation in the preparation 

of these proceedings, and to Professor A. Donnachie for his support, encouragement 

and guidance. 

meeting. 

Roger Cashmore was of great assistance during the planning of this 

John Dainton 

Tony Hey 
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INTRODUCTORY REMARKS: 

QUARKS, MESO~ AND THREE-PARTICLE PHASE SHIFT ANALYSIS 

by 

·A.J.G. Hey 

-Department of Physics, University of Southampton 

The interest in three particle phase shift analysis 

must-surel-y derive> from the hope that it can answer 

many important questions for quark schemes of had­

rons. The following brief remarks are intended as a 

guide to those uninitiated into quark model predic­

tions for meson spectroscopy and associated out­

St:.ana1ng unanswlo!U<tl quest.iol·,.;s. 

The basic spectroscopic quark model(l) prescribes 

that-the allowed meson SU(6) multiplets (JP and 

SU(3)) are those of a quark-antiquark system- just 

a spin 1/2 fermion-antifermion system plus SU(3). 

(for the moment we ignore charm and SU(4l <2>). We 

therefore have the relations 

J = L + S p C = (-l)L + S 

where L is the total quark orbital angular momentum, 

S the quark spin (1 ~r 0) and ~ the physical spin of 

the resonance. An harmonic oscillator interaction is 

often used as some sort of guide to the expected 

meson spectrum. This is shown in fig.l where we note 

that at the n 2 level there are two L-values 

allowed. (The n 2, L = 0 state is often referred 

to as a radial excitation of the ground state.) Com-
. ( 3) 

pared with the baryon spectrum progress has been 

slow. The dismal state of confusion of the L = 1 

meson multiplet is illustrated in figs.2(a) and 2(b). 

I 3 
Fj. F4.3.2 

2 

I 3 I 3 S
0

, S1 S
0

, S 1 o_.__.L-__ _._.L_ __ ~ 
0 2 3 

n Mass 

Fig.l Harmonia osciLLator speatrum for the mesons 

Notation 25+1£ J 
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JPC I = 1 I = 1/2 I = 0 I = 0 

2++ ** A2 K f f' 

1++ AJ QA D E 

0++ * 0 K E s 

1 +-
B QB 

JPC I = 1 I = 1/2 I = 0 I = 0 

. 
** 2++ A K f f' 

1++ 

0++ 

1+- B 

Fig. 2. Status of L = 1 meson muLtipLet · 
(a) Optimistia· (b) Pessimisti_a. 

What are the reasons for this conspicuous lack of 

progress? 

One reason is perhaps obvious. The qq resonances of 

unnatural spin parity cannot decay to two pseudo­

scalar mesons, and one must turn to three meson sys­

tems - hence this meeting. The most important reason 

for the slow progress is, however, the lack of sta­

ble meson targets. Most information on two and 

three meson systems derives from the following types 

of production reactions. 



1. VIRTUAL PION TARGETS 

Using a pion or a photon beam incident on nucleons 

one may extract from the very small momentum trans­

fer data the pion pole contribution 

2. REGGEO!l TARGETS 

In these types of analyses one makes assumptions 

concerning the reaction mechanism producing the 

multimeson system. 

Unfortunately, most data derives from diffractive 

reactions involving Pomeron exchange Qnd it is here 

that one is involved in interpretation problems and 

discussion of the Deck model ( 4
). It is possible that 

non-diffractive reactions despite their small cross 

sections may have fewer "background" problems. 

In the next few years, three particle phase shift 

analysis of much high quality data from these two 

types of processes should provide some of the long­

sought answers in spectroscopy. These answers are 

important beyond SU(3) spectroscopy. For the charm 

interpretation of the 1jJ or J, and the ljl', the decays 

of the ljl' into the lp and 3p (qq) states are very 

important for the charmoni urn scheme 
(2) 

and it is . 
clear that we need to understand the SU(3) lp and 3p 

states. It is interesting that sequential decays of 

the 1jJ and ljl' involving photons will be very impor­

tant for finding new charmonium states if they exist, 

and it is possible that such methods may also be 

useful in conventional spectroscopy. For example, 

simple quark model calculations(S) indicate that 

g ~ A2 rr and g ~ A1 rr could be substantial decay 

modes. 

When we have disentangled the resonance spectrum one 

can then go on to test quark schemes for the decays 

of resonances. For the baryons, there now exists 

4 

much detailed information on Nrr, 6rr, Ny, and Np de­

cay modes. Isobar model analyses of nrrN systems have 

been vital fer testing SU(G) models in a meaningful 

way. F~thermore, SU(G)w Qnalyses can help determine 

the radial excitation structure of the baryon spec­

trum: there are indications that this may be differ­

ent from that predicted by a simple harmonic oscil­

lator model for baryons(G). 

In conclusion I list below some of the urgent prob­

lems in meson spectroscopy that we can hope to 

answer by a better understanding of three phase shift 

analysis applied to meson systems:-

!. 'l'he A 1 "crisis" and the whole SU(6) x 0(3) struc-

tur ... 

2. 'l'he helici ty structure of decays and SU {b) w 

models. 

3. The radial excitation structure. How should the 

p' (1600) best be classified? This is lmpuz·tant 

for charm schemes of the 1jJ and ljl'. 

4. Mixing systematics. So far, (w,<j>) and {f,f'), 

s = 1 resonances are magically mixed and the 

(n,n') system, s = O, unmixed. Is this simple 

corresponde~ce with quark spin a general feature? 

5. Zweig's "Twig" Rule. This forbids disconnected 

quark diagrams as in <P ~ 3rr (fig.3(a)), An exci­

ted state of the <P would enable one to test a 

subtle variant of this rule( 7
), namely <P* ~ <j>rrn 

(fig.3(b)). A possible candidate for such a test 

is the expected <P partner of the w{l675) in the 

3 nonet (OJ. 

(a) 

(b) 

Fig.3 Quark diagrams (a) for <P ~ 3rr 
(b) for <P* ~ <j>rrrr. 



The moral of these remarks is that although charm 

and SU(4) have more glamour, (not a new quantum num­

ber), understanding SU(3) and SU(6) meson spectro­

scopy is just d~ vital for real progress. 

I thank John Dainton for comments. 
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THREE MESON PARTIAL WAVE ANALYSIS BASIC THEORY 

by 

G.T .. Jones 
University of Birmingham 

1. INTRODUCTION 

In recent years, studies of baryonic three particle 

states produced in s-channel reactions such as 

" 

N 

have yielded many new resonances. The reason for 

have been applied to high-statistics experimental 

data. The resonances that have been found are, on 

the whole, very well described by the symmetry 

schemes SU(6) 0 0(3) and SU(6) . 
w 

The spectroscopy of three meson systems has not pro­

gressed so much because mesons are only produced in 

exchange processes such as 

n(k) Jn(knnl 

N N 

This makes life harder for a variety of reasons: 

usually one does not know how to parametrize the ex­

changed system; the production of the three-meson 

system is complicated by t-dependent form factors, 

to mention but two. 

Nevertheless, in the last three or four years, our 

understanding of three-meson systems produced in t­

channel reactions has increased greatly, due mainly 

to the efforts of Ascoli and co-workers at the 

University of Illinois(!-~). They developed a par-
. I 

tial ~ave analys~s in which the 'decay' distribution 

of the three meson system (a function of two Dalitz 

plot variab·les and three Euler angles) is fitted for 

density matrix elements and certain decay parameters. 

By fitting in the five dimensional space, one does 

9 

not throw away (as cne does, for exarr.ple, in a 

Dalitz plot analysis) information on the 'interfer­

ence between amplitudes for producing three meson 

states of different spin-~arity. 

More recently, a similar analysis was developed at 

LaVJrence Berkeley Laboratory ( S) . The main differ­

ence between this and the Illinois analysis is ,that 

it determines amplitudes, not density matrix ele­

ments. It is encouraging to know that these analy­

ses agree very well, at least for diffractively .pro­

duced three meson systems. 

Perhaps the most tantalising question arising from 

'these analyses is: "where is the A1 ?" A resonating 

Az has been seen again and again, but no resonating 

A1 • This, and other questions, are discussed by 

other speakers at this meeting. 

The aim of this talk is to introduce the formalism 

and thereby provide a framework upon which to build. 

2. TWO MESON PARTIAL WAVE ANALYSIS 

Experimental results on the production of many body 

systems (data summary tapes) consist of four-momenta 

from which continuous distributions may be obtained; 

for example, in the reaction nN ~ (2n)N, angular 

distributions of the pions can be plotted. From 

these distributions partial wave analyses yield in­

formation on the angular momentum states involved. 

This is what the theoreticians want because their 

models, being Lorentz invariant, give answers in 

terms of angular moment. urn sta t.es. 

One cannot do a partial wave analysis without the 

appropriate link between the continuous description 

of particle states and the equivalent discrete de­

scription. To illustrate this point let us consider 

the reaction a + b ~ 1 + 2 + 4. Where a, 1, and 2 

are mesons while b and 4 are nucleons. (Comparisons 



of 2 meson and 3 meson partial wave analyses will be 

made later.) 

a 
2 

b 

The amplitude can be written 

(1) 

<~12 M12 cf> a; ir'+ A" lui ira; i?b \) 

Here the momenta p and helicities A are taken in the 

overall centre-of-mass system, and U is a 'transi­

tion operator' which conserves angular momentum and 

parity. 

Now the 2-particle system described by ~~12 M12 cf> 6) 

is equally well described by 1~ 12 M12 J 12 A12) 

where· J 12 is the spin of the (12) -system and A 12 is 

its helicity in the overall centre-of-mass system. 

If we choose the axis of quantization to be along 

the (12)-direction of motion then A12 = m , the 

third component of angular momentum. Also for a 

decay like K*(890) ~ Kn, the relative orbital angu­

lar momentum t of the K and n is just J 12 • So 

J12 = t, A12 - m. 

The link between the continuous and discrete descrip­

tions of the two particle states is given by 

(2) 

m 
(The Y

1
's are the eigenfunctions of a quantum mech-

anical dumbell.) Expanding the expression for f 
AbA'+ 

in terms of angular momentum states we obtain_ 

tm 
(3) 

It is usual to fix ~12 O, i.e., to work in the 

(12)-centre-of-mass. For a small enough mass interval 

M1 2 is considered fixed. Also, if we are consider­

ing pure K*(890), for example, then tis fixed at 

10 

1. The expression for f can be written 
AbA'+ 

(4) 

and the cross section is proportional to 

w - L: !fA A 1
2 

AbA4 b .. , 
·..-. * 

L: m L: f* m' 
- yt (cf>,6) f yt (cf>,6) 

llllll' A'+\ 
A4m,Ab A11 m' ,Ab 

(Sa) 

L: (Sb) 
mm' 

Let us look at a specific example, K*(890) ~ Kn. If 

we incorporate the fact that parity is conserved in 

the production process the expression for W becomes 

w 3 
4n 

The density matrix elements are determined by taking 

moments or by a maximum likelihood method(G). 

It is worth noticing that Im p
10 

does not appear in 

eqn. (6) and thus cannot be determined. 

3. THREE MESON PARTIAL WAVE ANALYSIS 

With three mesons in the final state the ~gular 

momentum algebra becomes somewhat harder but the. 

ideas are more or less the same. Consider the reac-

tion 

a 

b 

where 1, 2, and 3 are spinless mesons while b and 4 

are baryons. In the helicity representation the 

amplitude for this reaction can be written 

(7) 

where the momenta i? and helicities A are taken in 

the overall centre-of-mass system (helicity is not a 

Lorentz invariant) and where U is a 'transition' 



operator which conserves angular momentum and parity. 

Equivalently, we can writ~ 

p ; 
-a 

(8) 

Here: -~ 123 = p
1 

+ p
2 

+ p
3 

=momentum of (123) sys­

tem in overall centre-of-mass; M123 = invariant 

mass of particles 1, 2, and 3; <1> 13 and 013 are the 

azimuthal and polar angles of the (13) system in the 

(123) rest frame (either the helicity system or the 

Gottfried-Jackson system can be used) ; N13 = invar­

iant mass of particles 1 and 3; ~ 13 and x13 are the 

azimuthal and polar angles of particle 3 in the (13) 

rest frame. In this description we are picturing 

tfi~ tnree par~icle s~ate 

IP M 0 M. 111 •• )( •• ). 

as two 'dumbell' systems, with particles 1 and 3 

going round each other as well as (13) and 2 going 

round each other. When we go to the equivalent dis­

crete representation, the continuous variables <1> 13 , 

e
13

, ~ 13 , and x13 are replaced by the discrete vari­

ables J, A, j 13 , and A13 where 

J spin of the (123) system; 

A helicity of the (123) system in the overall 

cen tre-of-·mass; 

j
13 

spin of the (13) system; 

A
13 

helicity of the (13) system in ~e <t23) 

rest system. 

The link between the two states 

and 

is 

{2i".;l 
v411"" 

(9) 

Expanding in terms of three particle states of de­

finite angular momentum and then changing variables 

a few times to get things into a convenient form, 

one. can show that the cross section is proportional 

to 

11 

The sum is over all possible values of JPAn~jn and 

J,P'A·n~'j'n. Full details of the various steps in­

volved are given in ref.(4). Before going on ~o say 

what all the symbols mean one should note that· this 

formula has the same form as eqn. (Sb): 

- L: with q (11) 
qq' 

In the case of the K* decay we only asked questions 

about one angular momentum quantum number, namely m, 

-· p -p 

In the reaction a + b ~ 1 + 2 + 3 + 4 we ask ques­

tions about more angular momentum quantum numbers, 

namely JPAn~jn. To see what they mean consider the 

picture. 

a 

b 

This corresponds ton= 2 i.e., part~~les 1 ahd 3 

are coupled. (The subscripts on j, A, and ~are no 

longer necessary.) 

If one sums over all allowable values of JPAn~j 
any one of the three couplings (n = 1, 2, or 3) gives 

a complete exact description of the reaction. 

Next let us consider the kinematical variables. 

(There are three more than in the case of di-meson 

production because there is one more particle!) 

The angles ~. e, and y give the orientation of the 

3-meson plane in the (123)-rest system (see ref.(4) 

for details). 



The quantities sn are the squares of the invariant 

masses of the t>Jo mesons involved in coupling n. 

The quantities s, t, and M123 are, respectively, the 

square of the centre-of-mass energy, the square of 

the 4-momentum transfer between incident and recoil-

ing nucleons, and the invariant mass of the (123)-
. ' system. Notice: 

(l) The density matrix depends on sn (i.e., it 

varies over the Dalitz plot). 

(2) The absence of~ in eqn. (10); it has been re­

placed by ~ (and there is a Clebsch-Gordan co­

efficient in 1 to ':ake care of things) . 

( 3) An N x N density matrix has N2 real numbers in 

it, and so it is clear that assumptions have to 

be made before one can start fitting data. 

(4) A new quantity n has been introduced; it is 

the eigenvalue (±l) of the reflection operator 

in the production plane 

Y. exp(- in j liP 
y 

where IP = parity operator. 

What is n? 

If one defines 

AI p ) + n e: (-1) J -A ••• ) } 

where e: = P(-l)J + 1 

l 
c 11 = ~~for A = 0 and 

c
11 

= 2 for A = O, one can replace, for example, 

basic 1+ states 11+1), 11+0), and 11+ -1) by 

ll+ 1+) =f~{jl+l) - ll+ -1 >} 

ll+ O+) 11+0) 

11+ 1-) =f~{l1+1) +11+-1)} 

(12) 

the 

Notice that in the IJPAn) states we have A >, 0. 

There are two advantages of the { I Jp An) } represen­

tation: 

(i) the density matrix is diagonal in n (provided 

that we do not measure polarization and that 

the y-axis is taken as the production plane 

normal); 

(ii) n = +1 corresponds to natural parity exchange 

and n = -1 corresponds to unnatural parity 

exchange. 

(5) Rank of the den$ity matrix is 2. 

In full, the density matrix p of eqn. (10) is given 

by 

9..~· jj 'n(n) 
p (s,t,M123 ,s ) 

P P' n 
Jlln,J' A'n 

12 

where h is the amplitude for producing a three meson 

state IJPA~jnn) and a recoil with helicity A4 ; the 

helicity of the target is Ab. 

No•.' parity conservation in the production process 

imposes the conditions 

(14) 

on the ampliLudes h. 

From eqns. (13) and (14) the density matrix can be 

written 

U'jj'n(n) 

p p P' 
J 1\q,,J' II '1'\ 

(15) 

II0\1 it i::> a mathematical fact that the matrix .N 

formed from a vector a according to the prescription 

* * * al (al a2 ..• aN) 

.w (16) 

can only have one non-zero eigenvalue. Equation (15) 

shows that the density matrix p is of the form 

p + (17) 

So, p can have at most two non-zero eigenvalues for 

a given n, corresponding to spin-flip and non-spin­

flip at the nucleon vertex. This is strictly true 

at fixed s, t, and MJ23· 

4. ASSUMPTIONS 

In order to reduce the number of unknown parameters 

to a reasonable amount several assumptions have to 

be made. 

(a) AssumeiJ s J I where J can be estimated 
1... __ .:m:::a::.x:.J max 

from a moments analysis. 



.r--

(b) For simplicity let us consider the specific \ 

reaction 

K+p + K+n+n-p (1B)
1 1 2 3 

To-emphasise the fact that the amplitude fA A can 
b 4 

be written in terms the n = 1 or n = 2 couplings we 

shall write it 

reduce the nurr~er of parameters to a realistic level. 

Consider the reaction 

K---r----O(Knn) 

p____J___P 
How many parameters would be needed if we were to 

try the hypotheses of Table 1? The answer is 49; 

f 
\;1.4 

This is EXAcr. 

1 
2 (ll + }J (19) the N x N density matrix has 49 real parameters in 

it. The list in Table 1 does not include any Kn, 

Kc, K*(l420)n, or Kf 'decay modes'. With the number 

of parameters going up as N2 the situation is hope­

less 
Assume 

2 2 
f }: + }: 

1\b;l.'+ jl j2 

(20) 

That the 1/2 is missing in eqn. (20) reflects the 

•••-• •••••.L' ·-··· -~-- -·- • .--~·· ~-----• ...... vvu ... ,~ ... au.; J:o''"".&.. 

ticular coupling are covered by the low partial 

waves in the other. 

This assumption is motivated by the observations 

that the (K-n+) and (n-n+) effective mass distribu­

tions show K*(890), K*(l420), p and f signals and 

also that phase shift analyses find that s, p, and 

d waves are enough to describe the (K-n+) and (n-n+) 

systems at low masses. 

Overlap between some or all of the n = 1 couplings 

and the n = 2 couplings corresponds to, and is 

counted as, interference between 'decay modes' 

(strictly speaking, we have not talked about any 

decays yet) • 

(c) Assume 

(21) 

BW(jn) (M.) qj(M) p.I!.(MJ23•Mn) 
n n 

Here one is adopting ~Iatson' s ( 7) idea of a final 

state interaction to factorize the Mn dependence out 

of the density .matrix (or amplitude). The quanti­

ties qj ~·d p.l!. are the usual angular momentum bar­

rier factors while BW parametrizes the mass depen­

dence of the di-meson system either by a Breit­

Wigner or by phase shifts. (This assumption vio­

lates unitarity). 

(d) These three assumptions are still not enough to 
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0 p 

-0 p 

1+ s 

1+ s 

1+ s 

2 p 

2 p 

Assume 

JP R.jnn 
h (s,t,M123l 

AAbA 4 

Table 1 

A n 

0 + 

0 + 

0 + 

0 + 

1 

0 

0 

p 
J n 

+ 

+ 

+ 

T (s,t,MJ23l 
A\;1.4 

JPR.jn 
c (s,t,MJ23l (22) 

Here we are factorizing the amplitude h into (i) a 

production amplitude T which is independent of !!., 

j, and n, and (ii) a decay parameter C which is 

independent of A, ;l.b' A'+' and 11· 

It is now possible to define new 'reduced density 

matrix elements' given by 

(s,t,M123l 

p p P' 
JAn,J' A'n 

(23) 

Now that we only have one density matrix row per 

JPAn combination, the number of parameters is greatly 

reduced. For the example considered above, the num­

ber drops from 49 to 16. In addition, there are 

three complex decay constants c to be determined. 

This makes a total of 22 parameters. (By means of a 

suitable normalization convention it is possible to 
JPR.jn P 

put one c equal to unity for every J An state 

considered.) 



Note 1. For pure resonance production, assumption 

4 is automatically satisfied. 

5. METHOD OF ANALYSIS 

5.1 Features 

'l'he quanti ties C ·and p (actually their averages over 

finite ranges of t and Ml23• and perhaps s} are de­

termined by a maxirr.um likelihood method. 

Here we mention briefly some of the features of the 

Illinoi's analysis. 

(i} The program rigorously takes account of any 

biases or non-uniform acceptances (so long as 

they are understood} . The reason for this is 

that a~ fixed s, t, and M123 a knowledge of 

$, 6, _y, s 1, and s 2 completely describes an 

event (up to a rotation}. In other words one 

can' calculate the 4-momenta of the particles 

from s, t, Ml23• $, 6, y, s 1 and ,; 2 • Thus it 

is possible, for example, to ask of an indivi­

dual event in the reaction K+p ~ K+n+n-p, 

"Does the pn+ effective mass correspond to the 

6++?,, and hence to remove that event. The 

same is done to the Honte Carlo events used to 

generate integrals. 

(ii} The density matrix is constrained to be posi­

tive definite, This is done by_ transforming 

from density matrix element space to eigen­

value and eigenvector space where the con­

straints take on a particularly simple form -

that the eigenvalues must be positive. 

(iii} By fitting in terms of all five 'decay' vari­

ables one uses up all the information contain­

ed in the event. In analyses such as moments 

analyses or Dalitz plot analyses one lutegrates 

away information (furthermore it is impossible 

to correct for biases properly in such· analy­

ses}. 

(iv} It is possible to measure some imaginary parts 

of density matrix elements. This is made pos­

sible by the presence of the imaginary parts 

of the di-meson parametrizations. The idea is 

the following. The distribution being measured 

is of the form 

* w ~ Re (pij .#i .Ajl 

(Re pij} (Re .A< .A?jl - (Im pij} (Im .Af': .Afj> 

The only complex number in.-" is in the para­

metrization of the Breit-Wigner. To measure 
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(Im pij} one must have (Im .A': .-"jl "' 0. For 

more details see refs. (4} and (8}. 

5. 2 ~/hat does one measure? 

* One actually determines products C p C' (remember 

one c for each Jp can be fixed to an arbitrary com­

plex number which J.s taken to be unity} . From these 

one can calculate (see ref.(4}}: 

(i} the number of events in a given JPAn state; 

(ii} for 11-<JJwm ,JPAn ~;tate, the nUill);)er of events 

in given decay modes and the extent to which 

they interfere; 

(iii} a 'coherence factor' which measures the extent 

to which amplitudes for producing states of 

different spin-parlty inle:i:tere; 

(iv} The relative phases of amplitudes for produc­

ing states of different spin-parity (this can 

be done only if the coherence factor is consis­

tent with one}. 

In conclusion, it is perhaps worth stating the ob­

vious - that what comes out of partial wave progrums 

depends on what is put in. The basic assumptions 

discussed in this talk are being questioned and some 

of the findings are discussed in these proceedings. 
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SOURCES OF INCOIIEP.ENCE IN. 3-BODY PARTIAL ~llWE ANALYSIS 

by 

ll . • 1. Cashme-re., 
Nuclear Physics Laboratory, University of Oxford, 

Keble Road, Oxford OXl. 3RE 

In this presen.tation l will try to define all the 

sources of incoherence that. can occur in the analy­

sis of 3-particle states in production experiments.· 

This is not meant tc be a complete and rigorous 

treatment but rather a guide. This means that the 

examples will necessarily be simple and often stupid 

Nonetheless they will contain extreme examples of 

situations that do occur. I have separated each 

origin as much as possible. In practice the true 

situation will correspond to a combination of all of 

these sources. 

The method followed is to present a model reaction 

and then see how it is dealt with by both the densi­

ty matrix approach (Illinois method) and the ampli­

tude analysis approach (SLAC/LBL method). I will 

always regard the amplitudes as true production am­

plitudes for simplicity of discussion (see 

v. Chaloupka's talk for the reathematicel generaliz:e­

tion. of this) 

The basic relationship between the density matrix 

approach and the amplitude analysis approach is em­

bodied in the relation 

nn' 
p 

n'* 
f 
+-

(1) 

where n represents any group of quantum numbers we 

consider e.g. JPLM(nK*) and ++(+-) are the nucleon 

helicities before and after the reaction. 

By incoherence we mean 

(a) (2) 

where I; < 1 . (3) 

(b) Some states n are only produced with non-flip 

and others n' are only produced with flip of the 

nucleon indices. They will then be incoherent in the 

decay distributions. This is the simplest way to en­

visage incoherence in the amplitude analysis, but 

not the only way. Application of eqn. (1) will then 

result in I; < 1. 
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The followir.g examples use Mn to represent t.he decay 

amplitude for the state n i r,to the final 3 bodies. 

It is important to remember that tt:is in nc: way de­

pends on the nucleon helicity lal::els. 

We now proceed to the exarr.ples. 

~m~: Incoherence d_!:l~rescnce of beth 

nucleon flip and non-flip indices. 

Model: Suppose "'c have state n produced 1-1i.th nucleon 

non-fli.p and state n' produced with flip. They can­

not interfere. Then the final distribution is given 

by 

(4) 

(5) 

Density ~latrix App~: Here we attempt to fit the 

distribution with a formula 

The 

i.e. 

nn' 
fit of (6) to (5) will clearly give p 

and we have incoherence. (E; = 0). 

0 

(7) 

The density matrix deals with this approach satis­

.factorily, 

Amplitude Analysis: First assume we use only spin 

non-flip waves (spin coherence) and we thus attempt 

to fit (5) with a formula of the type 

We clearly force an interference term and thus we 

will be unable to obtain a sensible fit. Thus ampli­

tude analysis with spin coherence will be disas­

trous. 



However, if we allow both flip and non-flip ampli-

tudes 

IL: Mn 12 + I L :e:~ Mn ' 12 
n' 

(9) 
n 

we can clearly obtain a good fit to (5). Thus ampli­

tude analyses must have c;t least two independent 

sets of terms. 

Example 2: Decay Coherence 

This essentially enters because one tries to reduce 

the size of the general density matrix by introduc­

ing some assumptions. These assumptions are moti­

vated by resonance domination. If we have a reson­

ance which decays into TIE and TIP then these branch­

ing fractions will be identical for all magnetic 

substates that the resonance is produced in (rota­

tional invariance) 

R / 
/" 

~( 
Thero E c 

(10) 

where fm is the amplitude for production of reson­

ance R in magnetic substate m(J) and cE, cp are in-z 
dependent of m. The generalization of (10) to non-

resonant amplitudes is my definition of decay coher­

ence. This then implies that 

P (mE) (rn' p) 

Monel: ~uppose we have 

mll\' 
p (11) 

(i) a resonance produced in the m = 1 state which 

only decays into np (with no nucleon flip); 

(ii) a 'Deck mechanism' which only populates the 

m = 0 state of TIE (with no nucleon flip). 

Then the true distribution will be given by 

Density Matrix Approach: We attempt to describe 

(12) with the form 

(12) 
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(13) 

We clearly use a formula (13) whi.ch for.c;e,; .inter.fer­

ences that are not present in the data and hence we 

will obtain an unreliable fit (which is very poor). 

Thus this form of density matrix approach gives a 

wrong answer. 

Of course ~re will preserve generality if relation 

(ll) is not imposed (with an increase in the number 

of fit parameters). 

A!npl1 tude Analysis: In this case we will fl t wi lh · 

the form 

and simply find fop !& 
p 0. 

Thus in this case the amplitude analysis will give 

immediate~y the correct result. 

Of course assumptions (10) can be made in an ampli­

tude analysis and the problems described previously 

will occur. 

Example 3z A combination of examples l and 3 to 

represent an· assumption <.:ouwJOnly made in 

the Illinois approach. 

We often consider partial waves which can lead to· 

different. final st.at.e orbital angular momenta e.g. 

1+ which can give both S and D wave Tip systems. 

~: Suppose we have 

(i) Deck model which gives only S-wave TIP systems 

in the l+O+ wave (i.e. M(Jz) = 0) with nucleon 

non-flip; 

(ii) A resonance (Jp = 1+) produced in the M = 0 

state with nucleon spin-flip and which only 

decays through the D-wave np system. 

The true distributions are then 

(15) 

Density Matrix Approach: Here we make the assump­

tion of (11) (with S and D instead of E, p) and 

attempt to fit (14) with the following form 



POO[IcSiz IMOSiz + cs co* Mos Moo*+ lcDiz IMODI 2J 

(16} 

We clearly force an interference term >~hich will re­

sult 1n unreliable fits. Note in this c<Ose He do 

not get the warning signal of ~ < 1 since we are 

only considering the en-diagonal matrix clement. The 

signature of this type of problem 1.-ill be poor fits. 

The most general form 

would give a geed fit with p
05 00 o. 

Amplitude Analysis: Here we ~Jill fit with "the form 

(18} 

and immediately find that the S-wave comes from one 

term and the D-wave from the ether. Note however it 

is essential that ene has the presence of both terms 

in the sum 

Incoherence due to binning in M and t 

Before going onto examples cf this I want to remind 

you of the distributions with which we fit. 

Density Natrix Approach 

(19} 

Amplitude Analysis 

(20} 

Example 4: Different t distributions for production 

~n1 and nz. 

~: Suppose we have the following situation 

n2 
roduc 
in this 
region 

n 1 & n2 only produced 
with spin non flip 
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and ~;e fit in a t J::jn which runs fn•rr. 0 te t~. 7h<: 

t.rue dis t.ribution in tr.e bin is 

since n 1 and n 2 can never interfere. 

Density Hatri x JlpfrOach: We clearly obtain th.o 

result 

0 

(21} 

(22} 

Thus we find that the denEity n:atrix C1pproach gives 

us the correct result. 

(Remember pn 1n2 = J L fnl fnz• dt} 
++ 
+-

Amplit~de An<>~~~: 

In this case we will force an interference term ar"3 

thus get an unreliable result. At first sight you 

r.light think we can escape by putting n 1 into spin 

non-flip and n 2 into spin flip. This would be true 

if we only had t~;o ~1aves. Ho>.•ever we only need tc 

introduce a third state n 3 to show that in general 

we cannot escape the problem in this >~ay. 

Of course we are not in general presented with such 

pathological cases and one way of escaping this type 

of problem is to deliberately expose the t depen­

dence (e.g. put in ebt or tebt in the amplitude for 

a particular partial wave} . 

It should here be pointed out that there is a warn­

ing in the density matrix approach of this type of 

check - the rank of the density matrix will increase. 

Example 5: Different phase variations in the £!?.~ 

duction amplitudes of n 1 and n 2 . 

Model: Suppose we have the following situation 

(i} n 1 production amplitude always real; 

(ii} n 2 production amplitude real for 0 < t < t 1 
-
_· t2 and imaginary for t 1 < t < t 2 where t 1 2 

(and the amplitudes are the same size and constant}. 

Moreover ~uppose that in (19} and (20} Mn1 Mnz* is 

only real. Then only in 0 < t < ~~ will we find any 

interference effects. The true distribution in the 

bin is 

(23} 



Density Hatrix Approac~.= This is fine we just get 

an off-diagonal element pntnz* which implies ~ 1 
2 

lilllJ2li tude Anal;~:sis: Here we run into problems be-

cause ~~e specify the size of the interference term 

fn2 no* 
i.e. would be big. as f ~ ' it twice as Thl.!S we 

get an unreliable result. 

Once again you might think we can escape by putting 

~ fn2. in the first term of (20) and ~ fn 2 in the 

second tei'IIl. 'l'his would work. However introducing 

a third wave n 3 ·would lead to problems from >~hich we 

could not escape. 

Exalllples 4 arid 5 have been pathological in origin. 

However we do meet these types. of problems in prac­

tice: 

(i) different t distributions are common for dif-

ferent waves; 

(ii) different phase variations with t are quite 

common, e.g. pure imaginary diffractive pro­

duction (l+) and Regge phases (e.g. for the 

Azl. 

Examples 6 and 7 

These are repeats of 4 and 5 with t replaced by M, 

i.e. all the same sorts of incoherence can arise 

from variations within mass bins as well as t bins. 

'l'he incoherences of examples 4, 5, 6 and 7 are due 

solely to binning. If we could go to infinitesimal 

bins we would not have these problen:s. The problems· 

are reduced however by explicitly demonstrating the 

various n:ass and t dependence of the an:pli tudes and· 

their phases. 

All of these effects will result in an increase in 

the rank of the density matrix. They can be coped 

with in an amplitude analysis only by increasing the 

number of incoherent terms (see V.Chaloupka - these 

proceedings) . 

Example 8: Resolution Effects 

I just re~ark here that incoherence can also be due 

to finite ·experimental resolution - a fact discusse: 

by Chaloupka in these proceedings. 

Example 9: Bad parameterization of the model 

If one uses >~rong decay amplitudes, e.g. Brei t-Wigner 

phases, this ·can again result in apparent incoher-

ences. 

10 

Summary: In summary we see that there are many po­

.tential· sources of incoherence. They are usually 

identified by poor fits and/or increase in the rank 

of the density matrix. However once identified the 

sources can in general be explicitly demonstrated 

in the fi tt"ing amplitudes and many of the problems 

removed. 

Finally it should be stated that generally life is 

not as bad as these examples could imply. 

I must thank G. Thompson for reading these notes and 

f.:n: di:;o.::ussions CJn the Illinois progrMl. Any re­

m~1n1ng 1nooncrcnoc 10 auc ~o1c1y ~o me! 
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RESULTS OF 3n ANALYSES BY THE ILLINOIS GROUP 

by 

U.E. Kruse t 
Max-Planck-Institut fur Physik und Astrophysik 

Munich 

INTRODUCTION 

This summary presents some of the results from the 

partial wave analyses carried out on the 3n system 

by the Illinois group. Many people have worked on 

the analyses described: G. Ascoli, D. Brockway, 

B. Crawley, R. Cutler, L. Eisenstein, R. Hauft, 

J.D. Hansen, M. Ioffredo, L.M. Jones, R. Klanner, 

T. Roberts, P. Schultz, B. Weinstein and H.W. Wyld. 

Also many experimental groups have generously con­

tributed data which made these analyses possible; we 

have therefore been able to examine data from bubble 

chambers for beam momenta between 5 and 25 GeV and 

from spectrometers for beam momenta of 23, 25, and 

40 GeV/c. This summary is divided into six sections. 

The first section is a description of the resolution 

of the 3n mass spectrum into partial waves, and the 

next three sections describe the A2 , A1, and A3 pro­

perties. In the fifth section, some results from a 

.. e;tudy of a Roggoir<:ed Dealt model ;:~re preoented, and 

in the sixth section results from an examination of 

a Regge amplitude for A2 production are given. 

1. RESOLUTION OF THE 3n SPECTRUM INTO PARTIAL WAVES 

Figure 1 shows the 3n mass spectra produced in the 

reactions n-p + n-n-n+p as seen in a series of 

bubble chamber experiments. In the figure, the low 

incident momentum data include experiments at 5, 7 

and 7.5 GeV/c, the high incident momentum data come 

from experiments between 11 and 25 GeV/c. The 

Illinois partial wave method, which I shall call FIT, 

has allowed us to resolve these mass distributions 

into the various partial waves. In fig.2, the con­

t.ributi.ons of the large states with JP = 0-, 1+, 2-, 

2+, and 3+ are shown for the data with high incident 

momenta(!). The peaks in l+(Al), 2+(A2}, and 2-(A3) 

are now seen and in the next sections some of the 

important features of these enhancements are given. 

The A2 results will be presented first since they 

ton leave from University of Illinois, Urbana. 
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exhibit the features expected of a resonance, 

followed by the results for the A1 and A3. 

Our analyses were carried out in terms of the den­

sity matrix elements and decay amplitudes. From 

these densit~.matrix elements amplitudes and phase 

differences between amplitudes can be determined 

using 

PJPl,JPl 

PJP2,JP2 
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In these expressions R1 and a 1 are the magnitude and 

phase of the amplitude for the state 1 with spin­

parity JPl and similarly R2 and a 2 for another state 

2 with spin-parity JP2. The factor E measures the 

coherence between the two states. 

We have used these prescriptions to obtain the 

values for the intensities R2 and relative phases 

(a1 - a2l which will be shown in some of the follow­

ing figures. For a simple Breit-Wigner resonance 

without background, we expect to see a strong shift 

in the phase a1 of the resonant state as we go 

through the peak of the enhancement. In any real 

case, the variation of the phase a 2 of ~e non­

resonant reference state can distort the behaviour 

of a1 - a2 even for a simple Breit-Wigner resonance. 

We therefore have tried to plot those relative 

phases which are reasonably determined in order to 

find the common contribution of the phase a 1 of the 

partial wave JPl being examined. 

2. A2 

In fig.3 are shown the intensity of the 2+D(pu) 

state and the relative phases of this state with re­

spect to l+P(Eu) and l+S(prr) as observed in u-p in­

teractions at 40 GeV/c(
2
). The curves shown give a 

relativistic D wave Breit-Wigner fit to the data. 

The A2 thus gives a beautiful example of a simple 

Breit-Wigner resonance. 
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By performing the partial wave analysis on data from 

different incident beam momenta, we can obtain the 

dependence on incident momentum for the production 

cross section of the Az with pon- decay. In fig.4, 

the natural parity exchange contribution from 

do/dt(p 11 + p 1_ 1l and the unnatural parity exchange 

contribution from do/dt p
00 

and do/dt(p
11 

- P
1
_

1
l 

are shown as a function of incident momentum. The 

lines represent fits of form p~~~ 15 
and p~~c· We 

will return to a discussion of the behaviour of the 

natural parity exchange component in sect.6. 

3. A1 

The A1 or 1 + enhancement near 1. 2 GeV is more com­

plicated than the A2 • The situation is summarized 

in fig.S using the data from ref. (2). The intensi­

ties of the various states show that only l+S(pn) 

shows a significant enhancement in this region; l+P 

is relatively smooth and l+D is negligible. The 

states 0-S, l+P, and 2-P should provide reasonable 

references for phase variations of the l+S state. 

There is no evidence for a systematic phase varia­

tion of l+S that we might expect for a simple reson-

1
25GeV/c 

n-p- n- n- n• p combined 4 0 GeV/c 

(CERN-IHEP 1972) 
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ance. The analyses of other n p experiments agree 

well with these conclusions. 

The A3 near 1.65 GeV shows a strong enhancement only 

in the 2-S(fn) state. In fig.6 the overall 2- wave 

and the contributions from 2-S(fn) and 2-P(pn) are 

shown for the high incident momenta n- (11-25 GeV/c) 

of ref. (1). The A3 has also been studied for n at 

40 GeV/c( 2 ) and n+ between 8 and 24 GeV/c( 3 ' 4 ). 

There appears to be general agreement that only 

2-S(fn) shows a significant enhancecent, however the 

experiments show different results for the phase 

differences. The comparisons are given in fig.? for 

n p bubble chamber results from 11-25 GeV/c( 1
), for 

n-p spectrometer results at 40 GeV/c( 2), for n+p 

bubble chamber results at 13 GeV/c( 3), and for n+p 

bubble chamber results at 8, 16, and 24 GeV/c( 4). 

Then+ data analyses( 3 •
4

) were carried out by other 

groups using the FIT program. In fig.? we see that 

there is general agreement on the 2-S - 2-P phase 

difference; no significant variation is found by 
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any group. The n p data show no significant varia­

tion for the other phase differences, however the 

n+p data do indicate phase increases of 2-S relative 

to some of the other phases. Differences in back­

ground, e.g. 6•~ production, may be the source of 

the apparent discrepancy. It would be desirable to 

clarify this question with high statistics experi­

ments at high incident momenta where the backgrounds 

from 6++ should be less significant. 

5. I<EGGEIZED DECK MODEL 

A Reggeized Deck model has been explored in the hope 

of clarifying our understanding of the 3n system 

outside of the resonant A2 wave. This work appears 

in two parts. In the first part(S) .a partial wave 

analysis is made of our amplitude in the Deck model 

and the results of the amplitude analysis are. com­

pared with the results of the usual FIT program 

applied to Monte Carlo events generated according to 

the Deck amplitude squared. In the second part(G) 
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Monte Carlo events generated according to the Deck 

amplitude squared are compared with experimental 

events in the A1 and A3 regions. In both parts, the 

Deck amplitude is calculated using on-shell nn scat­

tering and on-shell np scattering togetfier with a 

Reggeized n exchange as indicated in fig.S. 

From the partial wave analysis of the Deck amplitude 

in the first part, we can obtain a direct prediction 

of the magnitude and absolute phase of the various 

partial wave components. In fig.9, the behaviour of 

the l+S(pn) part of the Deck amplitude is shown as a 

function of W, the mass of the 3n system, and ~ 

the mass of th& n+n- &y&t&m. We note that th~ phas~ 

varies only slowly throughout the A1, A2 mass region 

and that the phase of the l+S state at the mass of 

the A2 is roughly 155° We will refer to this value 

again in sect.6. The behaviour of the other impor­

tant amplitudes are given in ref. (5). The results 

from the amplitude analy~is were then compared to 

the results of the partial wave fitting program FIT 

applied to a set of Monte Carlo events generated 
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+1-2 

A· On- Shell n- n scattering 

c: On- Shell n -p scattering 

B: Reggeized n exchange 

Fig.B Diagram for Reggeized Deck model for there­
action n-p 4 pn+n-n-. 

according to the Deck amplitude squared. The results 

show that the program FIT obtains the general fea­

tures of the important states up to a 3n mass of 

1.4 GeV. There are however discrepancies in rela­

tive phases involving En states for 3n masses above 

1.4 GeV. Also for the l+S(pn) decay in the A1 re-· 

gion the amplitude analysis gives a sharper peak 

than does FIT. 

In the second part of our Deck model study(G), a 

large set of Monte Carlo events were generated 

according to the model and compared with events from 

the experimental data. In this part, an additional 

small term was added in the Deck model to include 

n n scattefing at the upper vertex. The Monte Carlo 

events were then compared to the experimental events 

by plotting various distributions and b~ comparing 

partial wave analyses for both sets of events. In 

flg. 10, the 3n mass distribution comparison is shown. 

In this comparison there has been no normalization 

of the model. We see that the general agreement is 

good including the absolute magnitude. Our Deck 

model however produces an A1 which is wider than the 

AJ seen in the experimental data. On the 3n mass 

plot this is not immediately obvious since the com-
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bination of AJ and A2 in the experimental data simu­

late the wider A1 in the Deck model. Thus our Deck 

model is too large in the A2 region, also it does 

not give a large enough A3 signal. In fig.ll, the 

n+n- mass distributions are compared for events in 

the AJ region and in the A3 region. Here the Deck 

model curves were normalized to the data to facili­

tate comparison. The agreement of the shape for the 

AJ is good, however for the A3 it is clear that the 

model does not produce enough f events. 

Figure 12 gives some of the comparisons of the par­

tial wave analysis applied to our Deck model events 

and to experimental events. The Deck model results 

are shown as smooth hand drawn curves, the experi­

mental results are given by the points with errors. 

The Deck model gives more o than does the data, 

and, as mentioned above, the 1+ is wider in the 

model than in the data. The relative phase of l+S 

and l+P agrees well and a more detailed examination 

has shown that the Regge signature factor for the 
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6. A2 PRODUCTION AMPLITUDE 

We have compared a simple Regge model for the A2 
production amplitude with the data( 7). The Regge 

modal assumes Pomeron and f exchange for the natural 

par..i.t.:y part of. the A 2 production. We thus I.ISed fo~ 

the nucleon non-flip amplitude 

At .af(t) - inaf(t)J 

+Kef(...!!....). e 
2 

. so 

with C, K, ~ and Af as free parameters. We used 

s
0 

= l Gev2 and the trajectories~= l + 0.36t, 

af = o·. 56 + o. 86t. 

The differential cross section is related to the 

amplitude given above by 
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We fitted the 1T p + A2P data from 
. + - -

1T P + 1T 1T 1T p (plab = 5-40 GeV). A satisfactory fit 
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to the data (X2/NDF 10.5/11) was obtained as shown 

in figs.l3 and 14. 

The parameters of the fit are: 

c = 1120 ± 300mb ~ 3.5 ± o.5 Gev- 2 

K 1.5 ± 0.7 A = f 
-o.5 ± o.a Gev-2 

In fig.l4, the solid curve rep~esents the fit with 

K > 0 while the dashed curve represents a fit with 

K < 0. 

We can compare the relative phase of the A1 and Az 

amplitudes from the models with the relative phase 

found in the data. For the A1 amplitude we take the 

results of the Reggeized Deck model shown in fig.9 

and for the Az amplitude we can consider the ampli­

tudes with K > 0 and K < 0. The situation for K > 0 

is shown in fig.l5 where the A2 amplitude lies near 

105° for 5 GeV/c incident momentum and moves towards 

90° as the incident momentum increases and the f 

contribution becomes less important. For K < o, the 

f contribution points in the opposite direction, 

hence the A2 amplitude has phase less than 90° and 

this phase now increases towards 90° as the incident 

momentum increases. In fig.l6, the corresponding 

phase differences are shown; solid lines indicate 

the K > 0 choice, dashed lines the K < 0 choice, and 
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the points indicate the experimental data. The data 

favour the K > 0 choice where the overall agreement 

is reasonably good. 
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ABSTRACT r A spin-parity analysis of the low mass 3n system 

producea in the reaction n+d + n-n+n+d has been per­

fopne9 ~~ing data from an exposure of the CERN ?.m 

bubble chamber to an+ beam of 4 GeV/c momentum. Un­

natural parity states predominate, 1+ being much 

reaction also proceeds ·by pure isospin zero exchange. 

The data come from 700,000 pictures of 4 GeV/c n+d 

interactions in the CERN 2m bubble chamber. A sam­

ple of 3847 four prong events fit reaction (3) with 

a chi-squared probability greater than 0.1%. At 

more significant than 0- and 2-. The Jp = 2+ contri- t = tmin' where t is the four momentum transfer 

2 )~. (_ .... )!squared between bution in the Az region was found to be (5 ± ~~~:I 
1 recoil deuteron 

the target and recoil deuterons, the 

will travel along the beam direction 

The three-body partial wave analysis technique dev­

loped at the University of Illinois(l,zl has been 

widely used to examine the properties of the 3n sys­

tem recoilin9 off a proton( 3
'

4
) in the reactions 

(1) 

and produced off nuclei ( 5 ' 6 ). The spin-parity struc­

ture has been found to be similar in each case. The 

3n system is produced mainly in unnatural parity 

states (0-, 1+, 2- •.• ),being dominantly 1+ with 

lesser contributions from the 0- and 2 states. How­

ever, there are differences in the production of the 

?.+ !'ltatP.. Some ?.+ contribution is found in reaction 

(1) and in the coherent nuclear reactions of ref. (6 ), 

but none is seen (5 ) in the reaction 

- - - + * TI C + TI TI TIC (4.44) (2) 

which proceeds via pure I 0 exchange. 
... 

In this paper we present results on the spin-parity 

structure of the 3n system produced in the coherent 

deuteron reaction 

+ - + + TI d + TI TI TI d (3) 

at 4 GeV/c. Since the deuteron has isospin zero this 

Presented by B.J. Stacey. 

tNow at Westfield College, London. 

2.9 

in the laboratory system with a momentum of less 

than 130 MeV/c when the 3n system has a mass of less 

than 1.0 GeV/c 2 . In order to avoid any loss of slow 

deuterons which are not seen in the bubble chamber, 

we have therefore selected the 2321 events which fit 

the reaction 

~+d .... + +-.. n n n n ps (4) 

with an unseen spectator proton and which have a psn 

effective mass less than 1.9 GeV/c2 . These have been 

refitted as coherent events with an unseen deuteron, 

yielding 763 acceptable fits. It is estimated( 7
) 

that the contamination from reaction (4) in our co­

herent sample is less than 10%. 

Figure l(a) shows the t' distribution, where 

t' = t - t . , for all of the coherent events. 
ml.n 

Those with an unseen deuteron are shaded. By fitting 

a function of the form Aexp(-blt' I> to the distribu­

tion in the range 0.025 < It' I < 0.1 (GeV/c) 2 , a 

value of (33.0 ± 1.4) (GeV/c)- 2 was obtained for the 

slope parameter b. When the events with an unseen 

deuteron are included this exponential function 

gives a good description of the data down to It' I =u, 

which would be expected for a coherent reaction 

which is dominated by diffraction processes. 
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The effective mass distribution of the rr+rr+rr- sys­

tem for our total coherent sample of 4610 events is 

shown in fig.l(b). 

The Illinois partial wave analysis was used to de­

termine the spin-parity structure of the 3n system 

in the mass range 0.8 - 1.6 GeV/c2 , for events with 

It' I < 0.1 (GeV/c) 2 . In this analysis the decay 

distributions of the 3rr system, assumed to decay 

via a dipion intermediate state, are fitted to sets 

of states JPLMn, where~ represents the spin-parity 

of the 3rr system, L is the relative angular momen­

tum of the dipion and the third pion, and n is the 

naturality of the exchanged particle. In our 

analysis the Gottfried-Jackson frame was used to 

define the quantization axis, and the following 

basic set of states was fitted: 

0-SO+ (Err), 

l+PO+(Err), 

- + 0 PO (prr), 

- + 2 PO (prr), 
- + 

2 DO (Err). 

and an incoherent is6titop1e oaekqroun<1 (r'LAT). 

Thio oct was chosen on the basis of the results oh-

tained in analyses of reactions (1) and (2). In 

addition all other possible states with spin one or 

two and some spin three states were considered to 

see if they were required by the data. 

The contributions of the various Jp states as func-

tions of the 3rr effective mass are shown by the 

c.:L·u,;,;es in fig. 2. The continuous lines show the 

results l 4 J of the fits to re11ct:.i.on (1) and the black 

circle::; the rcoults(s) from fits to reaction (2) 

both normalized to the total numl.Je:r of events used 

in our analysis. It is seen that the results for 

production off deuterons are similar to those ob­

ta1necl tor production off carl.Juu. The 3u :o_y:;Lem io; 

produced almost entirely in unnatural parity states 

with 1+ dominant and smaller contributions from 0-

For the 0 state the Err contribution is 

dominant, whereas the 2 state is mainly prr. In the' 

case of Jp = 1+ prr is more important than Err but 

there is an inherent ambiguity between these two 

contributions, partic1larly at small 3rr effective 

mass(el. 

The number of events in the Jp = 2+ state in the A2 

region (1.2-1.4 GeV/c2) is small, being (5 ± 2)% of 

the total, and is due almost entirely to the contri­

bution of the 2+Dl+(prr) state. All other states 

added to the basic set were found to be even less 

important than the 2+ state. 
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The results of the analysis were not significantly 

changed 1~hen 

(i) events which could be affected by a drr+ en­

hancement at about 2.2 GeV/c were removed, 

(ii) the s-wave rr-rr+ system was parametrized by the 

CERN-Munich( 9 ) phase shifts rather than a Breit­

Wigner of mass 810 MeV/c2 and width 550 MeV/c2, 

It has also been checked( 7) that the small amount of 

We would like to thank Professor D.C.· Colley and 

Dr. G. Kalmus for their support and encouragement. 
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ABSTRACT 

r- A detailed analysis is presented of the Reggeized 

pion exchange Deck model for processes of the type 

ap ~ A*N ~ (a*n)N, where a = n, K, or nucleon and 

a* = p, K*, or 6. Predictions of the model for both 

production and decay properties of the low mass sys­

tem A* ~ (a*n) are derived and contrasted with data. 

Diffractive as well as charge exchange reactions are 

treated. The role of pion exchange in generating 

(a*n) enhancements near threshold and their proper­

ties is examined from several points of view. 

Characteristic exchange effects and quantum number 

properties (e.g. cross-overs) of the pion exchange 

Deck graph are shown to be verified in the data, but 

this graph alone is inadequate. The failures all 

point to the need for a second graph, having a* ex­

change properties. The contribution of a* exchange 

is roughly equal to that of the n-exchange graph. 

1. INTRODUCTION 

1.1 General 

The apparent absence in nature of resonances with 

spin-parity JP = 1+ quantum numbers remains an out­

standing mystery, and a source of malaise for quark 

model proponents(!). Well-known enhancements are 

present in mass-distributions, for example the 

J 

A1 ~ 3n and Q ~ Knn, which are candidates for the 

desired JP = 1+ nonet. These enhancements are known 

also to be dominantly, although not exclusively, in 

the JP = 1+ partial waves( 2 ,J). The difficulty with 

their acceptance as resonances is two-fold. First, 

the phase shift of a resonant wave should increase 

by 90° as the mass is varied through the resonance 

region. The existing 3 particle spin-parity analysis 

tWork performed under the auspices of the U.S.A.E.C. 
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programs extract phases from the data which show es­

sentially no variation with mass of the dominant 

JP 1+ phase shift, relative to the other partial 

waves(
2

•
3
). The strength of this conclusion depends, 

of course, on the competence of the phase-shift 

analysis programs to extract the true phase varia­

tion of a (perhaps) broad resonance located near 

threshold. Questions have indeed been raised regard­

ing this competence, and also concerning th·e theore­

tical reliability of the isobar assumptions built 

into the programs( 4). 

The second argument against a resonance interpreta­

tion is that a substantial non-resonant JP = 1+ en­

hancement is expected from simple one pion-exchange 

Deck graphs(S,G). This dynamical mechanism for pro­

ducing a non-resonant JP = 1+ enhancement seems so 

straightforward that it undoubtedly contributes at 

least some of what is observed. 

The Deck graph explanation is that the low mass en­

hancement results from the effect of exchanges, 

rather than as a manifestation of direct (s) channel 

dynamics. 

It should be stressed from the start that the total 

observed JP = 1+ enhancement could well be a sum 

(including interferences) of a resonant and of a 

non-resonant Deck component. ~f the i+ Deck back­

ground is, say, 3 times as great in amplitude (10 

times in cross section) as the 1+ resonance, then 

the phase shift programs may well not be capable of 

extract~ng the resonance. Much greater statistical 

accuracy in the data and perhaps more clever methods 

of analysis would seem required to disentangle 

these options. 

In this article I espouse the Deck (i.e. the ex­

change model) interpretation, and try to suggest 



tests of its suitability. However, it seems to me 

that the case is not closed against 1+ resonances 

produced with cross sections of the size desired(l) 

(c. f. Section 4.3). 

1.2 The Deck Model 

The Deck model has appeared in different disguises 

in the literature(S,G). Perhaps the best general 

context in which to place it is the framework of 

double-peripheral models for reactions in which two 

particles enter and three emerge( 7
). Nevertheless, 

in keeping with the currently popular applications 

of the Deck model, I introduce the subject differ­

ently. I try to motivate the model by an invitation 

to examine the possible importance of pion-exchange 

in inelastic reactions. Although the pion exchange 

graph is only one of the candidates, if one thinks 

in the more general double-peripheral framework, its 

unique appeal is based partly on the belief that the 

pion's coupling is large, since the pion pole singu­

larity is so near the physical region. Moreover, 

its propagator is presumed "well-known", so that mo­

mentum transfer dependences are approximately pre­

dictable. The greatest support is that the pion­

exchange graph seems to work. Extensive analyses by 

the Illinois Group of the reaction rrp ~ (3rr)p con­

clude that essentially all aspects of the data they 

examined are reproduced(S). However, in spite of 

this success, there are troubles for the rr-exchange 

Deck model, both theoretical and phenomenological. 

Other graphs appear to be required to resolve these 

difficulties. In this expose, I will examine the 

Deck model's successes and failures for several re­

actions, as well as some of the consistency problems 

faced on the theoretical side. Further experimental 

checks are proposed. 

1.3 Reactions Studied 

I will explain in some detail how the model is em­

ployed to describe the production and decay charac­

teristics of A* in reactions of the form 

Here, a 

ap ~ A*N ~ a*rrN 

+ 
maybe any one of the set (K-, 

± 
rr ' 

p, p, n, and so forth). Correspondingly, a table 

can be made: 

(1) 
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a A* a* 

K .Q K*ago 

K L K*1420 

rr p 

rr f 

rr g. 

N "N* (1300)" N 

N "N*(l460)" 

If N = p, these processes all fall into the general 

class of inelastic diffraction dissociation reac­

tions, Their experimental characteristics are simi­

lar, so that: it: suffices to treat the general pro­

cess (eqn. (1)), except that numerical calculations 

require specification of ~ppropriate masses. I will 

alec report on "chargee exehang@ D@ck model" calcula­

tions, for which N in eqn. (l) is a neutron. Detailed 

experimental study of these "charge-exchange reac­

tions", including a spin-parity determination of 

their enhancements, is of critical importance. 

It will be noted that all processes listed above are 

"beam dissociation" reactions, which means, in the 

pion-exchange Deck model, that the production of A* 

in ap ~ A*p is a reflection of pion-target (e.g. 

pion-nucleon) elastic scattering. There are, of 

course, also "target dissociation" processes of the 

types 

aN ~ a(rrN) 

aN ~ a(nnN) 

in which a rr elastic scattering plays a dominant role. 

I discuss such reactions also, but in much less 

quantitative detail. 

From the Deck model point of view, the properties of 

the enhancement at low (a*rr) mass in reaction (1) 

are reflections of the properties of exchanges. Thus, 

it is essential to be on the lookout for direct evi­

dence in the data for characteristic features of ex­

changes, and for tests or indioationc of the quantum 

numbers of specific exchanges. My conclusions are 

that the data at small values of (a*rr) mass do show 

evidence for exchange effects, particularly in the 

decay angular distributions, and that the quantum 

numbers of these exchanges may be determined by sym­

metry tests (e.g. polarizations, cross-overs) sim-



ilar to those previously used successfully in stud­

ies of much simpler reactions. 

1.4 Outline 

In Section 2, the Deck model amplitude is presented 

and criticized. Numerical parametrizations are 

give11. 

In Section 3, characteristic model predictions for 

the production of A* in ap + A*N are derived and 

compared with data. These include the enhancement 

generated near threshold in the na* invariant mass 

distribution (Section 3.1); the magnitude and energy 

dependence of the integrated cross section (Section 

3.2); the systematic behaviour of the slope of the 

production diHerentHtl cross se~tion aa/cn: as a 
pN 

function of s, the mass Ma*n' and A* decay angles 

(Section 3. 3) ; and polarizations (Section 3. 4) • 

Section 4 is devoted to the decay aspects of A*+ na*. 

These include the spin-parity content of the A* sys­

tem, for both "diffractive" and charge-exchange pro-

'duction (Section 4.1); a critique of the role of 

pion exchange (Section 4.2); the matter of whether 

t-channel or s-channel helicity conservation is pre­

ferred (Section 4.4); and the dependence on mass of 

the absolute and relative phases of the different JP 

states (Section 4.5). 

Inasmuch as some readers will be more interested in 

decay questions and little concerned by production 

properties, I have tried to write Section 4 so that 

it may be read independently of Section 3, and vice­

versa. Nevertheless, it must be stressed that the 

Deck model does not "factorize". Production and de­

cay are correlated, in that different regions of the 

"decay angular distribution of the object with mass 

MA*" have different production properties, and vice­

versa. I try to spell-out what some of these corre­

lations are, and how they may be seen by experimen­

tal selections not yet tried, to my knowledge. I am 

particularly fond of a selection on the s-channel 

azimu~1al ~1gle $c in A* decay, for reasons e~­

plained in ~ections 3.3 and 4.2. 

An Appendix is included in which I derive various· 

useful kinematical relationships. 

gathered in Section 5. 

Conclusions are 
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2. DECK G!U'.PHS AND PARAMETRIZATION 

The pion-exchange Deck graph is drawn in fig.l(a). 

It represents production of a system a* by n-exchang~, 

followed by elastic scattering of the pion from the 

nucleon target. It is relatively well-known that 

this diagram generates an enhancement near (a*n) 

threshold in the mass distribution da/dMa*n" 

p 

2 3 

a b 
(c) 

Fig.l The pion exchange (a) and a* exchange (b) 
Deak graphs for the reaction ap + a*nN. The 
ovals represent the fUZZ elastic scattering 
amplitudes. In (a), a general double peri­
pheral graph is draL<Jn for the reaction 
ab + 1 2 3. Symbols a 1 and a 2 denote trajec­
tories. 

One of the more important conclusions of this inves­

tigation is that the threshold enhancements cannot 

be described successfully only in terms of pion ex­

change Deck amplitudes. Indeed, ·if ·one adopts the 

notion of an exchange model description of the low 

mass (na*) enhancement in ap + (na*)N, it appears 

necessary to use both n exchange and a* exchange 

graphs, as drawn in fig.l. In the usual parlance, 

this means both t-channel and u-channel exchanges in 

the scattering process a R + a*n, where "R" denotes 

some effective exchange at the pN vertex. 

The n exchange graph is relatively easy to parame­

trize, although ambiguities do exist. The formalism 

of the a* exchange graph is much less certain •. More-



over, once two graphs are involved, questions arise 

regarding interferences, double-counting, and so 

forth. 

In this section, I discuss the detailed parametriza­

tion of the rr exchange graph only. I will not write 

down any explicit forms for a* exchange. The con­

clusion that rr exchange alone is insufficient is 

based on contrasting some salient predictions of the 

rr exchange graph with data, in Sections 3 and 4. 

Most if not all of these discrepancies with data 

could be removed by inclusion of the a* exchange 

graph. This latter conclusion is based on the quali­

tative behaviour expected for a* exchange, as I wil'l 

discuss. 

2.1 The Illinois Graph 

I treat the reaction ap ~ (a*rr)N, which is only a 

selected portion of ap ~ (arrrr)N. Because a* reson­

ance is a large fraction of the (arr) scattering am­

plitude, I describe a correspondingly large fraction 

of the full reaction ap ~ (arrrr)N. To try to account 

for all, one could instead parametrize the graph 

shown in fig.2, in which the a* resonance is re­

placed by the full (arr) scattering amplitude. This 

is what is done in the Illinois analyses of the rr 

exchange Deck amplitude(B). 

Fig. 2 A pion exchange Deck graph for ap ~ arrnp. The 
ovals represent the eLastic scatterings 
arr ~ arr and rrp ~ rrN. 

Obviously the Illinois procedure results in a more 

complete fit to the data, but I believe the essen­

tial points of agreement and disagreement between 

the rr exchange Deck graph and the data are not 

affected. Thus, instead of facing the full 2 to 4 

body process ap ~ (arrrr)N, I restrict myself to the 

technically simpler 2 to 3 body reaction ap ~ (a*.rr) N. 
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2. 2 Variables 

Five independent kinematic variables are required in 

the description of a 2 ~ 3 body process, such as 

ap ~ a*rrN. I select the set of invariants 

s = M2 ; s = M2 ; rra* rra* rrN rrN 
are illustrated in fig.3. 

tpN' taa*' and s. These 

I will introduce other 

related sets when I discuss decay properties in 

Section 4. 

s7Ta* 

__J--

Fig.3 Diagram iLLustrating the kinematic variabLes 
for ap ~ a*rrN. 

2.3 Pion Exchange 

Practical readers interested only in l:.l1t! answer are 

urged to skip to eqn. (8). The following is a detailed 

boring discussion of the content of eqn. (8). 

The essent.ial physics of the rr exchange Deck graph 

drawn in fig .1 (a) is representt!d by the amplitude 

A 
rr 

g 

(m2 - t ) 
1r aa* 

(2) 

where the coupling constant g at the rraa* vertex is 

discussed below. The pion-exchange propagator 

accounts for the factor (M2 - t *)- 1 , and the ampli-
rr aa 

tude ArrN(srrN' tpN) represents the off-shell scatter-

ing rrp ~ rrN. 

Note that spin-indices are omitted here, but they 

may be reintroduced if one wants to discuss polariz­

ations (Section 3.4). 

AS written above, the amplitude Arr shows no explicit 

dependence on either s or srra* Heggeization of the 



pion introduces dependence on sna*' as discussed 

below. 

The use of exchanges to describe the dynamics at 

small values of (a*n) invariant mass is surely open 

to criticism. In the same spirit in which they are 

used in elastic phase-shift analyses, one might 

imagine employing exchanges at lmr (a*n) mass to de­

scribe the (small) high partial waves, and then try 

to extract the dYnamically more interesting lower 

waves from data. This is a fine idea, but for the 

fact that in the -.i.nefl:as.tic. reaction ap + a*np, the 

peripheral pion exchange actually generates predom­

inantly the large s wave system. This conversion of 

the pion's role from the highest to the lowest par­

tial waves is a direct consequence of the inelastic 

kinematics, ilnn of thP. .fnr.t. t.hilt. foll.nwi ng it,<; ev­

change, the exchanged pion undergoes diffractive 

scattering from the nucleon. This marvellous phen­

omenon is explained in Section 4.1. 

I employ exchanges at low sub-energy without further 

apology. 

Various prescriptions are possible for "taking the 

pion off-shell" in the amplitude AnN' I adopted one 

method and did not investigate others. I construct 

AnN from on-shell nN elCistic datCI. The off-slu;.ll 

pion is imagined to have only spin and helicity zero. 

The on-shell ·nN amplitude is evaluated from Saclay 

phase shifts(
9

) up to MnN = 2.6 GeV, and from a mul­

tipole Regge fit(lO) for higher MnN' I obtain AnN 

at a given value of MnN and of the scattering angle 

8. from the incident to final nucleon. In the on-pN 
shell case apN is the usual c.m. scattering angle. 

For the inelastic process, 8pN is the scattering 

angle from p to N in the final nN rest frame, calcu­

lated from the inelastic kinematics. Thus cos SpN 

is always in the physical interval [-1, +1], and the 

elastic amplitude AnN is never required in a domain 

which is nonphysical for elastic scattering. 

As eqn. (2) is written, the exchanged pion is "bare"; 

there is no "form factor" in taa*, nor any Regge 

factors, 

various prescriptions exist for altering the form of 

the pion propagator away from the pole. For example, 

nothing inhibits the introduction of a mild form 

factor 

exp(-a(m2 - t .>> 
n aa (3) 
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with a"" 1 or 2 (GeV /c) - 2 • This serves to reduce the 

contributio~ of bare pion exchange at 

Similar suppression could be obtained 

large It .1. a a 
if (m 2 - t )-l 

n aa* 
were replaced with a dual-model type propagator 

f(-a ) 
n 

where f (x) is Et.;l<.'r' ~' gall!ll!ii function and 

a 
n 

is the pion Regge trajectory, ~lith slope an'. 

(4) 

(5-) 

Reggeization of the pion also introduces dependence 

on sna*' At very large sna*' this factor has the form 
a 

s n* in the amplitude. It is less clear what form 
na 

should be used at low sna*' or even whether Reggeiza-

tion is justified at all. The specific form I use is 

a 
[ ( s * - u i /2] n 

na an 
(6) 

where u is the momentum transfer from incident par­
a 

ticle a to the final pion. 

u an 
-s - t + m2 + m2 + m2 + t 

na* aa* a* a n pN 
(7) 

This form (6) indeed fits data better than the simple1: 
a 

form s n*' for reasons which I will mention below, na 
but the effects are more cosmetic than fundamental. 

The explicit dependence on sna*' whichever form is 

used, serves to sharpen the enhancement generated at 

low (na*) mass, but it does not create the enhance­

ment(G). The dependence on s *shows up most clearly 
na 

in the distribution dcr/d~~N, whe~e ~~N is the t­

channel aximuthal angle (Treiman-Yang angle) of the 
(6) 

final nN system . Dependence on sna* in the ampli-

tude produces an asymmetry in dcr/d~~N in reasonable 

agreement with data(G). 

Save for this Treiman-Yang angle distribution and 

for the issue of phase mentioned below, the agree­

ment or lack thereof of the pion-exchange Deck model 

with data does not depend in a major way on Reggeiza­

tion of the pion. 

Reggeization provides the signature phase factor 

e-inan/2 in the amplitude. At the pion pole, this 

phase is purely real. Thus, features depending on 

the presence of this phase factor require an examina­

tion of data at It *I values large enough for a to 
aa n 

be non-negligible. Among the observational means for 

detecting the phase variation factor, two may be men­

tioned. One would be the interference of the pion-



exchange Deck graph ~ti th another amplitude of known 

phase structure. For example, the interference of 

np ... t3n)p- wi:th -np·-+·A2p;·-could be--used-,--under--the 
. ( 11) 

hypothesis that the Az production phase Ls known •. 

Second, in a spin-parity decomposition of the Deck 

amplitude in the na* sub-channel, at fixed M11a*' the 

relative phase of the different partial waves (e.g., 

s wave vs. p wave) depends on a
11

' directly. This is 

discussed in Section 4.5. The Illinois group( 8
,

11
) 

argues that both methods are consistent with the 

assumption that the Regge phase factor is present, 

with slope a '!:::< 1 CGeV/cl- 2 • 
1! 

The question of whether the pion is a Regge pole can 

presumably be answered directly with data on, say, 

np ... pOn. In an analysis of such two-body data, Field 

and Sidhu(l 2
) conclude that the absence of signifi­

cant shrinkage of the differential cross section 

from 6 to 17 GeV/c puts a limit on a 11 ' of the type 

a
11

' :f 0. 3. Michael takes a more global view in argu­

ing that strong evidence is lacking both for and 

against the assertion that the pion is a normal 

Regge pole with slope near unity( 13
). The lesson for 

investigations in which the pion is used in inelas­

tic processes is clear. Results which depend too 

strongly on the slope a 11 ' should be examined 

cautiously. 

In sunmary, the full amplitude I use for numerical 

computations is 
r.< 

[(sna*- uan)/ 2] 
11 

g 

(m; - taa*) 

with slope a 11 ' = 0.9. 

(8) 

In addition to caveats already listed, eqn. (8) is 

further naive iJ! that "absorption" effects are ab­

sent. I believe all these points of weakness do not 

affect the major conclusions reached in this article. 

It should be noted that I treat both "diffractive" 

ap ... A*p and charge exchange ap ... A*n (or an ... A*p) 

processes. Other than i~ospin constant factors, the 

difference between the diffractive and charge ex­

change reactions resides entirely in the amplitude 

AnN" 

At large s 11N, this difference may be expressed by 

the fact that the leading s 11N dependence of A11N dif­

fers ln th" two c::ases: 
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Diffractive 

A 11N 

A 
11N 

a 
s p 

11N 

(9) 

This simple difference in the s behaviour of A 
. 11N nN 

leads directly to the prediction of several impor-

tant differences between diffractive and charge ex­

change inelastic processes, including their overall 

s dependence, shapes of mass distributions, decay 

angular distributions, spin-parity consent and so 

forth, as I will describe below. 

2.4 Coupling Constants 

ThP. C:OllJ:!li.nlj c:nn!it.ilnt. II i.n P.qn. (A) VIIYi.P.!i fnr: n.i f­

ferent sets (a, a*). If (a, a*) = (p, n) or (n,p), 

2 (4TT) (14.5) /-taa* (10) 

If a* is a JP 1 vector state, then g is evaluated 

easily in terms of the width r of a* ... an 

1/2 
I {m 2 - (m + m ) 2} 

a* a n 
(11) 

2+ object a*, the numerical factor 48 in 

eqn. (11) is replaced by 80. 

The value, of g must be further reduced by isospin 

factors appropriate to the charge states considered. 

For reaction I<+p ·>· K* 0 n+p, if only the charged decay 

mode K* 0 ~ K+n- is accepted, the isospin factor is 

4/9. For K0p ... K*+n-p, with only K*+ ... Ko~+ accep-

ted, the factor is again 4/9. For K-p ... K*-n+n, 

wit.h only the mode x*- ... Kon- acceptecl, the factor 

is 2/9. 

2.5 Normalization 

Normalization is such that the integrated cross sec­

tion in millibarns is 

0 

The flux factor F is 

F 
lab 

4m11 pine. 

(12) 

(13) 

and I: lA 12 is the usual square of the ahsolvte value 

of the invariant matrix element, summed over final 

spins and averaged over initial spins. The three 



particle phase space element is 

3 
1 n 

(2n)S i=l 
64 <ql + q2 + q3- P1 - P2> 

(14) 

The final and initial particle four-vector momenta 

are 

qi = (ch' qio) and (p,. p, ) 
-J JO 

(15) 

as illustrated in fig.3. 

As discussed above, the quantity EIA 12 appearing 
nN 

in eqn. ·(8) is the (off-shell) np + nN scattering 

amplitude, squared and summed, as usual. If the n 

were on-shell, the differential np elastic cross 

section in millibarns would be 

do 
ell 

(16) 

I computed distributions for the Reggeized Deck model 

using a standard Monte Carlo event generator. Results 

are described below. 

3. PRODUCTION PROPERTIES 

Because the full elastic amplitude AnN is embedded 

in the inelastic amplitude, eqn. (8), many production 

properties of ap + (a*n)N are a direct reflection of 

observed features of np + 11N. These include overall 

normalization, the s dependence of oinel' cross-over 

properties of the differential cross section do/dt , 
pN 

the dominance of natural parity exchange in the t 
pN 

channel, and polarization in the production. In 

this section I will discuss each of these issues. I 

begin first with a treatment of the character of the 

enhancement generated near threshold in ~he (na*) 

mass distribution. 

3.1 The Low Mass Enhancement 

In the reaction ap + an11N, the Deck model assumes 

the presence of resonances in the (an) and (nN) 

channels, but none in (ann) and (nnN). It generates, 

nevertheless, pronounced non-resonant enhancements 

near threshold in the mass dist:t'ibutions do/dM(ann) 

and do/dM(nnN). 

These enhancements are present whatever the charge 

and isospin quantum numbers may be of (n11a) and/or 

(nnN), provided that the Deck graphs may be drawn. 

If the quantum numbers of (nna) or of (nnN) allow, 
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there may be genuine three body resonances in these 

channels, sitting on the Deck enhancer.:ents. As exam­

ples, the A2 rides on the high mass side of the AJ 

Deck enhancement in the (3n) channel; the K*(l420) 

is located on the high mass side of the Q (!<'.n11) en­

hancement; and the tl* (1686) is present in the (N11n) 

or (Nn) channels. In principle, the Deck amp! i tudE? 

can interfere with the production amplitudes for 

these well established resonances, as well as with 

the amplitudes representing the production of bona 

·fide JP = 1+ A], Q, and other resonances, so far not 

established. Here I will concentrate on the non-

resonant pion~exchange Deck enhancement. In Section 

4. 3 I include some comments on resonance-Deck inter­

ference. 

For gtmeral reactions of the type 2 + 3, enhancements 

near threshold in the invariant mass of a pair of 

the 3 final particles are a general consequence of 

double-peripheral dynamics( 7), illustrated in fig. 

l(c). Thus for a reaction mediated by fig.l(c), the 

distributions do/dMJ3 and do/dM23 may show peaks 

near threshold, while do/dM12 peaks near the maximum 

H12 = (Is - m3l. The precise shape and strength of 

the low mass enhancements depend strongly on the 

particular trajectories OJ and o2 exchanged. The 11 

exchange Deck model is a special example of fig.l(c), 

in which 02 pion and OJ= Pomeron plus (p,f), in 

the case of diffractive production, or OJ = p in the 

case of charge exchange. The peak near threshold in 

the M23 distribution is more pronounced the greater 

is the difference (OJ(O) - o2(0)). For example, the 

diffractive case provides sharper enhancements than 

for charge-exchange. 

In the case of diffractive production, ap + a*np, 

the pion-exchange Deck model provides a peak centred 

about 200 MeV above (na*) threshold, with full width 

at half maximum roughly 400 ~leV wide. All reactions 

are thus very similar, save for a displaced threshold 

which is controlled by the mass of a*. A comparison 

with data is presented in fig.4. This is the 

Illinois calculation(B) of np + (3n)p, based on the 

diagram of fig. 2. l'lhile generally acceptable, it is 

evident U1at the model does not follow the sharper 

fall of the data on the high mass side of the AJ en­

hancement, and that it fails to generate a second 

peak in the A3 region. Thus, the relative propor­

tion of p and f present in nn scattering does not 

translate properly into the relative strengths of 

AJ and A3. 



80 

...--.... 

~r 
_::; 40 

_glf 
20 

OL---~----~~--~----~--~ 
0.9 1.1 1.3 1.5 1.7 1.9 

Fig. 4 The differential Cl'Oss seation do/dM
3
n f!'om 

np + (3n)p. 1'his figld'e is taken fn:mi 1•ej'. (8). 
Data points are combined 11 to 25 GeV/c data. 
The CUY'VG is the Il.Unm:s n exchange Deck 
model. resul.t, ref. (B). 

A comparison of experiment ( 
111

) and theory for 

Kp + (Knn)p at 40 GeV/c is presented in fig.S. In 

the model, I computed Kp + Ka90 np plus Kp+Ki420 np. 

The theoretical curves are normalized absolutely, 

based on eqn. (8) , but should be multiplied by the 

isospin factor (4/9) if exact comparison is to be 

made with the data. The relative proportion of Q 

and L production seems to be correctly reproduced. 

However, the theoretical curve rises from (Ka9on) 

~ 200 
:::!< 
u 
N 
..... 
~ 
c 
Q) 

> w 

(a) 
D All events 

~ Events 6E > 3MeV 

2.4 

Fig.5(a) Distribution of events as a function of 
(K'II'II) llla8S fl'Om JCp + (Knn)p at 40 GeV/a. 
Data are from ref. (14). The ful.Z. histo­
gram is for aZ. Z. events and the shaded por­
tion for evento in whiah there is no Kn 
ambiguity. 
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Pig. C(b) DifforontiaZ a:r>O'O'O s~":•t.?:nn <lo/dMx_*,, cqLaula­

ted from tho Roggc;i z11d p1:con ('.T.f!hrrnaA Deck 
ampl.itude at 40 GeV/c. The shaded portion 
is the contribution from x-p + K~ 420 n-p 

- *' -whereas the rest pertains to K p + K890 n p. 

The aurves are given in absoZ.ute units. If 
onl.y the ohn:r>ged partide decay mode 
x* 0 + x-n+ is accepted, the normaZ.ization 
shouZ.d be scaZ.ed down by the factor (4/9). 

threshold too steeply, peaks at a value of (Knn) 

mass which is of order 50 MeV too low, and then tails 

nff on the high side too gradually with respect to 

the data. Thus, . the general agreement of the Deck 

enhancemt!ul: with the ex1'"'rimcntally observed enh<>nce­

ment is only qualitatively acceptable. 

The discrepancy hetween theory and experiment on the 

high mass side of the A1 and Q enhAtu':f>.l'llent:s sugge~(;~ 

the presence of some additional dynamical effect, 

not present in the model as it stands, which de­

presses the theoretical curve on the high mass side. 

One way to accomplish this is to remove some of the 

higher partial waves (i.e. waves above the dominant 

s wave JP = 1+), because it is these higher waves 

which feed the cross section at the larger values of 

(ann) mass. However, this "cure" seems not to be 

sufficient, because even the mass variation of the 

JP = 1+ component in the theory is incorrect(B), 

falling off too gradually as (ann) mass increases. 

Perhaps the lesson is that unitarity effects must be 

included in the model, as a form of rescattering in 

the (na*) channel. 



3.2 Magnitude and Energy Dependence of o 

For a selected range of A* mass, the total cross sec­

tion is obtained by integration of eqn. (12) over all 

kinematic variables. The prediction is "absolute" 

once a parametrization of eqn. (8) is adopted. Its 

magnitude is controlled by the magnitude of o:i and 

by the width ra* for a*+ an. The energy dependence 

of oA* follows that of o:i (or, in case of charge­

exchange, that of o(n-p + n°n)). In fig.6, I pre­

sent results obtained by the Illinois group(B) for 

n-p + AlP• where A1 is defined as l.05SM
3
nsl.25 GeV. 

Agreement with the experimental cross section in the 

same energy and mass range is said to be good(B). 

300 r-
200 r-

100 c-

..0 

:i.. 

b 10 1-

Fig. 6 

p10b(GeV) 

5.0 290 
10.0 180 
20 135 
40 107 
80 91 
160 79 -: 

320 71 
640 65 

_1 I 
10 100 1000 

Ptob (GeV) 

The integrated production cross section for 
n-p + A1p obtained by the IZZinois group from 
their n exchange Deck modeZ (ref. (B)). The A1 
is defined as M3n between 1.05 and 1.25 GeV. 

A few comments may be made. On a purely technical 

level, keeping only the np + (np)p contribution 

rather than the full Illinois np + (3n)p amplitude, 

I obtain 67% of the quoted Illinois cross sections 

at 10 and 20 GeV/c. A more serious reflection on 

the agreement with data is that use of san rather 
a np 

than [l/2(s - u )] n in the amplitude (eqn. (8)) 
np nn 

reduces the cross section by 30%. Moreover, where a 

"form factor" of the type exp(a(m2 - t .>> intro-
'fT aa 

duced in the amplitude, the cross section would be 

1 
reduced by roughly 2a. Values of a ~ 2 are hardly 

unreasonable. Thus, the "perfect" agreement with 

the experimental integrated cross section is not to 

be interpreted too strongly as an indication that 

the pion exchange graph saturates all the cross 
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section. A choice of parameters were made. 

+ + 
Cross sections I computed for K-p + K:~o n-p and for 

K p + K:90 nn are shown in fig.7. The charge­

exchange cross section is an order of magnitude smal­

ler at 6 GeV/c than the diffractive cross section, 

and it falls with energy much faster(lS). 
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Fig. 7 Cross sections o± and o 0 obtained from the 

Reggeized n exchange Deck modeZ are presented 
as a function of incident kaon iab. momentum. 

- -*0 -o_ is the cross section for K p + K890 n p, 
-* 0 + 0 * with K + K n , onZy, or for K p + K8~0 n p 

(K*+ + K0n+)o+ is the cross section for 
+ *0 + *0 + -K p + K890 n p (K + K n ) or for 

KOp + K*-n+p (K*- + Kon+); and oo is the cross 
section for the charge-exchange process 
K-p + K*-n+n + K0n-n+n. For aZZ resuZts, the 
two seZections imposed are Mass (K*n) < 1. 5 GeV 
and Mass (Ntr) > 1.·34 GeV, where N denotes the 
final nucZeon. 

In comparing these cross sections with data(lG), I 

find that my diffractive results account for about 

half of the observed cross sections in the range 6 

to 14 GeV/c. At 40 GeV/c, O(M S 1.6). = 188±9 iJb 
-xnn . (l 4 ) 

according to a Geneva-CERN-IHEP collaboration , 

whereas I obtain 37 \lb. Scaling my result up by 1.5 

to account for the full (Kn) amplitude, rather than 

the Ka90 approximation, still leaves me short by a 

factor of 3. Since I helped myself to as much cross 

section as I could [no form factor on then, 
an 

[l/2(snK*- ~n)] ,] I conclude that the agreement 

in absolute normalization is worse for Q production 

that it appears to be for A1 production. Does this 



imply need for a K* exchange graph, and/or a contri- 3.3.1 Shrinkage 

bution from Kp ~ pKp, or something else? Observa- Values of b I computed from the n exchange Deck 

.. tion-exper-imental-:by-of--an-enhancement-a-t--low-(-Kw.).- .. -- -·---model .. for_K±p .. :>-.• K~0 n:O.p_are presented_in .fig .•. 9, .. for ________ _ 

mass in Kp ~ wKp suggests that Kp ~ pKp might be a 

good fraction (e.g. 30%) of Kp ~ (Knn)p, both ex-· 

perimentally and in the Deck description thereof. 

The relevant graph might have a K exchange followed 

by Kp off-shell elastic scattering, as shown in 

fig.8. Other features of data, discussed in Section 

3.3.2 also suggest that the K* exchange graph con­

tributes to Kp ~ K*np a cross section roughly equal 

to that of n exchange. 

p 

7T 

p 
(a ) 

p 

K 

p 
(b) 

Pig.8 (a) Pion-exchange diagram for Kp ~ (Kn)(np). 
This graph is more aompl-ete in that the fuU 
(Kn) ampl-itude is retained, not just the 

• ..K* (890). 
(b) Kaon-exahange diagram for K.p ~ (nn){K.p). 

3.3 Production Differential Cross Sections 

For ap ~ (a*n)p, we may try to parametrize the dif­

ferential cross section as 

dt'dM 
a*n 

c exp(bt'pp) (17) 

Here t' is the difference (t - tmax), where tmax 
PP PP PP 

is the smallest value of ltppl for a given Ma*n' 

This parametrization is convenient, and it often 

allows a reasonable x2 (although not always). Slope 

b depends on s, Ma*n' and also on the decay angles 

(e,~) in the A* ~ na* rest frame. To first approxi­

mation b reflects the "input" slope from the elastic 

nN part of the amplitude. As a function of s, b 

therefore shows shrinkage, and it has other charac­

teristic properties of nN scattering, such as cross-

~o.1o1,er _behaviour. 
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the selection M(K*n) < 1.5 GeV/c. I fitted theore­

tical distributions to eqn. (17) over the .range 

0.02 < It' I < 0.5 (GeV/c) 2 • The shrinkage is appa-pp 
rent, with b increasing logarithmically after a 

faster initial threshold rise. A comparison of the 

parts (a) and (b) of fig.9 shows that selections on 

the (pn) mass may have a large effect on the mea­

sured slope. In K+p ~ K*On+p, the 6++ signal is 

strong in the final state at low incident momenta. 

II ,---.----,r--.-,--ro-,-,.--.-.---.---.--, 
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...J 
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5 .., 6 8 10 30 40 
P

10 
b (GeV/c l 

Fig.9 Sl-opes b for the differential- aross seation 
do/dt' = aexp(-bt') obtm:ned from the 
Reggeized n exahange Deak model- c.:ul-c:uW.t·ions 
described in the text, as a funation of inai­
dent kaon Lab. momentum. Sl-ope b_ is for 
- *0 - 0 *+ -K p + K890 n p or for K p ~ K890 n p. Sl-ope 

b . + *o + -o *- + + 1-s for K p ~ K890 n p or K p ~ K890 n p. 

In (a) and (b), the sel-eation is made whiah 
restriats the K*n invariant mass to be bel-ow 
1. 5 Ge V, in the "Q region". In (b), an addi­
tional- sel-eation restriats the final- np in­
variant mass to be greater than 1. 34 GeV. 
AU sl-opes are fitted over the range 
0.02 < lt'l < O.:i (GeV/cJ 2• 

Because elastic np scattering in the 6 regions has 

a largP. effective ~lope, this effect is tr~1~witted 

to the inelastic reaction. 



The values of b± given in fig.9(b) are roughly 0.7 

larger than the experimental values in the range 6 

to 14 GeV/c; 17
). The rate of shrinkage seen is com­

patible with that observed in the data, as is the 

difference (b_- b+). Inclusion of a K* exchange 

graph with weight comparable to that of ~ exchange 

would be expected to depress the net value of b+. 

3.3.2 Cross-Overs 

It is observed experimentally that the slope b_ of 

do/dt for ~-p elastic scattering is larger than b+ 

for ~+p elastic scattering. At high energy the 

value of the ~ p differential cross section at t 

is larger than that of ~+p, and its value at 

It I ~ 0. 4 (GeV/c) 2 is smaller (l'B). The cross-over 

occurs near t ~- 0.2 (GeV/c) 2• These cross-over 

properties of ~N .elastic scattering should be re­

flected in inelastic processes if the pion exchange 

Deck model is relevant. Because I recently wrote a 

long article(lS) on this subject, to which the in­

terested reader may refer for details, I will con­

fine my remarks here to a few brief comments. 

The ~ exchange Deck graphs relevant for ~±p ~ 
+ + 

and K-~(K~~)-p are sketched in fig.lO. It will be 
+ + 

0 

noted that do/dt' for the ~- (and K-) induced inelas-

tic processes in controlled by ~± elastic scattering. 

Thus we easily predict bK_ > bK+ and b~- > b~+ for 

the above inelastic reactions, in fine accord with 
data(l9,20). 

Fig.lO Pion-exchange Deck graphs for the processes 
~±P ~ Po~±P and K±p ~ x*o~±p. 

The analogous expectation for neutral Q production 
(21) 

does not agree with experiment. • As sketched in 

fig.ll, the process Kop ~ Qop is a reflection of 

~ p elastic scattering, whereas Kop ~ Qop reflects 

45 

+ 
~ p. Thus bKo > bi(O is the ~-exchange Deck model 

expectation. Data from a SLAC experiment show the 

opposite( 2l). 

(a) 

p 

(b) 

Fig.ll Piqn-exchange Deck graphs for 
(a) K0p ~ K*+~-p and (b) K0p ~ K*-~+p. 

The SLAC Kop ~ Qop results agree with the general 

systematics abstracted from elastic processes, which 

is the anti-particle induced reactions have larger 

values of do/dt at t = 0 and larger slopes than their 

particle induced counterparts. 

What are the implications of the disagreement with 

the SLAC data? One possibility is that the larger 

slope for K0 is a low-energy non-asymptotic effect, 

due to the pres~nce of a 6++ comp;ting channel in 

the final stat.e. While this guess should be checked 

more explicitly in the data, a careful reading of 

the publication suggests that the 6 region was ex­

cluded from the data sample before slopes were 

measured. 

A more interesting conclusion within the Deck model 

context is that a K* exchange graph must be invol­

ved. The K*p (off-shell) elastic scattering pre­

sumably obeys canonical systematics, with bK* > bK*" 

As a reflection, in the inelastic process Kop ~ Qop, 

we expect bi(O > bK0 • 



The TT and K* exchange graphs both contribute to 
+ + 

Kp ~ Qp. For K-p ~ Q-p, the TI and K* exchange graphs 

give the same prediction bK_ > bK+' in agreement 

with data. However, for K0p 4 Qop, the two graphs 

give opposite results. The K* exchange graph domin­

ates the cross-over for Kp ~ Qp, presumably because 

the cross-over effect is more pronounced in Kp elas­

tic scattering than in TIP elastic scattering. 

The conclusion that the K* exchange graph contributes 

to Kp 4 Qp with weight roughly equal to that of the 

n exchange graph has far reaching consequences in 

Deck model investigations. It means that the TI ex-

change graph might only be half the story also in 

all other processes to which the Deck model may be 

applied. A procedure to estimate the relative con­

tributions is described in Section 3.3.3. 

The reaction K0p ~ Qop is not the only reaction for 

which the ·exchange Deck graph and the "other" ex­

change graph would predict opposite signs for cross­

overs in da/dt'. In Table 1, I itemize a set of re­

actions and list.the cross-over systematics expected. 

The overall cross-over in the data, if any, is de­

termined by the relative weights of the two contri­

buting exchan9e amplitudes. 

Table 1 

Pairs of inelastic reactions are listed in Column 1. One member of each pair is related to the other by line­

reversal in the t-channel. In the remaining columns, I present predictions for the cross-over systematics of 

the production differential cross sections, based on the Deck model. Column 3 lists the asymptotic cross-over 

systematics of the differential cross sections da/dt' for these pairs, according to the pion-exchange Deck 

model. '!'he predictions are strictly valid only in the portion of phase-space where pion-exchange dominates 

(e.g. cos ~s > 0; see Section 4.2.2), but, in certain cases, they may continue to be correct beyond, In 

Column 2 of parts (a) and (b) , the TIN charge states appearing in the Deck graph are noted; for the target a 

dissociation processes in parts (c) and (d) , the a TI charge states are presented. 

Column 5 lists the asymptotic cross-over systematics for the portion of decay phase space (cos ~s < 0) control­

led by the a* exchange Deck graph. The net cross-over observed in the full data sample (-1 s cos ~s S 1) de­

pends upon the relative weights of the TI-exchange and a* exchange graphs. 

Table l(a) 

Projectile Dissociation; Proton Target 

Pion Exchange Deck Graph cos ~s > 0 The Other Graph cos ~ < 0 
6 

Reflection of the Systematics for Re:O.ect.l.on ot tl'le Systematics for 
Process t Elastic Scattering · the Slopes of do/dt' Elastic Scattering the Slopes of do/dt' 

of and Cross-over of and Cross-over 

+ + I K•p 
bl!:_ > bK+ K-p ~ (K*TI-)p TI-p bK_ > bK+ 

K*p 

+ pon±p + 
P0P bn+ b -TT-p 4 TT-p b - > bTI+ = 

1T TI 

(nn+)p + 
pp ~ 1T p np 

b_ > b b- > b 
pp (iin ) p - p p 

iip p p 
~ 1T p 

++ - - ll++p PP 4 ll 1T p 1T p 

b > b_ b_ > b -- p p -- p p 
ll++ + + ll++p PP ~ 1T p 1T p 

Kop •+ - - *+ 
~ K TT p 1T p K p 

h >b- b-- > b 0 
.... + + Ku Ko ·- Ko K 

i(Op ,, K 1T p 1T p K p 
- ' 
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Table l(b) 

Projectile Dissociation; Neutron Target 

I 
, 

: i 
Pion Exchange Deck Graph cos cps > 0 The Other Graph cos cps < 0 

I 
i 

Reflection of the Systematics for i Reflection of the Systematics for 

i ; 
Process Elastic Scattering the Slopes of do/dt' Elastic Scattering the Slopes of do/dt' ; 

of and Cross-over i of and Cross-over 

j i + + ± ,/ p) i K*n K-n .... (K*n-)n 1T n (i.e. bK+ > bK_ bK- > bK+ 
I K*n 
i 

± p0n±n ± TT+p) l pon 1T n .... 1T n (i.e. b n+ > b - b n+ = b -n ; 1T 

(nn+)n + (i.e. 1T p) pn _,. n n nn 
b > b_ b- > b 

pn _,. (nn - - (i.e. n+p) p p - p p )n n n nn 

(6+"'n~)n - +. 6 ++1~ pn _,. 1T n (i.e. jf pi 

b:. > b ' b- > b -- p p -- p p 
(11++11+)n + ll++n pn .... n n (i.e • n p) ' 

K0n (K*+n-)n - n+p) 
j *+ .... 1T n (i.e. K n 

b_o > b bi(O > b 
i(On *- + + n-p) Ko K*-n Ko .... (K n )n n n (i.e • K 

Table l(c) 

Target Dissociation; Proton Target 

Pion Exchange neck Graph cos ~s > 0 I The Other Graph cos <P < 0 
0 

Reflection of the Systematics for i Reflection of the Sys tema tics for 
Process Elastic Scattering the Slopes of do/dt' 

I 
Elastic Scattering the Slopes of do/dt' 

of and Cross-over of and Cross-over 

br > bK+ likely but depends I 
+ + + ± + : + K-p -+ K- (mr ) K 11 on the unknown properties of K-n bK_ > bK+ 

K11 scattering. See text. 

bK+ > bK_ likely but depends 
+ + ++ - + - K±6++ K-p -+ K-(6 11 ) K-11 on the unknown properties of bK- > bK+ 

K11 scattering. See text. 

b 11- > b 11+ likely but depends 
+ + + ± + ± (11+p) 11-p -+ 11-(n11 ) 11 11 on the· unknown properties of 11 n .b11+ > b -

scattering. See text. 11 
1111 

b
11

+ > b
11

_ likely but depends 
+ + ++ - + - 11±11++ 11-p .... 11-(6 11 ) 11-11 on the unknown properties of b11_ > b11+ 

1111 scattering. See text. 

-+ p(n11+) + pp 11 p pn 
b_ > b b- > b 

- - + +- (i.e. 11-p) p p - p p pp -+ p(n11 ) 11 p pn 

++ - - p6++ pp .... p(6 11 ) 11 p 

- 11+p) 
b > b_ b_ > b 

pp .... p(6++11-) 11 p (i.e. p p p6++ p p 

47 



Table 1 {d) 

Target Dissociation; Neutron Target 

Pion Exchange Deck Graph cos <Ps '> 0 The Other Graph cos <Ps < 0 

·Reflection of the Systematics for Reflection of the Systematics for 
Process Elastic Scattering the Slopes of dcr/dt' Elastic Scattering the Slopes of dcr/dt' 

of and Cross-over of and Cross-over 

+ + - + - + K-n .. K-{p1T ) K-1T bK+ > bK_ likely; see text • K-p bK_ > bK+ 

+ K±{II-1T+) K±1T+ + -K-n .. bK_ > bK+ likely; see text. K-11 bK_ > bK+ 

+ + - + - + 1T-n .. 1T-{p1T ) 1T-1T b1T+ > b - likely; see text. 1T-.p b - > b1T+ 1T 1T 

'f' + - + ± + + -
1T-n -+ 1T-{II 1T ) 1T 1T b - > b1T+ likely; see text. 1T-II ? 

1T 
' 

- -pn .. p{p1T ) 1T p PP 
b > b_ b_ > ·b - - 1T+p) p pn .. p{p1T ) 1T p {i.e. 

- + + 
pn ... p{ll 1T ) 1T p 

b_ 
- - + +- 1T-p) pn -· p{ll 1T ) 1T p {i.e. 

3. 3. 3 How to deal with the "OUu,r" Graph 

While the 1T exchange amplitude was relatively easy 

to parametrize, the· "other" graph is less so. If p 

or K* exchange is used, the particle is far off­

shell even at overall negative momentum transfer. 

Moreover, there are no measured cross sections for 

pN or K*N elastic scattering. For pp-+ pnn+, the 

"other" graph requires nucleon exchange, whose. para­

metrization is a great deception< 22 ). 

In any case, before attempting detailed parametriza­

tions, it is preferable to seek as direct evidence 

p 

as possible in the data for the characteristic fea­

tures of the 1T exchange and of the K*, p or nucleon 

exchange graphs. There appears to be a good way to 

accomplish this, by studying the distribution do/d<j>s' 

where <Ps is the "s-channel" helici ty or azimuthal 

angle of the A*-+ a*1T decay, in the A* rest frame, 

as sketched in fig.l2. 

We may choose as a set of·independent kinematic var­

iables the 5 quantities {s, tpN' Ma*1r' Ss' and <j>s). 

The variable <Ps is "conjugate" to taa* because 

A - B cos <j>s . {18) 

where A and B are positive valued functions of the 

> b 
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p pp 
p p 

-pll 
b_ > b p 

pll 
- p p 

( =-q ) 
-TT 

y 

Fig.12 Diagram in which the s-channel decay angles 
(e

8
, <P

8
) of A* -+ (a*1T) are defined. 

other 4 invariants. In the absence of any depen­

dence on taa* {or on ta1T) in the amplitude for 

ap -+ a*1TN, the distribution dcr/d<j>6 should be flat, 

regardless of whatever dependence is present in the 

amplitude on the other 4 invariants. My numerical 



calculations show that the pion-exchange graph gives 

a sharp peaking of da/d$s towards cos $s = + 1. An 

example is shown in fig.l3. The a* exchange graph 

will peak towards cos $s = - 1. The sum of the two 

could be flat, or show various other structure de­

pending upon the relative weights of the two graphs. 

A glance at do/d$s should therefore be instantly in­

structive. 

"' -"0 ....... 
b 
"0 

7 
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0 

- *0 
K p -K 7Tp 
K-p -K 11 7T n 

14 GeV/c 

7T/2 
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Fig.13 The distribution do/d$s for K-p ~ K:9o nN as 
obtained from the n exchange Deck model at 
14 GeV/c. The selections Mass (K*n) s 1. 5 GeV 
and Mass (Nn) 2: 1. 31 GoV wara impooed. The 
full distribution is for the "diffractive" 
reaction (in 'Jhic:h N = proton). whereas the 
shaded distribution is for the charge­
exchange process. The normalization is in 
arbitrary units for both reactions, adJusted 
so that the cross sections at $s = 0 are 

equal. Results are presented in histogram 
form, as obtained from. the Monte Ca~lo event 
generator. 

Selections on $s should be especially useful. If 

events are chosen with cos $s > O, the contribution 

· from the n exchange Deck graph is enhanced. Corres­

pondingly, cos $s < 0 selects the a* exchange graph. 

Returning to the cross-over situation in Kop ~ Qop, 

I predict that events in the cos $s > 0 segment 
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should have the non-canonical cross-over behaviour 

bKo > bKo' controlled by the n exchange graph, where­

as events with cos ¢s < 0 should follow the K* ex­

change systematics, bj(O > bKo· If thi.s prediction 

fails, the Deck model is in serious difficulty. 

A second reaction for which there are data is 

n±p ~ n±(n-6+:) at 16 GeV/c(Ig). No cross-over is 

observed in the total .sample. Here $s is the heli­

city angle of the 6++.in the (n-6++) rest frame. 

Events with cos $ > 0 should have a cross-over de-
+ _s 

termined by (n-n ) elastic scattering, namely 

bn+ > bn If cos ¢s < O, the Deck graph incorpor-

ates (n±6++) elastic scattering, for which b _ > b + 
n n 

is expected. The overall absence of a cross-over 

suggests equal compensating contributions from the 

nand 6 exchange graphs. These predictions(lS) were 

checked in the data by making the ¢s selections and 

examining the cross-over properties of the t-distri­

butions in the two segments. The predictions are 

confirrned(
23

). The same predictions apply to 
+ + - ++ . 

K-p ~ K-(n 6 ) , for which data exist at 8 GeV/c. 

The success of the cross-over predictions for 
+ + - ++ 

n-p ~ n-(n 6 ) confirms the utility of the cos $s 

selection procedure. It also helps to establish 

that the cos $s > 0 region shows quantum number 

characteristics (symmetry properties) of n exchange, 

whereas the cos $s < 0 region has baryon exchange 

properties. Thus, the validity of using exchanges' 

of specific type to describe the low mass (n-6++) 

enhancement is supported. Note, in passing, that 

the data show also that production and decay of 

(n-6++) do not factorize, in that different portions 

of the decay angular distribution have different 

production characteristics. 

3.3.4 Mass-Slope correlation 

A general feature of inelastic data is that the 

slope b of d2o/dt'dM * at fixed s decreases syste-
a n 

matically as Ma*n increases. Data on Kp ~ (Knn)p 

at 40 GeV/c are shown in fig.l4, along with results 

of my calculation. The agreement is excellent. 

The interpretation of this anti-shrinkage with in­

creasing Ma*n is intriguing. Regarding the process 

as ap ~ A*p, we might conclude that the production 

dynamics depend intrinsically on the mass of A* (or 

on the "size" of A*) , in such a way that slope b is 

an explicit function of Ma*n" The Deck model pro­

vides a different interpretation, essentially a 
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kinematic correlation explanation. 

At the threshold M,._*n = (rna* + mn) , the momentum 

transfers taa* and tpN are related by the equation 

(see Appendix) 

t pN 

+ m) 
n 

+ 
) 

constant J (19) 

The essential t dependence of the pion exchange Deck 

amplitude is expressed as 

1 
(20) 

Near threshold, therefore, 

A "' 
1 (21) 

where k 2 > >.. Thus, we expect a large slope b(::::: 2k 2J 

for low MA*, significantly larger than the "input" 

elastic slope 2:>.. Much above threshold, the kinema­

tic coupling no longer operates and; for a sum of 

reasons, b < 2A. 

The n-exchange Deck model results I present in 

figs.l4(a) and (b) illustrate these arguments, and 
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appear to agree with experiment. 

The a* exchange graph will also give a similar mass­

slope correlation, although perhaps less pronounced. 

There is an obvious way to check whether the Deck 

explanation is correct. Because the model's explana­

tion depends on the kinematic coupling between tpN 

and taa* (or tan), it should suffice to re-do the 

analysis, but in more dimensions. Thus, one should 

investigate the three dimensional distribution 

(22) 

for fixed taa* and determine whether the slope in 

t'pN still falls systematically as Ma*n is increased. 

If so, the Deck explanation is wrong. 

Sadly, present statistics do not allow such preci­

sion. 

An attempt to study the mass-slope correlation effect 

in greater detail was made by Pirila and 

Miettinen 12 ~) with data on pp ~ p(nn+) at 19 GeV/c. 

Suffering from poor statistics, they adopted a com­

plicated maximum likelihood·_fit technique. They 



conclude thc>.t the pion-exchange Deck model explana­

tion is not correct. Their method appears to be re­

liable, but its conclusions are really limited to a 

denial that the pion-exchange graph is the whole 

story. They cannot rule out the possibility that a 

combination of pion and baryon exchange amplitudes 

would work. Their analysis should not be misunder­

stood either as "proving" that slope b must have in­

trinsic dependence on the mass Ma*n· 

A preliminary investigation of K±p ~ K*on±p at 8 

GeV/c was reported by the Athens-Bruxelles-CERN­

Democritos-Liverpool-Mons-Vienna collaboration( 2
S), 

using the Pirila technique. This paper concludes 

also that the pion exchange Deck graph alone is in­

sufficient to explain the mass-slope correlation. 

3.4 Polarizations 

Problems encountered in spin-parity analysis of the 

A1 and Q regions include that of coherence. Among 

others, a source of incoherence is the fact that 

different nucleon spin-amplitudes contribute to 

ap ~ A*p ~ (na*)p. In an attempt to measure the re­

lative sizes of the spin non-flip and spin-flip 

amplitudes, it should be valuable to determine the 

polarization in the production. On a more general 

level, polarization data would appear to be as cru­

cial to the detailed understanding of inelastic re­

actions as they have been in elastic scattering. 

Finally, as I will detail here, they should provide 

another excellent test of exchange model ideas. 

These tests have both qualitative and quantitative 

aspects. 

Imagine production from a polarized proton target at 

rest in the lab. aml. O.efine N as the normal to the 

apin ~ A*pf ~ (a*nf)pf production plane. Its sense 

is determined as usual by 

N a x A* p x a 
-f 

(23) 

where a, A*, and ~fare lab. system momentum vectors. 

I am interested in the correlation between the direc­

tion of target polarization and N. Other components 

of polarization may be measured in inelastic reac­

tions, but I confine my attention here to this nor­

mal component, denoted Pinel· 

According to the n exchange Deck model, this polar­

ization is predictable from that measureO. in n-N 

elastic scattering( 2G). However, two points must be 
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mentioned. First, in computing P(tpN' Mrra*l, as a 

function of momentum transfer and mass, it is neces­

sary to average over a wide interval in the nN final 

sub-energy. This means an average of the elastic 

polarization over a wide energy range. Second, the 

normals to the ap ~ A*p and final np production 

planes do not point in the same direction. The in­

put elastic polarization is that measured along the 

normal ~ = ~f x ~f' in the polarizeO. target lab. 

frame. 

After working things through in detail, I find the 

following n exchange Deck model prediction for inel­

astic polarization( 27
): 

0 inel Pinel (24) 

where ~[ ] stands for an integral over phase space. 

This should be compared with eqn. (12) of Section 1. 

The factor n · N, which is easily re-expressed in 

terms of invariants, takes care of the difference in 

reaction plane normals. The ·value of n . N varies 

over phase space, but peripheral events at high en­

ergy haven • N ~ 1. Thus, the.elastic polarization 

· is not washed out. 

Some results of my explicit calculations are presen­

ted in figs.lS through 18. The mean effective nN 

lab. momentum contributing to ap ~ a*nN turns out to 

be roughly one-fourth of the incident particle a lab 

momentum. Although the results are shown for 

K±p ~ K* 0 n±p, the same curves apply for any processes 
+ + + 

of the type ap ~ a*n-p (e.g. n-p ~ (3n)-p) at the 

momenta indicated, and with M(a*n) selected corres­

pondingly. 

Inasmuch as the magnitude of elastic nN polarization 

falls with energy roughly as 1/ls, so it O.oes with 

that of Pinel; However, the effective threshold is 

much higher (x 4) in the inelastic case. The ex­

plicit calculations show that polarizations are ex­

pected to be substantial even at 40 GeV/c. 

The "mirror-symmetry" of nN elastic polarization is 

evident in the predictions shown in figs.l6- 18; 

i.e. P+ - P • Since this prediction is closely 

tied to n exchange, it is strictly true only for the 

n exchange region cos ~s > o, discussed in Section 

3.3.3. The "double-zero" of n-N elastic polariza­

tion near ltl ·~ 0.6 (GeV/c) 2 is also eviO.ent. I 
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doubt this will show up in the inelastic reactions 

because other exchanges and spin amplitudes will 

probably have complicated the story at these larger 

t values. 

The influence of the "other" exchange graph deserves 

comment. For example, in Kp ~ (K*n)p, the K* ex­

change graph, with K*p elastic scattering, will 

doubtlessly ~give polarizations having the mirror 

symmetric property characteristic of nN scattering. 

comparisons with data should bear this in mind, and 

selections on cos ~s are ~lways advisable. If the 

polarizations in K*p and K*p elastic scattering are 

similar to those of K±p elastic scattering, then the 

cos ~s < 0 region dominated by K* exch:nge should 

show positive polarizations for both Q- production. 

If one 'thinks of K±p ~ Q±p as a quasi-elastic pro­

cess with properties similar to Kp elastic scatter­

ing, the expected polarizations should be positive 

for both Q+·and Q-, for all values of cos ~s' as 

they are for K±p elastic scattering. The contrast 

of this expectation with the results given in figs. 

15-18 is striking. 

3.5 Quantum Numbers at the Nucleon Vertex 

Because the natural parity exchanges dominate in 

meson-baryon elastic scattering (i.e. p, p, f, w, 

A2), by reflection they are also, predicted by the 

Deck model to control the reactions ap ~ (a*n)N. 

In the region of phase space dominated by n exchange 

(cos ~s > O) , the exchanges at the pN vertex must 

have positive G parity ( P, p, f) as well. 

4. PROPERTIES OF THE DECAY A* ~ a*n 

The Deck amplitude provides a potentially complete 

description of both the production and decay aspects 

of the system A*(~ a*n) in the reaction ap ~ a*nN. 

In the previous section, properties of production 

were described. The present chapter deal~ with 

decay. However, I should stress from the start that 

production and decay do ~ factorize. For instru1ce, 

different regions of the decay phase space of A*~ a*n 

are produced with different momentum transfer dis­

tributions. 
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4.1 Spin-Parity Content 

The first question of interest is the spin-parity 

content of A*. The model provides definite predic-

tions. The results are very different for diffrac-

tive and charge-exchange production. 

complicated numerical programs exist for determining 

the.partial wave content of A*~ (ann), whether A* 

is generated from a model amplitude or is actual 

data( 23l. However, the essential physical ideas are 

trivial, and simple analytic arguments suffice for 

understanding the predictions of the model. 

The model amplitude is presented in eqn.(8) in terms 

of invariants. To obtain the partial wave content 

of the low-mass A* enhancement generated by this am­

plitude, we must re-express the amplitude in terms 

of a more appropriate (or transparent) set of vari­

ables. In the rest system of A*, this set should in­

clude the two decay angles of A*, (8, ~),with re­

spect to some set of axes. The partial wave content 

is then obtained by projecting A(s, tpN' MA*' 8, ~) 

onto a set of angular momentum functions YL,M(8, ~): 

(25) 

The "constants" aL,M are functions of s, tpN' and 

M If th enhancement is purely an s-wave, then A*" e 
only a 0 is non-zero. 

The s-channel set of angles (8s' ~s) is defined in 

fig.l2, whereas the t-chru1nel (Gottfried-Jackson) 

set ( e t' ~ t) is presented in fig. 19. 

we may try to guess the spin-parity content of the n 

exchange Deck amplitude by regarding the graph of 

fig.l(a) as a quasi-two body process aR ~ a*n, where 

R is some effective exchange at the pN vertex. This 

quasi-two body process in fig.l(a) is mediated by 

pion-exchange;· whose amplitude behaves as 

(m2 - t )-1. In terms of cos et' we therefore 
7T aa* 

have an amplitude of the form 

A 
TI 

1 

where k 1 and k2 are positive constants. 

(26) 

The naive 

guess then would be that do/dcos et is very peaked 

towards cos et ~ + 1, and, consequently, that the 

partial wave decomposition shows a broad spectrum of 

high partial waves, and very little s-wave. This 
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(at.• ~t) oj" A* ..,. (a*11) are defined. 

indeed is what happens for simple 2-+ 2 amplitudes, 

but it is not true of the Deck 2 -+ 3 amplitude. 

The essential point missing from the above argument 

is that there~ are ~ important sources of depen­

dence on cos at in the Deck amplitude. The first is 

indeed the propagator (m2 - t .l- 1 , but the second 11 aa 
is the dependence on s'ITN present in the amplitude 

A11N(snN' tpN) • 

An aside: the Appendix may be consulted for details; 

the relevant kinematic conclusion is the relation-

ship (eqn. (~.31)) 

at small t pN 

(27) 

In the 11 exchange Deck amplitude, the essential de­

pendence on s 11N and on taa* in the diffractive case 

ap-+ a*11p is expressed by eqns.(2) and (9)). 

(2R) 

According to eqn. (27), therefore, the cos at depen­

dences cancel each other and 

(29) 

i.e. a function independent of at and ~t; d 1 dcos at 
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should be flat from cos at = -1 to +1. This means 

expressly that the dominant JP content of the dif­

fractive enhancement is s wave (G) With a JP = 1- a*, 

the JP of A* is 1+. If a* is 2-, A* is 2+. 

1/2 
In the charge-exchange case, A11N- s 11N . Thus, 

(30) 

The charge-exchange process ap -+ a*11n is therefore 

expected to show a full spectrum of partial waves, 

not a dominant s-wave. 

In fig.20, I present results of my calculation of 
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Fig.20 The differential cross section da/dcos aKK* 

as a function of the t-channel angle cos aKK* 

between incident K and final K* for the re-
- * actions K p -+ K890 11N at 14 GeV/c, as pre-

dicted by the 11- exchange Deck model. The 
selections imposed are Mass (K*11) ~ 1.5 GeV 
and Mass (N11J 2: 1. 34 GeV. The fuZZ distri­
bution is for the "diffractive" reaction (in 
which N = p2•otonJ • whet•eas the shaded pol'­
tion is for the charge-exchange process 
(N =neutron). The normalization ic in arbi­
trary units (for integrated cross sections, 
see fig.?). Roculto are presented in histo­
gram form, as obtained [rom the Monte Carlo 
event generator. 



do/dcos St for K-p + K*11N _at 14 GeV/c, for the mass 

interval ~* 11 < 1.5 GeV. The diffractive case 

Kp + K*11p shows a rather flat (s-wave) distribution 

from COS 6t = -1 tO COR 6t - 0.5, and then a rising 

tail of high partial waves. This basically agrees 

with the analytic argument given above. The tail of 

high partial waves near cos et ~ +1 arises in part 

from the fact that I use the full amplitude A
11

N in · 

my calculations, not just the leading diffractive 

(- s 11N) part. 

The distribution do/dcos St for the charge-exchange 

process Kp + K*11n in fig.20 shows a very small s­

wave component, but a large forward peak of high par­

tial waves, again as advertised in the analytic dis­

cussion above. The difference between the diffrac­

tive and charge-exchange angular distributions 

do/dcos et is obviously very marked in tbe model. 

Fig.21 
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An examination of the sens·it·iv·ity of the 
pPadicted distPibution do/dc.os AKK~ to alter-

ations of the 11 exchange Deck amplitude. The 
fUll diRtPibution was obtained fPOm the am­
plitude given in eqn.(B), whePeas the shaded 
poPtion pesulted afteP the factoP 
1/2(s

11
K* - uK

11
) was peplaced by s

11
K*' Results 

aPe given foP [ p + x*011-p at 14 GeV/c with 
the selections noted. 

A series of comments follows. 
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1. Sensitivity of results to details of parametriz­

ation. To evaluate tljis sensitivity, I made some 

calculations ~<ith snK* instead of l/2(s 11K* - ~11 ) as 

the Regge sub-energy factor in eqn. (8). A compari­

son of results is shown in fig.21. The choice of 

l/2(s 11K* - uK11 ) obviously enhances the s-wave com­

ponent substantially. 

2. The. Illinois group(B) made a very careful par­

tial wave decomposition of their 11 exchange Deck am­

plitude for 11p + (311)p. The results are shown in 

fig.22, as the intensity of the various contributing 

waves versus mass of the 311 system ( S). In corr.paring 

these results with data, they find that the JP = 1+ 

intensity peaks at about the correct value of (311) 

mass, but that its full width at half maximum is too 

broad. Their predicted ratio of 0-/1+ intensity is 

too large to agree with the data. 
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Fig. 22 CPoss sections foP the dominant ./' states 
pPesent in the Zow mass (311) enhancement, as 
pPedicted by the Illinois 11 exchange Deck 
model foP rrp + (311)p at 16 GeV/c, aPe given 
as a jUnction of (311) invaPiant mass; fPom 
Pef, (B). 

3. While by no means a perfect description of the 

data, it is clear that the rr exchange Deck graph 

provides a threshold enhancement which resembles the 

data for the diffractive reactions ap + a*rrp, not 

only in overall production aspects, but also in ~ 
content. The substantial difference expected by the 



model for the JP content of the low-mass enhancement 

in the charge-exchange process ap + a*nn argues 

strongly for a detailed experimental JP analysis of 

such data. If the s-wave JP = 1+ signal found in the 

charge-exchange data is much stronger than that fore­

seen in the model, this fact in itself would argue 

for resonance interpretation of the enhancement in 

charge exchange (c.f. also Section 4.3). 

4.2 A Critique of the Role of Pion Exchange 

The JP analysis discussed in the previous section is 

based entirely on the exchange Deck graph, fig.l(a). 

The results agree rather well with data, and thus 

one might suppose that this agreement supports keep­

ing only the n exchange graph. Indeed, the cancella­

tion between the diffractive s.
11
N dependence and. the 

pion pole propagator to give a dominant JP = 1 + en­

hancement would almost appear to rely crucially on 

pion exchangc(G). Unfortunately, the case is not so 

simple. 

4.2.1 The a* Exchange Graph 

Although the parametrization of the a* exchange pro­

pagator for fig.l(b) is not as simple as that for 

pion exchange, the essential momentum transfer and 

sub-energy dependences of the amplitude will resemble 

(for ap + a*np) 

sa*p exp(At ) I (m2*- t ) pN a an 
(31) 

to first approximation. The kinematical derivations 

of the Appendix show that the same cancellation of 

cos et dependence occurs here, as for n exchange 

(eqn. (A.32)). Thus, to first order again, the a* ex­

change graph also provides basically a flat distri­

bution dcr/dcos et, and an s-wave na* enhancement. 

Doubtlessly the contributions to higher partialwaves 

of a* and n exchange will be different, but both 

should contribute significantly to the s-wave. 

The JP content and the distribution dcr/dcos et are 

therefore obviously not very useful means for estab­

lishing the presence of n and/or a* exchange contri­

butions. The distribution dcr/dcos 8t is furthermore 

inappropriate for attempts to estimate the relative 

size of n and a* exchange contributions. Just as the 

n exchange graph gives a peak near cos et ~ 1 in 

dcr/dcos et (fig.20), the a* exchange graph will tend 

to peak near cos 8 t ~ -1. However, the "background" 

from the rr exchange graph extends all the way to 

cos et ~ -1, and its magnitude in the region 

cos et < 0 is very sensitive to the choice of para­

metrization of the rr exchange amplitude (compare 
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figs.20 and 21). Thus from the plot of da/dcos et it 

remains unclear how much cross section to assign to 

the n and a* exchanges. The only exception to this 

rule is a situation in which quantum numbers forbid 

one of the exchanges. For example, in K-p + K*rr+n, 

K* exchange is forbidden, and the distributions re­

flect the rr exchange graph directly. 

4.2.2 The Distribution da/d$s 

Fortunately, the distribution da/d$s should provide 

direct evidence for exchange effects and allow direct 

estimation of the relative size of rr and a* exchange 

contributions. Here $s is the s-channel azimuthal 

angle of the A*+ a*n decay, as defined in fig.l2. 

The great virtue of this angle is based. on the kine­

matic fact (see Appendix) that 

A - B cos ¢
5 

(32) 

where A and B are positive valued functions of the 

other. four independent invariants (s, MA*' tpN' snN) 

in the amplitude( 2a). 

If the ap + a*nN amplitude does not depend explicit­

ly on taa*' tan' or on $s' then the distribution 

dcr/d$s is necessarily flat from 0 to 2n (to n if 

folded). The only invariants which introduce depen­

dence on $s into the amplitude are taa* and tan' An 

amplitude (n exchange) which is large _for small taa* 

results in a peak of dcr/d$s near $s = 0, whereas an 

amplitude which favours small tan (a* exchange) 

causes a peak in dcr/d.$
8 

near $
8 

n. Note that 

~ + t + M2 + M2 + M2. 
· na* pN a* n a 

An explicit example is presented in fig.l3, from 

which it is so:en how stL·ongly the ~ exchange oeek 

graph populates the region $s < n/2. Introduction of 

a form factor in eqn. (8) to suppress large It .I a a 
will favour the region $s < n/2 even more strongly. 

Seen also in fig.l3 is the fact that the n exchange 

Deck graph generates a similar dcr/d$s distribution 

for the diffractive and charge exchange reactions. 

This latter point illustrates my argument that it is 

the taa* structure of eqn. (8) , and not dependence on 

other invariants, which is reflected directly in the 

da/d$s distribution. 

Note that the peak in da/d$s near $s = 0 is the n 

exchange peak. The pion-pole is not cancelled in 

this variable, and it was in the dcr/dcos et plot, 

by the snN dependence of the inelastic amplitude. 

This should put an end to the loose talk in some re­

cent literature regarding cancellation of the pion 



singularity. The compensation occurs only in the 

cos et distribution. 

Exper_imental dat;l on da/dcps are not as generally 

available as would seem appropriate given the power 

0 of this distribution. A peak in da/dcps near cps 

signals presence of a n exchange graph, whereas a 

peak near cp = n gives evidence of an a* exchange 

graph. The total distribution could be flat, for­

ward peaked, backward peaked, or otherwise, depend-

ing on the relative strengths of the two graphs. The 

relative number of events in the regions cos cps > 0 

and cos cps < 0 can be used to estimate the relative 

strengths of n and a* exchange. A preliminary view 
+ + 

of data in the Q region from K-p ~ K* n-p at 

8 GeV/c(l?) and for K-p ~ K* n-p at 16 GeV/c( 2g) 

show rather flat da/dcps dist:ributiom;. Till" J.e5ult: 

supports the conclusion that, in these reactions, 

the n and K* exchange graphs are of roughly equal 

importance, as was suggested in Section 3.3.2. This 

is the first direct evidence that i:he pion exchange 

Deck graph alone is incapable of reproducing the 

data in the Q region. Within the context of an ex­

change model interpretation of ~e Q enhancement, 

both "t-channel" (i.e., n) and "u-channel" (i.e., K*) 

exchange graphs are required in roughly equal propor­

tion. In studies of pn ~ p(pn-) at 19 and 28 GeV/c, 

the Brookhaven-Vanderbilt collaboration( 30) finds a 

cps distribution in the low-mass (pn-) system which 

shows roughly a 2 to 1 ratio of events favouring n 

over baryon exchange. 

4.3 Resonance-Deck Interference 

As described in Section 4.1, the Deck amplitude pro­

vides a low mass enhancement whose partial wave con­

tent covers a series of spin-parity states. In na­

ture, there may also be, in addition, resonances in 

some or all of these waves, whose production is co­

herent with that of the non-resonant (De_ck) back­

ground. For instance, in np ~ (3n)p, there is the 

JP 2+ A2 resonance (d wave pn), which may inter­

fere with the Deck 2+ wave(ll)_. 

It is interesting to inquire about possible reson­

ances in the s wave '(na*) system, which would inter­

fere with the dominant s wave produced in the Deck 

model. Cross section estimates for the production 

of such resonances run in the 10 to 20 1Jb range ( 1 ) , 

whereas the Deck backgroUnd is of order 100 IJb. Thus, 

the resonances would not stand out clearly in stan­

dard plots of invariant mass. Moreover, existing 

57 

three particle phase shift analysis programs may 

find it particularly hard to disentangle such a weak 

resonance signal from the Deck background. 

The resonances might well show up more transparently 

if the mass distribution da/dMna* were plotted for 

events from a partial segment of the decay angle 

phase space. Specifically, one might consider dis­

playing events in the two dimensional decay space 

defined by (coset, cpt) [or by (cos es, cps)]. The 

events could be divided into four (eight) samples 

and plots of da/dMna* made for each: 

I. -1 s cos e s o " 
II. -1 s cos e s o n/2 > cp <: 0 

III. o < cos e s 1 n <: ¢ > n/2 

IV. o < cos a s 1 n/'1. > q> <! u 

A single resonance would populate all four (eight) 

segments equally, whereas the n exchange and a* ex­

change Deck graphs concentrate events towards speci­

fic corners, as shown in fig.24. The character of 

the resonance-Deck interference should be suffic-

iently different in the four sectors. If events 

taken, for example, from the two non-Deck corners of 

the (COS 9, cp) plot Were to show statistically sig­

nificant, relatively narrow structure, the case for 

resonance interpretation would be correspondingly 

strengthened. Background graphs do not create 

narrow peaks. 

In searching for resonance effects in the Q(Knn) re­

gion, careful comparisons of K+p and K-p data may be 

particularly illuminating. Because the K+p channel 

is exotic whereas K-p is not, the relative phase of 

resonance and Deck background should be different 

in two cases. This phase difference might explain 

the different mass structure( 2
0) o~served for the 

Q+ and Q . 

4.4 Helicity Conservation 

At issue is knowledge of the value of helicity of 

the A* object produced in ap ~ A*N ~ (na*)N, with 

respect to a given axis cf quantization. The favou­

rite axes of reference are the t-channel (fig.l9) 

and s-channel (fig.l2) frames. 

From the point of view of the Deck model, there are 

two aspects to the prediction of the s- or/and t­

channel helicities of A*. Since the production 
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Fig.23 The distribution dO/d~t as a jUnction of the 

t-channel azimuthal angle ~t· The aurve was 

obtained from the n- exchange Deck amplitude, 
- *0 -eqn. (8), for K p-+ K890 n p at 14 GeV/c. The 

selections imposed were Mass (K*n) < 1.5 GeV 
and Mass (pn-) > 1. 34 GeV. 

amplitude is an amplitude for ap -+ a*nN, one must 

first decide the helicity state of a* and then the 

net helicity of the combined system (na*). The heli­

city state of a* is a question of how exchanges 

couple at the respective vertices. The helicity con­

tributed by the re-combination of (na*) is easily 

expressed in terms of.the azimuthal angles ~sand 

~t· 

To illustrate this latter point, suppose that a* is 

produced with helicity zero in the t-channel. Then 

the helicity of A* is also zero in the t-channel if 

and only if the amplitude for ap -+ a*nN does not de­

pend on ~t. If th.ere is .~t dependence, then the t­

channel helicity of A* cannot be zero. It must con­

tain a sum of different helicity states. 

Consider now the n exchange Deck amplitude, eqn. (8). 

It shows important dependence on taa* and on snN" 

When re-expressed in terms of s-channel decay angles 

in the A• rest frame, as detailed in the Appendix, • 
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A - B cos ~s (33) 

where A and B are functions of the other four invar­

i~lts. When re-expressed in terms of t-channel de­

cay angles 

s 
TIN 

C + D cos ~t (34) 

Because the amplitude contains this important depen­

de~ce on ~s and on ~t' rh~ n-exchango Dock model 

conserves neither c nor t channel helicity for the 

full low-mass enhancement. In fact, the violations 

of both are rather strong. Distributions do/d~s 

and do/d~t I computed from the n exchange model are 

presented in figs.l3 and 23. These would both be 

flat if no ~ dependence were present in the ampli­

tude An. The asymmetries predicted are rather ob­

vious. I argued above that the pronounced peak near 

~s = 0 in do/d~s owes its existence to n exchange. 

The experimental distributions·do/d~s for Kp-+ K*np 

is more nearly flat( 17 ' 28 ) in disagreement with the 

pure n exchange model, <lnd sugge'stive that an impor­

tant K* exchange graph must also be included. 

As explained above, the n exchange Deck model pro­

vides generally neither s nor t channel helicity 

conservation for the full low mass (na*) enhancement. 

However, suppose ~e confine.our attention to the s-



wave component of the (na*) enhancement. For the s 

wave partial amplitude, there obviously can be no ~ 

dependence. Thus, the issue of s or t-channel heli­

city conservation reverts simply to a statement 

about the helicity of a*. The pion exchange coupl­

ing at the np vertex of np ~ pnN or at the KK* ver­

tex of Kp ~ K*nN is known to populate preferentially 

t-channel helicity zero p and K*. Thus, the predic­

tion is clear(Jl): the n exchange Deck model favours 

t-channel helicity conservation in np ~ A1p and 

Kp ~ Qp. 

Statements about helicity expectations for the a* 

exchange graphs are yet to be worked out in detail. 

Experimentally, the JP = 1+ K*n component of 

Kp ~ K*np shows t-channel helicity conservation, con­

sistent with the n exchange Deck model. The low­

mass (pK) and (wK) diffractive enhancements found in 

K-p ~ pKp and K-p ~ wKp appear to have zero helicity 

in the s-channel (J 2). It should be determined what 

these facts imply for the relevant w, p and K ex­

change Deck graphs, 

4.5 Phases 

The complex phase behaviour of the n exchange Deck 

amplitude eqn. (8) comes from two sources: first, 

the phase of the nN off-shell elastic amplitude AnN' 

which varies with snN and tpN; second, the phase of 

the Reggeized pion propagator e-inan/2 , which varies 

only as a function of taa*" The Illinois group(B) 

made a detailed analysis of these phase variations 

and of their relationship to data. I will confine 

myself to a few pedagogical remarks. 

Take a fixed small value of tpN and a fixed value of 

Ma*n' and large s. Then the phase of Anp is roughly 

i, and the phase dependence of An for ap + a*np is 

approximately 

i exp[- inan/2] + i exp[- ina~ taa*/2] (35) 

Because <I taa* I> , 0.15 ·(GeV/c) 2, the average phase 

of the amplitude differs from i by about 15°, when 

a' , 0.9 (GeV/c)-2. 
n 

This average phase varies only gradually as Ma*n 

changes, since changes of Ma* in the low mass region 

produce only gradual changes in (taa*) and (snN>· 

Thus, no dramatic resonance like phase variation can 

59 

be expected from the model as Ma*n is altered, in 

agreement with data. 

One important phase feature of the model is its pre­

diction of the relative phase between different JP 

states at small Ma*n" This relative phase is not 

zero because the s, p, d .... waves sample the 

exp(+ ia' t *) distribution in different ways. Re-aa 
expressing the phase dependence on taa* as a depen-

dence on cos at (taa* ~ k 1 + k 2 cos.0t), the phase 

of the s wave is proportional to an integral. 

+1 

)' f(cos at) dcos at 
-1 

(36) 

whereas that of the p-wave is proportional to a dif­

ferent integral, of the form 

+1 I f(cos at) cos at dcos at 
-1 

(37) 

According to the Illinois paper(B) a 90° phase dif­

ference is thus obtained between the 1+ s(pn) and 

l+p (e:n) partial waves, when the slope a~" 0.9 

(GeV/c)- 2• No phase difference is obtained if a' =0 . n , 
of course, since then the n exchange phase is purely 

real. This 90° phase difference agrees with the 

phase ~xtracted from data( 2), and is interpreted by 

the Illinois group as supportive of the Regge nature 

nf the p.i.on. 

If all relative phases predicted by the model agreed 

with data, this conclusion might be compelling. How-
+ . -

ever, the 1 s to 0 s relative phase does not agree 

well with data(B). Moreover, support for the idea 

that a' " 1 (GeV/c)- 2 is hard to reconcile with the 

appare~t absence of shrinkage( 12) mentioned in 

Section 2. Finally, from the necessity for K* ex­

change in Kp + Qp, as concluded above, it appears 

that a p exchange graph might be required in a more 

complete treatment of np + (3n)p. The inclusion of 

this graph is ._expected to modify phases·, but it is 

hard to gauge its quantitative impact. 

5. CONCLUSIONS 

As a result of the detailed analysis by the Illinois 

group(B), the Reggeized pion exchange Deck model(G) 

has been shown to reproduce data on np + (3n)p, at 

small values of (3n) invariant mass, to a far more 

successful degree than previously believed. Never-



theless, several aspects of the pion exchange ampli­

tude are uncertain. These include the absence of a 

form factor, and the issue of whether Reggeization 

is justified. If reasonable alterations are made in 

the amplitude, the agreement with data, including· 

the crucial JP content, worsens considerably. 

In this article I have concentrated more on 

Kp ~ (Krrrr)N. The pion exchange Deck model repro­

duces these data much less well. 

I identified two important characteristic features 

of the pion exchange Deck amplitude. First, that 

the amplitude produces a distribution do/d$s which 

peaks sharply towards ~s = 0 (Sections 3.3 and 4.2). 

This property is intimately associated with the t­

channel exchange property of Deck graphs. A "u­

channel" graph, having a p or K* excharige provides 

a peak towards $s = rr. Angle $s is the s-channel 

azimuthal angle of a* in the decay A*~ (a*rr). 

The second characteristic feature of the pion­

exchange graph is associated with quantum number or 

symmetry properties. These can be tested by fea­

tures in data, such as cross-overs(lS) of differen­

tial cross sections (c.f. Table 1) or polari~ations, 

whose signs carry the signature of specific quantum 

numbers. 

Predictions were made and experimental investiga­

tions suggested to pursue both points listed above. 

In particular, selections on cos $s for ap ~ a*rrp 

were proposed to separate the regions of phase space 

in which the pion exchange and a* exchange Deck 

graphs dominate. The quantum number characteristics 

of rr exchange (a* exchange) should prevail only in 

the xegion cos $s > 0 (cos $s < 0). 

Data on several reactions show that although da/d$s 

peaks near $s = O, as expected for the rr exchange 

Deck graph,. the overall distribution is much more 

symmetric than would be consistent with rr exchange 

only. The need for a substantial contribution from 

a* exchange seems demanded. For Kp ~ K*rrp, the K* 

exchange graph appears to have weight roughly equal 

to that of rr exchange. 

The inclusion of a K* exchange graph in the Deck 

model description of KOp ~ Qop and KOp ~ QPp re­

solves also the erroneous prediction of the cross­

over systematics, obtained from the rr exchange Deck 

60 

graph only. This proposal can be tested in detail 

with the SLAC K~p data, by means of the cos $s sel­

ections described above. The incorporation of a K* 

exchange graph further improves agreement of the 

model with experimental values of the integrated 

cross section and the slope b of the production dif­

ferential cross section. 

+ + - ++ The reactions rr-p ~ rr-(rr 6 J are described by a sum 

of pion and baryon exchange Deck graphs, whose 

characteristic cross-over systematics differ in 
. ( 15) 

sJ::gn This prediction of the Deck model was 

verified at 16 GeV/c(
23

). The success confirms both 

the utility of the cos $s selection procedure and 

the fact that quantum number characteristics of both 

Deck model graphs are evident in the data. 

It remains unclear whether a resonant JP 1+ signal 

is present in the A1 and Q region data. A possible 

method for separating the resonances from the large 

Deck background was discussed in Section 4.3. Charge­

exchange processes, such as K p ~ (Krrrr) n and 

Kp ~ (3rr)A, deserve special experimental emphasis 

because the s-wave Deck background in these reactions 

is much reduced from its level in diffractive pro-

cesses. 
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APPENDIX 

KINEMATICS 

The process treated is ap ~ a*11N. Momentum vectors 

of the initial and final state particles are denoted 

by p and q, respectively, and masses by m. 

The invariants of interest are 

s (A.l) 

6 (q11 + q )2 - M2 (r.. 2) 
11N N liN 

s 11a* (q11 + q )2 
a* - M2 

A* 
(A.3) 

s a*N (qa* + q )2 
N 

(A.4) 

t aa* (qa* pa)2 (A.5) 

t (qN - !' )?. (11.6) pN a 

t (qn - p )2 (A. 7) an a 

Note that 

+ t + t m2 + m2 + m2 + t (A. B) s na* a a* an a a* n pN 

and 

s 
na* + S11N + sa*N s + m2 

a* 
+ m2 

n +~ (A.9) 

A.l.l t-Channel Variables; A* Rest Frame 

A set of interesting independent kinematic variables 

iss, MA2., t 1 a and .p , where aL and <PL are the ·· J,>N L L 
t-channel scattering angles defined in fig.9, in 

the rest frame of A* (~A* = ~a* + ~11 = 0) • 

In terms of these variables, the energies and magni­

tudes of the three-vector momenta of a, N, a*, and 

n are 

(M!* + m2 - tpN) a 
(A.lO) E 

a 2MA* 

1/2 2 m2 tpN) 
I Pal 

A (MA*' a' 
(A.ll) 

2MA* 

(s - m2 - M2 ·) 

EN 
N A* 

(A.l2) 
21"A* 
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>.1/2( 2 M2 ) 

lqNI 
s, ~· A* (A.l3) 

2NA* 

2 + m2 - m2) 

Ea* 
(MA* a* n (A.l4) 

2MA* 

A1j2(M2 2 m2) 
lq 11 1 lqa*l 

A*' ma*' n (A.l5) 
2MA* 

E - MA* - Ea* (A.l6) 11 

Note that 

p )? m'- m2 t (qa* - + - 2E,*Ea aa* a a* a 
(A.l'l) 

+ 2jqa*11Pal cos at 

Thus, we can express 

t a a* g1 (Mil*' t ) 
pN 

+ cos at. g2(MA*' \,Nl . (A.l8) 

where functions g1 and g2 depend on no invariants 

other than those listed explicitly. Moreover, 

s 
11N (qn + a )2 

-N m2 + ~ + 2E E 11. 11 N 

+ 2lqnllqNI {cos at cos X (A.l9) 

+ sin at sin X cos .pt} 

The angle X between vectors ~N and ~a is defined 

through 

taN -s - t + m2 + M2 · + ~~ + mp2 pN a A* N 

(A.20) 

Therefore, 

(A •. 21) 

where functions g3, g4, and g5 depend on the three 

invariants listed (plus. masses). 

(A.22) 

2lqa*1 ~~~ {cos at cos X+ sin at sin X cos .pt} 



In the limit of high s (>> M~*), 

(A. 23) 

.. (A. 24) 

P.oreover, for high s and (typical) forward produc­

tion (tpN + O), 

E ... 
a (M~* + m!)/2MA* (A. 25) 

!Pal ... (M~* - m2 l/2M (A. 26) 
a A* 

cos X ... - l + terms of order s-1 (A. 27) 

In this limit, the cp dependence in eqns. (A.21) and 

(A.22) drops out leaving 

s {E jqllj cos et} (A.28) s ... -liN MA* ll 

... s 
{Ea* + jqa* I cos et} (1' •• 29) sa*N MA* 

We observe that large sliN is intimately correlated 

with the region cos et "=' - 1. 

ln ene limit:. tpN "' 0 (nu n<o.LLlcLluf• .:.n ·s), Wj!: can 

re-write eqn. (A.l7) as 

(A.30) 

m!> 
<- E + jqllj cos et> 

MA* ll 

Combining eqns. (A.28) and (A.30), we observe 

s ... s 
liN 

(m2 - t ) 
n aa* 

(M2 - m2) 
A* a 

(A. 31) 

when tpN + O, and s is large. The only restriction 

on MA* is that s >> MA* (and s >> all other masses 

in the reaction) . 

An identical algebraic manipulation results· in 

s 
(m2 - ·t ) 

a* all 

(M2 _ m2) 
A* ll 

(A.32) 

The expressions (A.31) and (A.32) are crucial for 

analyses of the JP structure of the Deck amplitude 

in the A* rest system. 
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A.l. 2 s-Channel Vat·iablcs; J>.* Re~t Frar.'le 

An alternative set of variables are s·, M~*·, tpN' 6s 

and cps' where es and ¢
5 

are s-channel scatteting 

angles, defined in fig.l2, in the rest frame of 

A*(~A* :~a*+ ~ll = O). 

value in the overall c.m. frame. 

The equations (A.lO) through (A.l6) still· apply. 

However, nov: 

s 
liN m.~ + m 2 + 2E E + 21 q II q I cos e N ll N ll N ll s 

(A. 33) 

(A. 34) 

As fixed s and MA*' the distribution in cos 8
5 

re­

flects directly any structure associated with the 

variables sliN and sa*N' 

sa*N 

The momentum transfer variable 

m2 + m2 - 2E E 
a a* a a* 

cos 6 
s 

(A. 35) 

(A. 36) 

+ 2jpaj jqa*j {cos es cos X+ sines sin X cos cps} 

In the limit of high s, 

cos e 
s 

s ... s (E + jq I cos e > 
liN 2MA* ll ll s 

s ' 
+ 2MA* 

cos e > 
s 

(A. 37) 

(A.38) 

(A.39) 

(A.40) 



A.l. 3 Threshold Limits of A* 

It is useful t~ remark that in the limit 

MA* .. (ma* + mTT) 1 eqn. (A.l7) reduces to 

(ma•\~N + m m2) 

taa* 
rr a 

(ma* + m ) ma*mTT 
TT 

(A.41) 

and 
(mTTtEN + m .m2) 

t + 
a a 

arr (m * + mrr) ma*mTT 
.a 

(A.42) 

The values of taa* and taTT are fixed once tpN is 

given. Corrections to these expressions above thres­

hold are ~roportional to the pion momentum in the A* 

relit system. 

. . 
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DIFFRACI'IVE PRODUCTION OF Az AND ITS GENERALIZATIONS 

by 

C.F. Cho and L. Stodolsky 

Max-Planck-Institut f. Physik u. Astrophysik, Nunich 

Abstract 

Diffractive dissociation of spin-0 particles which violates the Morrison rule are 

studied using the Drell-Hiida-Deck type model. An example of this type of process 

is rr + p + Az + p. Rules for the helicity structure of the dissociated system are 

derived. In particular, in the diffractive dissociation 0- + 1-, 2+, •... ,when 

the virtual particle· which is dissociated from the incident particle and elastical­

ly scattered from the target nucleon is a spin-0 particle, then the dissociated 

system has spin projection !J,l) + !J,-1) in .its Gottfried-Jackson frame. In 

general, if one assumes spin-independence in the elastic scattering of the virtual 

particle-target elastic scattering, the same conclusion holds. Other implications 

of the Drell-Hiida-Deck type model on diffractive dissociation processes are dis­

cussed and testable predictions made. 

Presented by C.F. Cho. 
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MULTIPARTICLE SPECTROMETERS AND THEIR USE IN MESON SPECTROSCOPY 

by 

R.J. Cashmore 
Nuclear Physics Laboratory, University of Oxford, 

Keble Road, Oxford OXl 3RH 

1. INTRODUCTION 

The whole field of TITI and KTI scattering has been re­

volutionized by spectrometer experiments(l,Z) study­

ing the reactions 

+ -TIp-+ TI TIn ( 1) (CERN-MUNICH) 

(2)} 
(SLAC) 

(3) 

The reasons for such an improvement are the,follow­

ing: 

(a) the spectrometer, with its good resolution and 

particle identification, can be used at high beam 

momenta, thus allowing'penetration to smaller values 

of t for a give~ resoriance and hence observation of 

a bigger component of the pion exchange cross sec-

tion; 

(b) the numbers of events ·are enormous compared 

with previous bubble chamber experiments. 

After success in these 2 meson systems, the next 

states to be studied will be the 3 particle states 

produced in 

- + - (4) TI p -+ TI TI TIp (CIBS at 25/40 GeV/c) 

+ ± + -K-p _,. K TI TI p (5) (SLAC at 13 GeV/c) 

TI A .... - + TI TI TI A (6) (BNL at 24 GeV/c) 
(CERN at 9/15 GeV/c) 

Of these experiments I will concentrate on reaction 

(5); the others are dealt with in other talks at 

this conference( 3
'

4
). 

2. RELEVANT PROPERTIES OF SPECTROMETERS 

As already mentioned the two principle properties 

which are important are 

(a) enormous increase in statistics (> x 10) with 

good measurement resolution; and 
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(b) particle identification. 

But they do not have uniform acceptance. The major 

question is therefore whether this matters, i.e. 

Can we still extract the physics? 

The answer to the question is very definitely yes. 

'l'his is apparent for 2 particle final states (the 

3- g, and 3- K* are only convincingly demonstrated 

in spectrometers) as we have seen, and it will be 

shown that it is equally apparent for 3 particle 

final states. 

We can thus look forward to the revolutionary effect 

of spectrometers on the 3 meson systems; in particu­

lar, studies of non-diffractive production reactions 

·with their small cross sections now becomes feasible 

with appreciable statistics, e.g. 

+ + -yp -+ TI TI TI n 

3. AN ILLUSTRATION 13 GeV/c K+p SCATTERING 

(7) 

(8) 

(9) 

In order to bring out the features of spectrometers 
+ 

I will use as an example the SLAC experiment on K-p 

scattering at•·lJ GeV/c (Z). This experiment was de­

signed to study 

(i) Kn scattering 

(ii) 

(iii) 

(iv) 

Knn systems in reaction (5) 

~lastic scattering 

Any other reactions you might pick up in a 

multiparticle trigger. 

The apparatus is shown in fig.l and is a convention­

al multiparticle spectrometer. The only feature I 

particularly want to draw attention to is the large 



[2m 
L_jm 

Scale 

Cherenkov counter at the end of the spectrometer. 

This has eight separate mirrors each viewed by its 

own photo-tube and thus provides the ability to 

identify a number of particles in the final state. 

At SLAC, due to the duty cycle, we use a·general 

trigger. However we also have an r.f. separated 

beam giving approx~mately 103 kaons/s. 

The trigge.t· actually used is; 

Beam (xy = 1) R c c (K;i; beam) 
K 1T 

Mesons Beam T (A >- 2) (B >- 2) M 

where T is a hodoscope before the magnet, A and ~ 

hodoscopes afterwards and M veto counters inside the 

magnet covering all faces. Thus we essentially re­

quire >- 2 particles through the magnet together with 

no vetoes firing. 

The final data samples will correspond to ~ 109 in­

cident K+'s and~ 7.5 x 108 incident K 's both at 

13 GeV/c. ·The resulting event samples will be 

K+p + K+1T-ll++ + 
65,000 130,000 K p + K 11 n 

+ K+11+n 16,000 
- - ++ + K 1T ll 30,000 

... KO·u\, 12,000 + j(01T-p 10,000 
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SflP.<:trometer 

Spark 
Chambers 

14,000 

+ + + -Kp+K1111p 75,000 

4,000 

+ + -
) TT TT 1T 250,000 

K p 

K p 

K 

(The ; (lRc-:ayF< are particularly 

the apparatllli and beam). 

+ j(On 6,500 

+ .p[ll,l:O] 5,500 

- + -+ K 1T 1T p 60,000 

+K <PP 3,000 

- + - 200,000 11 11 11 

\Jl':t'!flll for monitoring 

4. FEATURES OF THE DATA ANU EXPERIMENTAL POINTS 

(a) Statistics: In order to ensure that the num­

bers quoted above are appreciated, fig.2 shows the 

raw mass spectrum for K+1!+1T-. The smudge at the 

bottom of the plot is the previous best single ex­

periment on this reaction(S). 

(b) Resolution: Figure 3 contains the mis.sing mass 

spectrum while fig.4 shows some effective mass spec­

tra. It is clear that we can easily identify reac­

tion (5). In all further plots we select events for 

which 700 < M < 1100 MeV. It is important to state 

that these results come from raw measurements. ~le 

have not indulged in any kinematic fitting. 
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(c) Identification: Figure 5 shows the effective 
+ -mass spectrum of X X in 

+ + -Kp->XX ll++ (10) 

where we have assumed X+ and X to be pions. We 

clearly see a KO peak superimposed on a background 

due to reaction (2) where we have mislabelled the 

K+ as a n+. If we now use the Cherenkov counter to 

K•p- K"6•• K p :-~(II', r'J 
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Fig.4 Experimental effective mass resolutions. 

label the positive particle as an+ or K+ the two 

lower spectra result. We now see a very clean K0 

signal with the flat background due to misidentifi­

cation of a K+ clearfy demonstrated. 

In analyzing reaction (5) we can identify three 

categories: 

(i) where we identify both positives + + 
K n 

(ii) where we identify only the K+ K+X 

(iii) where identify only the + n+X we n 

~le use all three categories in our analysis. The 

last two categories are subject to backgrounds, al­

though these are small, e.g. the major contamina­

tion in (ii) is from 

(11) 

which is explicitly rejected by a ~ mass cut, while 

(U.i) will have a background from 

+ 
n p 

I + -
4.n n 

which is similarly rejected with a K0 mass cut. 

(12) 
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The use of the Cherenkov cozmter in identify­
ing K+p ~ K0A++, The upper figure shows the 
M(}(l-rJ mass spectrum whi1A the luwei' two 
j'igures demonstrate Lhe l'esuz.ts whcm identi­
fication of the positive particle as a u+ or 
g+ in the Cherenko1! oount<:1r> is demanded. 

The Cherenkov counter was set with a 11 threshold at 

p ~ 2.5 GeV/c resulting inK's giving light at a 

momentum ~ 8 GeV/c. 

5. Hml TO EYTRACT THE PHYSICS? 

All we need to know is 

(i) How particles propagate in free space and pass 
(6) 

through magnets • 

(ii) The properties of the Cherenkov counter. 

(iii) The efficiencies of counters, chambers and 

track f.indin9 (all measured in a good spectrometer 
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experiment) 

(iv) The absorption and interaction of particles 

passing through matter. 

Thus ther~ is nothing magical in analyzing data from 

a good spectrometer. All it requires is care and 

the application of well known laws of physics. 

6. WHAT ARE THE EFFECTS OF GEOMETRICAL APERTURES 

AND PARTICLE IDENTIFICATION? 

As the spin parity of the Knn system is a function 

of effective mass we have to understand the effects 

of finite acceptance on particular partial waves. 

(i) What happens to a partial wave? 

In figs.6 and 7 we see the effects on the 1+0+ s­

wave nK* (the major Q wave). The angles are defined 

from vectors i.n the (:K+!T-t-11-) rest f.1:ame by 

cos s !?beam ~ 

~beam X s. 
l. 

tan a 

Pbeam ~ the 

a and 

beam 

(y and z nor­
malized 
vectors 

the polar angles of 

in X y z 

For orientation fig. 8 shows the corresponding ru1gu­

lar distributions for tl1~ raw data in the mass range 

1.24 to 1.26 GeV/c2 . It is clear that the 1"'"0+ s­

wave nK* is a major component. 

+ + * (ii) ~cceptance of 1 0 nK as a function of mass and t 

In fig. Y we see the mass c.lep~ud~""'~ ur thi!l w11ve for 

two t' values (t' = t - tmin) together With the t 

dependence at ·.a given mass. All variations are 

smooth. 

(iii) Acceptance for other waves 

Figure 10 shows similar mass and t dependence for a 

selection of other waves. As we might have expected 

the acceptance does indeed depend on the angular 

distributionR involved. The most important remark 

however is that these acceptances vary smoothly and 

do not show sudden discontinuities! 



'OFF. fla1 

"' 0 
6 . . 
':ir ... . . . . ... . . .. . .. . .. . .. 
c .. 
" > w 

-1·0 -0·5 0·0 0·5 1·0 

cos p 

·oN· .. . . . . .. 
"' 0 . . 
6 . ......... . (/) .. .. . c . 
'!! . 
w 

.... . 
-1·0 -0·5 0·0 0·5 1·0 

cos p 

Fig.6 The effects of the spectrometer and of par­
ticle identification on the cos 8 distribu­
tion fo:r> tho 1+o+ nK* s-~o1ava. 

1·24 < Ma• < 1·26 GeV 0< Ill< 0·1 GeV 2 2949 Even1s 
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7. HOW TO ANALYSE THE DATA? 

(i) Not weighting 

This would require a knowledge of the acceptance 

over a five dimensional grid (a, B, y, w1
2 , w2

2 > at 

each mass and t value, together with sufficient data 

in each volume of this space to make weighting a 

statistically sound procedure. It is impossible even 

with our statistics. The most deadly sin that one 

can commit is to attempt to do it in an inrer1or way 

(this in the past has resulted in a bad name for 

spectrometers). 

(ii) The 'Correct Way' 

This means that we make some theoretical model for 

the distribution of events, pass it through a spec­

trometer, and then compare with the data. (For 2 

particle cases this 'model' is that the angular 

distribution may be expressed as a sum of spherical 

harmonics, for the 3 particle case we use the iso­

bar model.) 

Perfect acceptance: 

In general the kinematical distributions depend on 
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7 variables M, t, (a, B, y, w/ and w2
2>. We will 

perform the analysis at a given bin in M and t. 

Then 

(13) 

where y are the kinematical variables (a, B, y, 

wl2' wz2l 

xa the decay matrix elements for a given par­

tial wave a. These contain the angular 

mom~;>nt•.11'1 <iP.r.n101pns.i t.inn, harrier factors, 

Then 

0 

where 

. . t (7) 
Bre~t-W~gners e c . 

P the partial wave amplitudes we wish to 
a 

determine at. ea~h valu<! of M and t. 

flY. 
a 

p 
a 

2 
X (y) I 

a -
dy 

a a 
1 2 

(14) 

(1~) 

We then use the maximum likelihood method to give 

the values of Pa by maximizing the function 

Nevents 
log Sf= L log 

i=l 

Turn on a spectrometer: 

We now have that 

dso 
obs 

~ 

where A(y) is the acceptance, a function of y. 

The likelihood function then becomes 

log !7" 
Nevents 

dSo (i) + 
log L 

i=l d;t 

f ddy
5
o A(y) dy 

Nevents 

I 
i=l 

(16) 

(l7) 

We first note that the second term in (18) is a con­

stant for all fits and thus we may ignore it. (It 

does not depend on P a in any way. ) We may also 

~1rite 

where 

X" A(y) dy 
a2 

Thus in fitting we use a likelihood function 

(19) 

(20) 



N events 2 
log 2: = L log IL p Xa(yi) I 

a CL 

i=l (21) 

L p P* w 
ala2 

al CL2 ala2 

and maximize this to give the parameters Pa. 

Finally we can then obtain the numbers of events at 

production from the Pa with 

0 production (22) 

It is important to note that the integrals W and 
ala2 

N can be calculated once and for all using Monte 
ala2 

Carlo techniques. They do not have to be recalcu­

lated at each step. 

(iii) Derivative Calculations 

This point is of importance for the practitioner of 

the method. Si~ple calculation shows that the deri­

vatives of the log likelihood function with respect 

to the fi tti.ng parameters are 

a log.? 
a Re PR 

a log.? 
a Im PR 

where 

0 

L 
i 

2 

L 
i 

2 

IL 

{ l 2 Re[X: (~ P. xj>J} oi J 
J 

(23) 

Re(~ Pj wjk> 
J 

. { _!_ 2 Im[X:(L P. xj>J} oi j J 
(24) 

Im(L Pj wjk) 
J 

2 
P. x.l 

J J 
(25) 

This implies that the derivatives are easily calcu­

lated at each step with little increase in computer 

time. 

(iv) How to calculate the decay amplitudes? 

The simplest way to do this is to use one of the two 

major programs: 

(a) Illinois (Ascoli, Kruse ••• ) 

This 

ses 

(b) 

has been used with great success 

of 3 meson (0-) systews(J). 

SLAC/LBL (B) 

in many analy-

This system is much more oriented towards amplitude 

analysis and has a very good pedigree being initial­

ly used in analysis of 

11N -+ 1111N (26) 
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and' later adapted to analyse 3 meson systems(g-ll) 

in 
+ + +-11 p -+ 11 11 11 p 

Indeed the program is general enough to cope with 

all results, and may be easily adapted and plugged 

into any minimizer. All the work now described has 

used this program. 

8. HOW TO OBTAIN THE PARTIAL WAVES IN A FIT 

Throughout this section and in the next the SLAC K1111 

analysis is taken as an example and demonstration. 

However these results are still preliminary. 

(i) The data: We will use the data shown in fig.ll 

where we have used at' selection 0.1 < t' < 0.5. 

We will return to the cross hatched data later. 

3000 
K*n•n-
0·1<1fl<0·5GeV2 

~ 2000 
::; 
0 

~ 
U> c 
~ 

1000 

1000 1200 1400 1600 

K nn Mass(MeV) 

Fig.ll The K1111 mass distribution for 0.1 < t' < 0.5. 
The aross hatahed histogram represents the 
contribution of the 2+1+ 11K*D wave in the raw 
data. 

(ii) Numbers of events 

From our experience of 11N -+ 1111N we felt we needed at 

least 1000 events per M, t bin in order to obtain 

good solutions. As we wished to analyse the K1111 

mass region 1.0 - 1.5 GeV in 25 MeV mass bins with 

at least two t bins this meant a total of 150,000 

events, approximately what we obtained. 



(iii) The Wave Set and our present (preliminary) 

solution 

The process of reaching a solution is laborious and 

iterative (you stop when either exhausted or sta­

bility is reached) • Let me list the various stages 

(a) Select some sensible t' bin (e.g. 0.05 ~ 0.3) 

in which you are sensitive to all waves which might 

be present (remember natural parity exchange M > 1 

states often go to zero at t' = 0) and a set of mass 

hi.ns, e.9. 40 MeV. 

(b) Choose a starting set of waves (e.g. 0 , 1+, 

2 2+ a good selection of what might be present 

obviously prejudice is involved). 

(c) Take random starts (- 10) in each bin and then 

maximize. In our case this leads to 1, ~ or 3 dis­

tinct maxima at each mass. 

(d) Propag~te solutions fr?m adjacent mass bins. In 

our case most of these propagated to already exist­

ing solutions and we were left with a few (~ 3) sol-

ution5 at each mass. 

(e) Remove waves consistent with zero and remaxi­

mize. 

(f) Throw out solutions which are poorer (we want 

always to reduce the numbers we have to consider). 

This can be done in the following way(l
2
). we wish 

to compare two solutions A and B and find out if A 

is systematically better than B. Define the follow­

ing quantity on an event by event basis 

where !? is the 

will have some 

with cS ..2"AD and 

(26) 

log likelihood function. Now..2"AB 

distribution function with mean sf, _ liB 

error on the mean cS !7' . Now cS !7' 
AB 1\B 

will be the same whatever the sample of events, 

whereas cS 2AB decreases the bigger the sample. 

1 

IN 

We may then expect A to be systematically better 

than B if 

.27/\B > k cS .27/\B 

(27) 

(28) 

where k is in the range- 0.3 to 1. Indeed we can 

empirically determine k if we have some partial wave 

which must be present in the data, e.g. K*(l400). 

We can compare the two solutions with and without it 

present. 

(g) We now have a basic set of waves S and a few 

solutions at each mass .. 

At this point we ad4 on new groups of waves to each 
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solution, beginning with random starts in these new 

waves and looking to see if any are necessary. 

By this technique one eventually obtains a new set 

of waves S' 

(h) We then begin the whole process over again 

(starting from step (c)) and look for new solutions 

and the stability of the wave setS'. 

We then repeat the process until we are happy with 

the stability. 

We now have our basic set of waves and our basic set 

of solutions (in our case 1 or 2 at each mass) • 

• (iv) Checks on the fit 

(a) We generate a ~!Onte carlo el<periment with our 

fit parameters and compare projections of this with 

the data looking for any wild discrepancy. 

(b) We follow an alternative procedure to (iii) i.e. 

choose a large mass bin and perform a t-sweep look­

ing for new waves. 

(v)' Basic set of waves and solution 

With this final set of waves and solutions we are 

ready to study any physics topics, e.g. to identify 

a very small wave we might re~ort to both large M 

and t bins. 

9. RESULTS 

Our analysis is still at a preliminary stage and we 

are not entirely satisfi"'d t.hf.l.t. w"' hav"' complP.ted 

t.he process described in sect.8 as thorou~hly as we 

would like. Thus I cannot present any results for 

the Q region of Knn mass. 

(i) The partial wave set 

The partial wave set we are presently using is 

listed below: 

(a) natural parity exchange non-flip amplitudes 

0-0+nK*p, l+O+nK*s, l+l+nK*s, 2-0+nK*p, 2+l+nK*d 

0-0+ Kpp, 1+0+ Kp,s 

0-0+nK s, 1+0+ nK p 

0-0+ KES, 1+0+ KE p 

(b) unnatural parity exchange 

i+o- nK*d 

(c) natural parity exchange flip amplitudes 

1+0+ nK*s 

0-0+ KE s (although this wave may not be necessary) 

(In principle at a given value of M and t we cannot 



identify flip and non-flip amplitudes at the nucleon 

vertex. However we use this terminology both from 

prejudice and observation of the t-distribution of 

these waves) • 

(ii) The K*(l400) 

In order to demonstrate the success of the methods 

outlined we shall concentrate on this resonance. It 

is expected in the two waves 

2+1+ nK*d natural parity exchange interfering 

with many other waves. 

unnatural parity exchange (n) incoher­

ent with all the other waves. 

(a) Mass spectra 

Figure 12 shows the mass dependence of these two 

waves. A beautiful K*(l400) signal is seen in the 

2+1+ wave with mass and width consistent with the 

ac~epted values. (I might add that this is usually 

a one bin effect in most conventional analyses.) 

K•p- K·*n•TT-p 13GeV 

0·1 < t' <0·5 GeV2 

4000 

2000 

~ t I (!) ... 0 
0 1·0 1·2 1·4 1·6 -s 
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Q) 
> 

UJ 2000 2•o-K "(890)n D 
I 

I I I 1000 

I 
0 

1·0 1·2 1·4 1-6 

Knn Mass(GeV) 

Fig.12 Mass dependence of t}:ze intensity at produc­
tion (i.e. aorreated for aaaeptanae) of the 
2+1+ and 2+o+ nK* waves. 

The 2+0- is even more remarkable - such an observa­

tion has never been previously made in this type of 

reaction and analysis. It is only by virtue of the 

high statistics that we are able to pick up such a 

small signal which is incoherent with all the other 

states. 
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(b) Sensitivity of the experiment 

·In fig.ll we see the contribution of the 2+1+ nK*d 

wave to the raw data(~ 10%). We can use the mass 

bin 1320 - 1360 MeV to gain an idea of the sensitiv­

ity of the experiment. There we see - 3% effect in 

the raw data is measured as a six standard deviation 

effect. Thus we can conclude that it will be possi-

ble to observe l% effects in the data (we are push-

ing the isobar model 

(c) t distributions 

is it really that good?) 

Figure 13 shows the t dependence for these two 

K*(l400) waves using a large Knn mass bin 

1360 < M(Knn) < 1480. We observe differential cross 

sections consistent with natural parity exchange 

(dip in the forward direction) and unnatural parity 

exchange (pion exchange). Thus we find the K* (1400) 

production mechanisms we might expect. 

~ 

1·36< M(Knn)<1·48GeV 

+* -t 
t 

13GeV 

(!) 1~4-----.----.-----.~--.-----.----1 g 0 
........ 
"' E 

~ 

0·2 0-4 0-6 

I 
I 

1~4r-----,------~-----r-----,r-----.------1 
Q ~ ~ ~ 

Fig.13 The t dependenae of the intensity at produa­
tion (i.e. aorreated for aaaeptanae) of the 
2+1+ and 2+o- TrK* waves. 

(d) Other waves 

We have searched for other waves. In particular 

2+2+ and 2+2- waves are both zero while the 2+1- nK*, 

2+1+, and 2+0- Kp are all small and await a large M 

and large t bin for their reliable observation. 

Thus we can conclude that the method we apply appears 



to be successful when we test our expectations of 

the observation of the K*(l400). 

10. CONCLUSIONS 

We can draw the following conclusions from this de­

monstration. 

(a) Acceptance problems are well defined and tract-

able. 

tb)' The increased statistics make the observation 

of smaller and smaller effects possible, e.g.'the 

2 10 rrK• wave. 

,(c) We can look forward to a very detailed descrip­
, + 

tion of the Q region from our 13 GeV/c K-p experi-

ment at SLAe·, (both in mass and t) . 

(d) The future looks exceedingly bright for other 
~ 

experiments - for example those which will unravel 

the A1 enigma in reactions such as (7) ,(8) and (9). 
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CORRECTIONS TO THE ISOBAR MODEL FOR THREE HADRON FINAL STATES 

by 

I.J.R. Aitchison 
Department of Theoretical Physics, 

University of Oxford. 

l. ~IHY THE ISOBAR MODEL NEEDS TO BE CORRECTED ( l) : 

UNITARITY IN FINAL STATE TWO-PARTICLE 

(SUB-ENERGY) CHANNELS. 

In the analysis of systems decaying into three 

mesons one deals, after the angular momentum deccm-
J 2 position, with amplitudes of the form TLS(sl,sz,m) 

where J is the total angular moment~ of the decay­

ing system, S is the angular momentum of one di­

meson pair, say (23), and Lis the orbital angular 

momentum of the third meson (l) relative to that 

pair; and where, if p. is the four-momentum of the 
th l. 

i final state meson, 

Such ~ amplitude is represented by fig.l. There are 

J 
1~ 52 

1-+-r--) 51 

2 

Ng.l ThPee-m12son decay amplitude. 

analogous amplitudes for the other two pairings, in 

general. Suppose first that only the pair (23) inter­

acts strongly in the final state. In the ~ 

model approximation one then writes 

J l . 
CLS(m2) x Dl(sl) x barrier factors 

(l) 

where D1 is the denominator function of the (23) 

scattering amplitude (usually only those cases are 

considered in which D1 is resonant or nearly so) , 

and the c~s<m2 ) are complex functions of m2 to be 

determined by fitting to the data. This decomposi­

tion is illustrated in fig.2. 
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2 

3 

Fig. 2 Isobar> model approximation to the decay 
amplitude of fig. 1, for the case in which 
only the pair (23) interacts strongly in 
the final state. 

In the case in which several pairs interact strongly, 

one can make a suitable generalisation. The complete 

amplitude for the decay is then a sum of terms of 

the form (l), suitably symmetrised if necessary. 

Such an amplitude does not satisfy two body unitari­

~e final state. In·order to demonstrate this 

.basic fact, and the reason for it, as simply as 

possible, I shall now consider a highly simplified 

model: one in which all angular momentum effects 

are absent, so J = L = S O, and in which only ~ 

final state pairs interact strongly (as in K+n+n-

for instance). Our basic assumption(l) is that the 

complete decay amplitude may be written as 

+ (2) 

The first term on the right hand side of eqn. (2) 

corresponds to the term of eqn. (1), and the secorid 

is the contribution from the other pair, (13); but 

in the isobar model for this simple case the func­

tions ~i are taken to be independent of si' 

~- (s.,m2) ~c. (m2), as indicated by fig.3, whereas 
l. l. l. 

in eqn.(2) we are allowing a more general behaviour 

in the functions ~i' which will be determined from 

the constraint of sub-energy unitarity. Let us con­

sider then the constraint of two body unitarity in 

the (23) channel. This constraint may be written 



as a discontinuity relation(Zl, 

F(s~+'s2 ,m2 ) - F(s 1_,s 2 ,m2) 

(3) 

2i p(s 1) ·i rdxl F(s 1+,s 2 (s 1,x;,m2),m2) •M1(s 1_) 

-1 

where +(-) means that the variable s
1 

is taken above 

(below) the cut starting from the branch point at 

s
1 

: (m2 + m
3

) 2 , p(s 1) is the phase space factor for 

the two body channel (23), M1 (s 1l is the elastic (23) 

scattering amplitude, and x 1 is the angle between 

particle 1 particle 2 in the (23) c.m.s. The vari­

able s 2 depends linearly on x 1 for fixed s 1 and m2 , 

and the x
1 

integration can be viewed as a line on 

the s 1 - s 7 Dalitz plot, for fixed s 1 and m2 

see fig.4. Eqn. (3) is illustrated in fig.S. 

Fig.3 

Fig.4 

Isobai' model. approximation to the model. 
amplitude f(s 1,s2 ,m2J. 

Fixed s1 

The x 1 integration in the discontinuity re­
lation for F. 

Relation (3) is the natural generalisation of the 

discontinuity relation for the elastic (23) ampli­

tude, 

(4) 
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pictured in fig.6. If this seems unfamiliar, note 

that M1 (s 1_l : M~(s 1 +l so that eqn. (4) is indeed 

equivalent to the ordinary relation Im(M1l : pJM1 1
2 . 

Fig.5 The discontinuity relation for F. 

2i --=8==0= 

Thn diP.aontinuity relation for the "Z.asHa 
'tMt?-)?ctPtia~e amptitude M1• 

Let us now see if expres_sion (2) s;atisfies eqn. (3). 

First note that if we write, as usual, 

eqn. (4) implies that 

D"jl (sl+) - D"jl (sl_l 

2i p(s 1) N1 (s 1)/(D1 (s 1+l o1 <s 1_ll 

From eqn. (2) we obtain 

F(Bl+'Bz,m2 ) 

.Pl ("'l+'m2l 

Dl (sl+) 

cjll (sl+'m2) 

Dl (sl+) 

F(:al-'s2,m2) 

cPl !sl_,mzl 

o
1 

(s 1_l 

2i p (s 1) N1 (s 1) 

0 1 (s 1_) 

(5) 

(6) 

(7) 

• 

• 



On the other hand, eqn. (3) gives, using eqn. (2) , 

h (sl+'m2) 

Dl (sl+) 

.!.2 Jl 
-1 

dxl ~2(s2,m2)/D2(s2) 

Comparing (8) with (7) we deduce the fundamental 

relation ( 3) 

4>1 (cl+'m2) - ~i (sl_,m2) 

., ,.,, . t r ... , 
-1 

A similar relation holds for ~2 • 

(8) 

(9) 

Eqn. (9) shows immediately that the p functions have 

non-zero discontinuities across the normal threshold 

sub-energy cuts that is, they are ~ regular 

functions of their sub-energy variables, but rather 

have branch :pol.nt.s at the sub-energy thresholds, and 

discontinuities given by eqn. (9) across the asso­

ciated cuts. Yet in the isobar model (for this 

simple case) they are approximated by functions 

which are independent of the sub-energy variables, 

Ci(m2). This is one good reason why the 

isobar model is open to criticism, particularly if 

the phase of the ~i functions is important, as in 

the analysis of three hadron decays, since functions 

with a branch point have a h.Wit o£ develo,&>ing a 

varying phase. 

A typical term responsible for the cut in ~~ is 

shown in fig.7. This shows a "first rescattering 

correction to the isobar model", in which the pair 

(13) is first produced with amplitude c2 , particle 3 

then interacting finally with particle 2. Such a 

pL'Ocess has a s'lormal threshold branch point in s 1 
associated with elastic two body intermediate states 

in the final amplitude M1, as indicated by the dot­

ted line labelled (l); this branch point is taken 

care of by the factor oll in (2). But there is also 

a branch point associated with the two body inter­

mediate state corresponding to the dotted line· 
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labelled (2), and it is intuitively clear that the 

contribution from these latter states involves the 

amplitude in the s 2 channel, as in eqn. (9) 

Fig.? First rescattering correction to the isobar 
approximation, showing the branch point 
associated with elastic scattering (cut (1)) 
and the branch point associated with rescat­
tering (cut (2)). 

We now turn to the question of how to implement the 

requirement (9). 

2. IMPLEMENTATION OF THE SUB-ENERGY UNITARITY 

REQUIREMENT 

(a) The K-matrix method 

By considering the contribution of graphs like fig.7, 

one can see that the integral term in eqn. (9) does 

not have the normal threshold branch point at 

s 1 = (m2 + m~) 2 ; neither, by definition, does N1 (s 1). 

But, of course, the phase space factor p(s 1) does, 

since it is proportional to 

- in fact, P (sl) has a square root branch point at 

sl = (m2 + m3) 2. Now the discontinuity of the func-

tion zl/2 across the cut z > 0 is simply 2zll2; 

hence one minimal way of satisfying eqn. (9) is to take 

function with no branch point at s 1 

-1 
(11) 

The first term on the RHS of eqn. (10) is of course 

not determined by the relation (9) since its discon­

tinuity vanishes. Dividing eqn. (ll) by D1 (s 1) we 

therefore find that the function ~~ (s 1,m2)/D 1 (s 1) 

which enters into eqn. (2) for the complete decay 



amplitude is given bx 

cpl (sl ,m2) cl 

Dl (sl) Dl (sl) (12) 

. i r <1>2 (s2 ,m2) 
+ i P (sl) Ml (sl) dxl 

-1 o2 (s2) 

where c 1 has no sub-energy cut in s 1; there is a 

similar equation for cp 2;o2 . We may immediately 

identify the first term on the RHS of eqn. (12) with 

the isobar model, in which c 1 = c 1 (m2), while the 

second term embodies the rescattering corrections. 

If we introduce the functions 

i 1,2 

we have two coupled integral equations for the ~i' 

of the form 

~~ Cl/Dl + r kl2 ~2 dx 1 
1 (13) 

~2 C2/b2 + r k21 ~~ dx2 
-1 

where k. . are certain kernel functions. The com-
l.J 

plete amplitude F is then ~~ + ~2 , which does satis-

fy the sub-energy unitarity constraint (9) (and the 

analogous one for the s 2 cut). 

This method of implementing eqn. (9) may be under­

stood simply, as follows, by considering an analo­

gous procedure carried out on the elastic amplitude 

M1 (s 1). From eqn. (4) we obtain 

- :.!i p (s
1

) (14) 

which can be very simply satisfied by taking (c.f. 

P'ln.(q) nnrl (11)) 

W 1 (s) 
1 1 

(15) 

where K1 is a function which is free of the normal 

threshold branch cut in s 1• But eqn. (15) is simply 

the relation between the K-matrix K1 and the scat­

tering amplitude M1. We suspect then tha~ eqn. (12) 

can be derived by generalising the idea of the 

K-matrix to a decay process, and this is indeed the 

case. 

To see this, consider the amplitude for a particle 

of mass m to scatter from a particle of mass m1 so 

as to produce two particles of masses m2, m3 in the 

final state, where m < m1 + m2 + m3; this is illus­

trated in fig. B. The requirement of elastic 
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unitarity in the (23) channel is satisfied( 4) by the 

decomposition shown in fig.9, where intermediate 

lines are put on shell, the amplitude =D= is just 

the elastic (23) K-matrix, and the amplitude =OF 
is free of the normal threshold branch point in s 1. 

Fig.B The amplitude for the process m + m1 + m2 + m3• 

b'1'g. !I ~'ht; x~mat:Mx daoC'mpC'citi(m for tho ampZitudo 
oj' jig. B. 

Now increase m so that it ends up greater than 

m1 + m2 + m3: in that case we are in the decay sit­

uation, and fig.9 becomes fig.lO, where we have in­

cluded two terms in the RHS, one for each of the 

interacting pairs of our model. It can be shown(S) 

that this decomposition leaves -D= free of normal 

threshold branch points in each of the sub-energy 

variables s 1, s 2 • Figure 10 is clearly an integral 

equation for the decay amplitude, which can be given 

content once -D: is specified. The first detailed 

treatment of this integral equation, by Taha(S), 

propooQd that ~~ •hould Qe takon to bo a oonctant, 

but Graves-Morris pointed out (G) that thlo; lt!a<.ls tu 

a difficulty in the case of resonances in the final 

state, the decay amplitude developing zeros at the 

resonance positions. A more sensible choice is to 

take(?) 

(16) 

~o~,;~)s, 

. ; "'"(~~). 
Fig.lO The K-matrix decomposition for the deaay 

amplitude. 



since then the resonance poles in the K's cancel the 

unphysical zeros. The K '·s, we repeat, do not have 

the normal threshold branch point, and so eqn.(l6) 

is a perfectly legitimate choice for -D: Insert-

ing eqn. (16) into fig.lO one obtains Fin the form 

of eqn. (2) with the $'s obeying precisely eqn. (12), 

or (13). 

This approach has been recently applied by Ascoli 

and Wyld( 8), and independently by Goradia et al (8), 

to the A1 ~ 3rr problem. We shall discuss the 

results of their calculations in Section 3 below. 

First, we present an alternative way to implement 

eqn. (9). 

(b) Dispersion relation method 

We assume that $1 is an analytic function of s 1 ex-

t;-o;~pt for tho ngz:mOJ.l th:f'eohold bran.:.l1 J,Ju.i.uL aL 

51 (m2 + m3) 2, from which extends the cut 

51 >, <mi + m3) 2; the discontinuity across this cut 

is given by (9). If $1 tends to zero at infinity as 

l/s 1 or faster, we can then write a dispersion re­

lation for $1: 

$1 (s 1 ,m
2l = function free of the cut s 1 >, (m2 + m3) 2 

+ _1_ f .. 
2rri 

(m2 +m3)2 

- $
1 

<s;_,m2 ) ]/(si - s 1 = i ~) 

(17) 

When we insert eqn. ( 9) in eqn. ( 1 7) we obtain again 

an integral equation for $1, the inhomogeneous term 

being, as in eqn.(l2), identified with the amplitude 

c 1 (m
2l. Equation (17) embodies both unitarity and 

analyticity. 

We note that, using 1/(xi - x 1 - i E) =principal 

value (1/(x' - x)) +i rr 6(x' - x) eqn. (17) reduces 

precisely to eqn. (12) with the addition of "off­

energy shell" contributions associated with the 

principal value integral; these contributions are 

required by analyticity. Equation (17) was first 

derived(g) starting from the Khuri-Treiman represen­

tation for a decay amplitude( 10); but since that 

representation is also based simply on sub-energy 

unitOJ.rity and analyticity the present approach is 

equivalent. 

(c) Theoretical remarks on the comparison between 

the K-matrix and dispersion relation approaches. 

(i) K-matrix methods are well-adapted to para­

metrising an amplitude in an economical way so as to 
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incorporate unitarity constraints; they tend not to 

be so suitable for unitarising a given dynamical 

input. For instance, in the case of the elastic (23) 

amplitude M1 (s 1), suppose we were given the function 

N1 (s 1). One way of generating a unitary M1(s 1) would 

be to write 

(18) 

which identifies N1 with the K-matrix K1. However, 

if we use analyticity, ~1e write M1 = N1;o1 and ob­

tain a dispersion relation for D1, 

~r 
N1 (s i> ds' 

D1 (s1) 1 - p <sil 
1 

(m2 + m3)2 (si - s1 - i E) 

(19) 

taking o1 ~ 1 at infinity. Again, the on-shell part 

of (19) asrees with the denominator 9f (18), but 

there are principal value additions. From (19) and 

(17) we see that in general the dispersion relation 

method integrates over the discontinuity; this has 

a smoothing effect, which means, conversely, that if 

we take only the on-shell contributions (as in a K­

matrix unitarisation) we shall tend to get an ampli­

tude which has some unwanted rapid variation. Indeed, 

there are singularities (in the·si variables) in the 

functions $i generated by eqns. (13) which are not 

present in the perturbation theory diagrams of the 

form of fig.7( 11 ). The eingularitie~ of th~ $i 

satisfying equations of the type (17), however, 

agree with perturbation theory. This point ~be 

relevant to an understanding of the rather disap­

pointing results of As coli and ~lyld ( 8) , as we shall 

see in Section 3. 

(ii) However, the dispersion relation method appar­

ently leads to an integral equation that has ~ 

integrations, which is a substantially tougher 

numerical proposition than the single variable 

integral equation (12). Fortunately, this diffi­

culty can be overcome analytically; it is possible 

to transform eqn. (17) into an equation involving 

only a single integration(g): 

(m- m2)2 

J 

(20) 

-a 

where 612 is a certain kernel function( 12 ). We have 

used ~ 1 = $1/o 1 as before, and ~ 2 satisfies a simi­

lar equation with 1 ++ 2. 



The equation (20) has an interesting non-relativis­

tic limit( 9
): it reduces precisely to the Faddeev 

equations appropriate to the problem of final state 

interactions among three particles interacting via 

a-function forces. Thus it has a potential theory 

analogue. 

(iii) On the other hand, the range of integration in 

(20) is infinite, while that in (12) is finite; and; 

more seriously, the kernel function 612 is singular 

on the boundary of the Dalitz plot for the variables 

s 1 - s2 (and similarly for 6 21 ). This is a numeri­

cal analysis problem, experience in dealing with 

which has been obtained in other three body prob­

lems 03 ). 

(iv) Finally, we allude here to something we shall 

take up again in Section 4: the fact that eqn.(20) 

has a potential theory analogue leads us to suspect 

that the amplitudes ~i may even satisfy unitarity in 

the three parti cl.P. channel also, since, of course, 

unitarity is built in to the Schrodinger equation 

(with real potentials). This is indeed· the case(l
4

), 

in a certain sense, as we shall see in Section 4. 

The three particle + three particle amplitude that 

is implicitly contained in eqn. (20) is simply the 

sum of all pair-wise scatterings, as illustrated in 

fig.ll. On the other hand, while amplitudes gener­

ated by eqns. (13) also formally satisfy three body 

discontinuity relations, the 3 + 3 amplitude impli­

cit in eqns. (13) has all internal particle propaga­

tors in fig.ll replaced by a-functions (since, in a 

K-matrix approach, internal lines are al~ays on­

shell). This is a somewhat pathological amplitude, 

which is a cause for worry, particularly since in 

the ~pplications of current interest it is precisely 

the variation of the amplitudes as a function of the 

three body mass m that is of interest. 

+ + 

Fig.ll The pairwise scattering contribution to the 
connected 3 + 3 amp~itude. 

Having said all this, however, I would not like my 

partiality for eqn. (20) to detract from the very 
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considerable effort made by As coli and l'lyld ( 8) 1 and 

Goradia et a1( 8
), using eqns. (13); to this work we 

now turn, since it is, at the very least, a most 

useful first step in applying unitarity corrections 

to the isobar model. 

3. APPLICATION OF THE K-MATRIX SUB-ENERGY 

UNITARISATION APPROACH TO THE A1 .PROBLEM 

The A1 is a broad enhancement observed in the 3n 

mass distr.i.bution, just above the pn threshold, in 

reactions nN + 3n N. Consider in particular the 

reaction 
+ - -np+nnnp (21) 

The enhancement is predominantly in the JP = 1 + 

state. Let us label the 11+ as particle 3, anu the 

two identical n-'s as 1 and 2; the complete decay 

amplitude must then be symmetrical under 1 ++ 2. In 

the notQtion of Section 1, we are concQrned with 

amplitudes T~S(s 1 ,s 2 ,m2 ) where J = 1, and LandS 

are as defined in S<!<.:tion 1. In order not to intro-

duce too much complexity at the start, we follow 

Goradia et al ( 8
) and consider only two possible di-

meson states: the £ meson (T = o, s = U) and the 

p meson (T = 1, S = 1). The former couples with the 

third pion to JP = 1+ by having L 1, the latter 

has L o. The T = 2 interaction in the n-n-

channel (s 3 ) is neglected, as is the f meson, and 

the L = 2 coupling of the pn system. 

The structure of the integral equations dc:.cribing 

the rescattering corrections can be arrived at by 

considering the possible types of process which con­

tribute. We focus attention on all rescattering 

processes which end in an interaction between par­

ticles 2 and 3: these will correspond to the term 

~l (s 1,m2)/D 1 (s 1) of eqn. (2), except that here since 

both the £ and p states enter, we shall have both 

~£/0£ and ~p/DP to consider, Such processes will be 

multiplied by appropriate angle-dependent functions 

? = 1+ 
ZP 

01
. e , and the full amplitude obtained by sym-

metrisation. Clearly, the first two terms are as 

shown in fig.l2(a) and 12(b), which are the usual 

isobar model terms, 

The first rescattering corrections to thQ & channel 

(i.e. to ~~) are shown in figs.l2(c) and (d), and we 

see that they involve integrations over ~ a p re-



Fig.l2 

c. /'/2 
~J 

(a) 

~<12 
[ J 

(b) 

(C) 

(d) 

TP.r•rru~ OOI1tPibuting 

model term in ij>e:. 

lj>P. (a) and (d):­

reations in ,pe:. 

to lj> ~td ~ • (u) I~obar e: p 
(b) Isobar model term in 

First resaattering aor-

sonance and an e: state in the (13) channel; simi­

larly the corrections to lj>P involve both p and e: in 

the parallel channel. Thus the equations for ,p and 
p 

lj>e: are coupled, and have the structure (c.f. eqns. 

(12) and (13) 

f ke:~ lj>p 
p 

(22) 

c (m2) + f kp~ lj>e: .+ f ¥ 
p e: p 

ci + L Kij ,pj, (i,j 
j=e:,p 

e:,p). or lj>i 

where Kij is an integral operator. 

Equations (22) may be solved by replacing the inte­

grations by sums over a discrete mesh, so that they 

become matrix equations, which may be inverted. 

87 

Goradia et al( 8) call the inverse ffiatrix ~(s 1 ,m2 ) 
and write the solution as 

C (m 2 ) 
e: 

C (m:i.) 
p 

(23) 

The amplitude in the (23) channel for A1 ~ np is 

then proportional to lj>p/Dp = (Ce: Hpe: + Cp Hpp)/Dp 

and similarly for A1 ~ ne:. In the isobar model, 

there would only be the graphs of figs.l2(a) and 

12(b), and >~e should have Hpe: = He:p = O, 

H = H = 1. Deviations from these values will e:e: pp 
therefore be a measure of the effect of the rescat-

tering corrections. Figure 13, taken from Goradia 

et al (8
) shows the real and imaginary parts of ~ as 

a function of s 1 (: s,
1
m) for various values of m2 (:W), 

taking the T = 0 s-wave n-n scattering length 

(in the e: channel) to be a~ = 0.58 m~1. Note that 

H and HPP both appear multiplied by o-1 which pe: p • 
peaks at s 1 ~ 0.6 Gev2, while H and H are multi-

e:p e:e: 
plied by o- 1 which is large for 0. 4 Gev2 s s 1 s 1 Gev2 • 

e: 
Figure 13 shows that in the regions of interest 

deviations from the isobar approximation, as calcu­

lated by this K-matrix method, are quite substantial, 

in both magnitude and phase; the corrections are 

functions with a strong dependence on both s
1 

and 

m2, 

These calculations therefore cast doubt on the re­

sults of analyses which claim to extract m2-depen­

dence of complex quantities such as ce:' cp by using 

the isobar model. What one should do, presumably, 

is a re-analysis of the data using the functions lj>e:, 

lj> which include rescattering corrections. This is 
p (8) 

what Ascoli and Wyld have done. For this purpose, 

however, ~qns. (22) as they stand are not at all 

suitable; the reason is that the Ci's are fitting 

parameters, and thus if we use eqns. (22) we have 

different equations to solve each time we search on 

new values of the Ci's! ~le can, of course, use the 

matrix ~ following Goradia et al (8), since this de­

pends only on the two-body parameters (which are 

input) and not on the ci. An alternative, due to 

Ascoli and ~~ld( 8 ), will be convenient in discussing 

three-body unitarity, so we shall describe it now. 

To understand the basic point, imagine ~riting down 

the full amplitude for JP = 1+ to go to 3n, includ­

ing just the pn(L = 0) and e:n(L = 1) states; it 

will have the form 



Fig.13 
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+ 

where 

z 1+ (angles) 
L=l,S=O 

z 1+ (angles) 
L=O,S=l 

K Ep 

K pp 

(24) 

+ (1 ........ 2) 

(25) 

Now in eqn. (24) there will appear, as we see by 

iterating (25), a collection of terms multiplying CE 

and another collection multiplying CP. If we can 

obtain equations directly for these quantities which 

multiply CE and Cp we shall be able to do the fit-

. ting quite simply in terms of these quanti ties and 

thP C. 1 .<;, ---J.-
If we iterate eqn. (25) we find that they can be re­

written as follows: 

<j>E = c <j>EE + c, • ., ) E 

q,p CE <j>PE + cP q,PP 

(26) 

where 

1 K K 

[ [ 

~ ~---\1----

L:~--"' -L-,---~ ---=-0:: 
(a) (b) (c) 

Fig.l4 (c) A term in ¢pE" (b) A terr.; in <t>Ee:" 
(a) The genera~ ampl-!-tude <j>pr." 

cl+(~ zl+ 
6 

zl+) + cl+(~ zl+ + ~ z~+) +f£ E DE E p p DE E D p p 

(29) 

+ (1 ........ ::n 

The quantity (29) is now in a form suitable for fit­

ting to data since the q,ij's are independent of the 

Ci's and are determined by the two body input. In 

the isobar model, q,ij = oij simply. 

Ascoli and Wyld(S) have set up the equations analo­

gous to (27) and (28) , and solved them, retaining 
q,EE + f <j>EE + f .,. l EE EP 

f + f 
(27) five amplitudes: 

<j>PE K <j>EE K <j>PE PE pp 
;mc;l ~W L = 1, prr L = 0, prr L • 2, fu L = 1, frr L a 3. 

K (We are implicitly absorbing kinematic barrier fac-
q,e:p f ., + I K" .,, } EP 

+ f Kpp <j>pp + f Kpe: <j>EP 
(28) tors into the C. whereas Ascoli and Wyld(S) retain 

J. 
q,pp 1 

We have introduced four new functions 

whose physical meaning is as follows: 

amplitude for producing resonance i in 

q,ij(i,j = E,p) 

<Pi/Di is the 

the final 

state given that resonance j was produced at the 

beginning of the rescattering chain. Naturally, 

then, q,EE and q,pE go with the production amplitude 

Ce: while q,EP and q,PP go with CP. This way of writ­

ing the corrections focuses attention on the first 

interaction rather than on the last, since for the 

purposes of fitting to data it is the initial ampli­

tudes Ci that are the important variable parameters. 

A typical term in q,pe: is shown in fig.l4(a), and one 

in q,e:e: is shown in fig.l4(b)·. The general amplitude 

q,pe:' for example, is shown in fig.l4(c). 

The full amplitude in JP 1+ is now, symbolically, 
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them in (27) and (28)). In the region of the A1 , 

only the first two are important. Unfortunately, 

the only results of the work of Ascoli and Wyld that 

I am in possession of are those presented at the 

1974 Meson Spectroscopy Conference. They reported 

as follows. Firstly, form~ 1.1 GeV the amplitudes 

q,ij' as a function of the rrrr sub-energy, deviated 

quite markedly from the isobar model values, espec­

ially for the case of q, (as Goradia et al (B) found). 
PE 

Secondly, Ascoli and Wyld used the functions ¢ .. in 
. l.J 

a refit to their data, and found that the fits were 

significantly worsened. Figure 15 shows the differ­

ence between the x2 values obtained using the uni­

tarised amplitudes q,ij and the non-unitarised isobar 

amplitudes. This is undoubtedly a very disappointing 

result, after a lot of hard work. There is one 

interesting feature of the unitarised fits, however; 

in both the ~ · = 0- and 1 + cases, As coli and Wyld 

reported that the unitarised fits required more of 

both Err and prr waves than the non-unitarised fits. 

The ~· on the pther hand, does not require much 



Fig:15 

::;:) 
NZ 

X 

60 

I 40 
N::J 

X 

1·0 1·2 

M3n 

1·4 

The difference in x2 va~ues, as given by 
Asco~i and wy~d(aJ, obtained in fitting the 
A1 data using the unitarised amplitudes $ .. 
and the non-unitarised ·isobw• ampl-itudes. '~-J 

en in the final state. Thus, they say, what is hap­

pening is that the rescattering from pn to en pro­

duces more en in the final state than there is in 

the data: the fitting procedure then arranges to 

cancel this excess en off by including a large en 

production amplitude Ce' with the phases conspiring 

suitably. It finds this a hard job, so the x2 is 

worse, presumably_. They suggest that the trouble 

may be that the pn -+- en resca.ttering is ~strong. 

As we remarked in Section 2(c) (i), the K-matrix 

unitarisation method is likely to produce more·rapid 

variations, in general, than a dispersion relation 

approach, which involves a further integration. 

Clearly the next thing to try, I believe, is the 

dispersion relation integral equations, analogous to 

eqn. (20) , for this case. A student at OxfoL·u, 

Richard Golding, is now working on these equations. 

If, when~ functions are used, the fit is still 

worse, I shall be worried! 

4. WHY THE ISOBAR MODEL NEEDS TO BE CORRECTED (2): 

THREE BODY UNITARITY 

We have emphasised so far the fact that the isobar 

model does not satisfy the sub-energy (two body) 

discontinuity relations, and we have seen how to 

make it do so by means of the correction functions 

$, which satisfy certain integral equations (K-matrix 
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or dispersion-theoretic). This is only one aspect 

of the physical problem of three hadron decays, how­

ever. What about unitarity in the three body 

channel, m2? we·might, for instance, worry that our 

corrections $ violate three body unitarity - they do 

after all introduce a strong m2 dependence, as we 

have seen - in which case their phenomenological use 

would be suspect; also, the isobar model itself 

does not manifestly satisfy three body unitarity, 

yet in the applications we are here considering it 

is the three body channel that we are really inter­

ested in. 

In fact, the situation with regard to three body 

uni t.az:i1;~· Ollld tho fun-:ti-:-n" <fl i" " 1:i'lthPr. hnppy one. 

Consider what corrections the integral equations sum 

up: they are all pairwise rescatterings, as shown 

in fig.l6 (reverting to the model of Sections 1 and 

2). We might well expect that, because all these 

processes !nvulve three meson intermcdio.tc ctates in 

the m2 channel (cut tloew veL Lil..:ally by lio~e~~ aueh ao 

(1)), they do inclw~e at least ~ three body 

effects already - namely, as much of the full 

3 meson -+- 3 meson amplitude as is given by pairwise 

inte~·actions of the form of fig, 11. And indeed this 

Fig.+6 Pai~se rescattering term in an amp~itude $ 
showing the three-meson intermediate state 
cut, (1). 

is so: it can be shown(l
4

) that the integral eqns. 

(20), and the analogous one with 1 ++ 2, ~i 

independent of m2 , do define a decay amplitude 

F = ~ 1 + ~2 satisfying the three body discontinuity 

relation pictured in fig.l7, with the J ··> 3 ampli­

tude being composed of the series in fig.ll(lS). In 

other words, the constraint of tluee body uni tari ty 

is satisfied by such amplitudes F even if the pro­

duction amplitudes Ci are independent of m2 • 

Just the same would also be true of the F generated 

from the K-matrix equations (13), but in this case 

the 3 -+- 3 amplitude, as we mentioned in 



~-2i~ 

Fig.l? Three-body discontinuity re~ation for ·the 
decay amplitude. 

Section 2(c) (iv), h.as all intermediate particles~ 

shell i.e. it contains a lot of a-functions, and is 

thus unphysical. 

Before proceeding further, we follow the steps 

leading from (25) to (28) working this time with 

the ~·s where ~i = $i/Di' and with the dispersion 

equations (20). We find, for the sim~le model of 

Section 2, that F = ~l + ~2 where 

(30) 

and where ~ij(si,m2) is the amplitude for ending in 

a scattering between the 1th pair having begun with 

a scattering between the jth pair; the ~ij's 
satisfy 

~11 (sl ,m2) 
1 1 

Dl (sl) 
+. 

Dl (sl) 

f(m-m2)2 

_.., ds2 6 12 (s 11 m2 ,s2l ~21 !s2,m2) 

(31) 

~21 (s2,m2) 
1 

= D2 (s2) 

rm-ml)2 

dsi 621 (s2,m2,sil ~ll<si,m2) 

~12(sl,m2) 1 
= Dl (sl) 

rm-m )2 

~~ 612(sl,m2,s~) ~22 (s~ ,m2) 

(32) 

~22 (s2 ,m2) 
1 1 

= D2 (s2) 
+ 

D2 (s2) 

rm-m )2 

~i 621 (s2,m2,sil ~12 (si ,m2) 
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The ~ij's have the resonance propagator oil included, 

so we illustrate a typical term in ~ 11 , for example, 

by fig .18. We therefore have,· in this model, 

cl (m2)(~ll (s1,m2) + ~21 (s2,m2)] 

+ C2(m2)[~12(sl,m2) + ~22(s2,m2)] 
(33) 

with which we can compare eqn. (29). The ~ij's are 

determined again by the input two body parameters, 

and can be computed once and for all; the Ci's are 

the fitting parameters. The m2 dependence in the 

~·s is such as to guarantee three body unitarity in 

the sense described, so that the functions Ci(m2J 

are not required by three body unitarity to vary in 

m2. 

Fig.lB Typica~ term in ~11• 

What is the implication of this for the analysis of 

three hadron decays? Suppose, for the sake of argu­

ment, that one sets up equations like (31) and (32) 

for the Jp = 1+ ~En, pn system, and that one dis­

covered an m2 dependence in the ~ij's that was 

resonance-like around the A1 mass. This•would say 

that the A1 system was generated by rescattering 

effects among the En, pn channels. Indeed, just 

this result is tentatively claimed by Pasquier in 

recent work 116). Now, the original analysis of 

Ascoli et a1 117) showed that if the decay amplitude 

is parametrised as in the non-unitarised isobar 
. JP = 1+ 

model then the production amplitudes c have 

a rather slow phase variation in m2 , which is not 

characteristic of a resonance. Thus if Pasquier's 

result is right, and there is a pronounced m2 -

dependent phase variation in the ~·s, it must some­

how get washed out by a compensating correction 

coming from the si dependence of the ~·s (which also, 

of course, differs from the isobar model). It is 

difficult to see how this might happen, and we shall· 

just have to await the results of calculations'·based 

on eqns. (31) and (32). 

There is a further possibility to be considered also. 

The pairwise interactions of fig.ll are not the only 



possible three body interactions; for example, a 

process such as fig.l9(a) is not included in any 

term of fig.ll. Figure 19(a) is a contributor to a 

whole class of diagrams depicted by fig.l9(b), which 

contains all pn interactions other than the pairwise 

rescattering ones. Amplitudes such as fig.l9(b) 

will possess a three body cut. Now, we have seen 

that our decay amplitudes Ci could be taken to have 

no three body (m2) cut insofar as the 3n + 3n ampli­

tude is given purely by the pairwise rescatterings. 

'!'his suggests that any three body cut in the Ci' s 

will be related to the ~of the 3n + 3n amplitude 

i.e. to amplitudes such as fig.l9(b). 

n m2-~ 
~ 

(H) 
(h) 

Fig.19 (a} Example of a pn interaction which is 
not contained in any one of the pairwise 
resaatte1•ing se1•ies. 
(b) General pn amplitude including every­
thing ~_t the rescattering graphs. 

The way to formalize this is indicated by some re­

cent and very interesting work by Gustafson(lS); he 

works v1ith a non-relativistic, and static, model, 

but the integral equations we are dealing with are 

the natural generalisation of his dynamical frame­

work. Referring to eqn. (3.3) 1 let us define 

$1 (sl,s2 ,m2) 

ljl2(sl,s2~m2) 

<1>11 (sl,m2) 

<1>12(sl;mz) 
(34) 

so that F = c1 ~ 1 + c 2 ~2 : the ~i's are the quan­

tities which multiply the production parameters Ci. 

It may be shown(lS) that 

(35) 

and similarly for ~2 (s 1 ,s 2 ,m2 ), where ~~j is the 

connected three particle + three particle amplitude 

generated by pairwise scatterings which begin with 

pair j and end with pair i. The form of eqn. (35) 

is easy to understand: whereas the decomposition 
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F = <1> 1 + <1> 2 focuses attention on the ~ rescatter­

ing, the decomposition F = c1 ~~ + C2 ~2 focuses on 

the first scattering, which goes with the amplitudes 

Ci. Thus~~ receives contributions from graphs 

which begin with a (23) interaction and end with a 

(23) interaction - i.e. ~11 - and from graphs which 

begin with a (23) interaction but end with a (13) 

interaction, i.e. ~2l· The reason for the si inte­

grations in eqn. (35) is simply that the ~ functions 

contain contributions of the form shown in fig.l8, 

which clearly involves an integration of a ~ 11 ampli­

tude over the ~sub-energy variable. We may 

represent ~~ and ~2 pictorially by figs.20(a) and 

20(b). 

(a) (b) 

Fig.20 (a) Diagrammatic representation of the func­
tion ~ 1 • which sums up all pairwise rescat­
terings beginning with an interaction 
between the pair (23). 
(b) Diagrammatic representation of ~2 . 

The form of eqn. (35) , and the analogous one with 

1 ++ 2, is now convenient for investigating three 

body unitarity. Following the idea of Gustafson(lBl, 

we write the full three particle + three particle 

amplitude, in this simpie model, a~ 

"'(s' s' m2 s . ) - ..,rll + wr21 + ..,rl2 + mr22 +mint l jl 2 0 1 jl 82 - T T T T T 

(36) 

where 'l'int is the "intrinsic" three body pa~t:. nc:>t 

contained in the pairwise contriht.Jtion~ ~~j. We now 

~ that 'l'int may be approximated in "unitarised 

isobar form" as 

2 

I (37) 

i,j=l 

where Aij (m2) is the "intrinsic" amplitude for iso­

bar j to scatter off the third particle producing 

isobar i and a third particle. The approximation 

lies in neglecting the sub-energy dependence of the 

Aij- all the sub-energy cuts being in the ~i· In 

a simple isobar model, the ~i in eqn.(37) would be 

replaced by their first order contributions, oil 

(c.f. eqn. (35)). A term~~ A12 ~2 from (37) corres-



ponds to the diagram of fig.21. Eqn. (37) is the 

natural extension of the decomposition 

F = C1 ~1 + c2 ~2 to the three particle ~ three par­

ticle case: the ~·s in eqn. (37) will guarantee sub­

energy unitarity ~ three body unitarity in the 

pairwise rescattering approximation. We expect that 

the three body discontinuity of the C. Cm2) functions 
1 

will be related to the "intrinsic" isobar amplitudes 

~ijcm2). 

Fig.21 The 'unitarised isobar ansatz'. {or the 
'intrinsic' 3 ~ 3 ampUtude 'l'i~ 

This turns out to be so. Applying the m2 - discon­

tinuity relation shown in fig.l7, with the decay 

2 

amplitude given by L Ci ~i and the three particle 
i=1 

~three particle amplitude given by eqns.(36) and 

(37), one finds the following discontinuity rela­

tions for the C. Cm2) across the three body cut: 
1 

2 

2i L Aikcm;) pk Cm2) Cj(m~) 
j,k=1 j 

(38) 

where (with appropriate normalisations) 

(39) 

the'integration being over the Dalitz plot for the 

decay. Similarly, applying the same idea to the 

three particle~ three particle amplitude itself, 

one finds 

AR. (m~) 
j 

(40) 

Relations (38) and (40) are very similar to ordinary 

coupled channel two body discontinuity relations: 

eqn·. ( 38) is similar to a discontinuity relation for 

a final state interaction problem involving two 

coupled "two-body" channels, labelled 1 and 2, while 

eqn. (39) is similar to a discontinuity relation for 
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the coupled "two-body" amplitudes themselves. The 

only noteworthy difference is the presence of off­

diagonal terms in the phase space matrix pij. 

Such terms are in fact easy ·to understand. Consider 

the lowest order contribution to p 12 (m
2) say: in 

eqn.(39) we replace ~ 1 +Cs 1 ,s 2 ,m2 ) by D1 1 Cs 1) and 

~2 _Cs 1 ,s 2 ,m2 ) by D2 1*cs2) and integrate ~ver the 

Dalitz plot. This produces a diagram shown in 

fig.22(a), the dotted line symbolizing the three 

body phase space integration over s 1 ,s2• This is a 

"bubble graph", which is singular in the physical 

region when m2 is above the threshold for producing 

isobars 1 and 2, since ·the decays and recombinations 

are then allowed physically; that is, the three 

particles in the intermediate state exposed by the 

dotted lin" cut can all be on-shell, which is the 

signal that this process contributes to a phase­

space term. The general form of p 12 is shown in 

fig.22(b). Such off-diagonal phase space terms 

appear to have been discussed first by Mandelstam 

et al (20) : our work complements theirs by including 

all sub-energy unitarity effects as well, via the 

functions ~i. 

Fig. 22 

(a) (b) 

(a) Lowest order contribution to the off­
diagonaZ phase space eZement P12 • 
(b) GeneraZ term in P 12• 

One can now take up the implementation of eqns.(38) 

and (40)! Once again we have a choice of methods; 

we can apply a K-matrix technique, or use dispersion 

relations. Note, however, that this time we are 

operating in the m2 (three body channel) and not in 

the si (sub-energy) channels. The K-matrix tech­

nique would be similar to the usual many-channel 

many-resonance formalism( 21 ), with the difference 

that the generalised phase space pij must be used. 

Such a K-matrix formalism was used by the SLAC -
(22) 

Berkeley group in their analysis of the phases 

of baryon resonances decay~ng to ~6 and pN. In this 

work, however, the full functions ~i were not used: 

instead ~i (si,sj,m2) was replaced by the simple iso­

bar denominator Di1(si) - that is, the amplitudes 



failed to satisfy sub-energy unitarity, though they 

did satisfy three body unitarity. 

Gustafson himself has used discontinuity relations 

of the form of eqns. (38) and (40) to write disper­

sion relations which provide a dynamical scheme for 

generating baryon resonances in nN ~ nN, and 

nN ~ nnN( 23 ). The results are really rather encour­

aging. Equally, the coupled scheme of eqns. (38) and 

(40) cQu~d be put into dispersion relations for the 

final state interaction problem. In such an 

approach, of course, as in any dynamical scheme, one 

will have to make assumptions about the forces which 

drive the amplitudes Aij' We would here be moving 

away from phenomenological. analysis towards a dynam­

ical theory. Perhaps the best approach for th~ 

f.s.i. problem would be to staz·t with a K-matrix 

parametrisation of both eqns. (38) and (40) , afte.r: 

the style of ref. (22); after this one could perhaps 

try using a !\.-matrix J,Jauw.tc L:i:iso.tion for tho r.ij 

while feeding eqn. (38) luLu a U.l;;per.!lion rolat.i.on 
2 ' 2 (in m) for the c

1
(m ). In either case, one will 

then have a general parametrisation which embodie~ 

correctly three body unitarity (both for the pair­

wise rescattering contributions and for the intrin­

sic three body part), as well as s~-energy 

unitarity. 

5. CONCLUSIONS 

I shall sum up with what I think is the present 

s;t.at.e of our theoretical understanding of the analy­

sic of three hadron final states, using the simple 

model I introduced in Section 2. The decay ampli­

tude F(sl,s2 ,m2) may be written as 

terms. If one wishes to include other three body 

pr~cesses, still within the general framework of the 

isobar model, one can introduce "intrinsic" isobar 

scattering amplitudes Aij; the functions Ci then 

have a three body cut in m2 , their discontinuities 

across which are related to the Aij' The Aij them­

selves also satisfy quite simple discontinuity re­

lations across the three body cut. The~e m2 discon­

tinuity relations can be implemented in a phenomeno­

logical way by a K-matrix parametrisation, or, used 

in dispersion relations, as the basis of a dynamical 

model of the three body system. 

We have moved a long way from the simple isobar 

model in which the wi are just the isoba: enhance­

ment factoro o-:- 1. That model is in principle inade-
l. 

quate becr.n,se of three body effects. The represen-

tation (41) distinguishes between two different 

three body effects. The Wi factors sum up all pair­

wisP. rescatterinqs among the three particles, and 

<:-onlrl have quite stl:o!lC! dependences on m2 and on the 

sub-energy variables. There is no reason a priori 

to think that the si dependence in the w's factor­

ises from the m2 dependence, so that the latter 

might be incorporated into the c. (m2) to give back 
l. 

something which resembles the factorised form of the 

isobar model. In addition to this three body effect, 

the ci (m2) can also acquire a cut in m2 associated 

with intrinsic (non pairwise) three body scattering. 

It is even conceivable ti1at these two different m2 

dependences could conspire to average out to some­

thing slowly varying! There is a lot of work to be 

done. 
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RE-ARRANGEMENT EFFECTS IN THREE-BODY FINAL STATES 

by 

D. Morgan 
Rutherford Laboratory 

The question of re-scattering corrections is a lurk­

ing uncertainty in the discussion and interpretation 

of isobar analyses of production processes(!). 

Among other things, the apparent phase behaviour of 

three-body resonances will in general be modified by 

re-arrangement collisions in the final state. Are 

such effects significant, especially for problematic 

situations such as the I = 1 1+ state of the 3n 

system? 

A scheme is proposed for estimating these effects, 

on the lines of the Khuri-Treiman approximation, but 

with the integrations confined to the physical 

Dalitz plot. Although the quantities describing the· 

resulting modifications. of the isobar amplitudes are 

functions of the sub-energies, it is useful to 

introduce suitably averaged quantities (with the 

average over the Dalitz plot weighted according to 

the modulus squared of the final state interaction 

amplitude). 

Invoking these averages suggests a simplified 

approximate version of the re-scattering equations 

in which all the functions appearing are replaced by 

their averages, reducing the equations to algebraic 

ones. The resulting averaged production amplitudes 

possess an extra re-arrangement phase in addition to 

their conventional quasi-two-body phase shift (this 

separation of phase contributions is not utterly 

without ambigui~y but should be sustainable for 

short-range variations). The extra phase is calcu­

lable from the re-arrangement Born approximation. 

Calculations are in progress for the I = 1 3n par­

tial waves. 

When the production process admits the same exchange 

as occurs in the 3 - 3 re-arrangement process, a 

grouping of contributions is found very similar to 

that described by Bowler and Game (2). As with their 

work, additional phase modifications can arise if 

the production Born approximation is itself allowed 

to have a phase. The notion of Reggeised exchange 

97 

contributions might seem to sanction such phases 

but it is difficult. to see to what physical pro­

cesses the resulting discontinuities correspond. 

REFERENCES 

1. See I.J.R. Aitchison's review in these 

proceedings. 

2. M.G. Bowler and M.A.V. Game, Oxford University 

Preprint 38/74; see also M.G. Bowler's talk 

in these proceedings. 
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DIFFRACTIVE PRODUCTION OF RESONANCES AND THE DECK MECHANISM 

by 

M.G. Bowler A 'l-\ 
Nuclear Physics Laboratory, University of Oxford. 

1. INTRODUCTION 

This paper is concerned with the singular properties 

of the amplitude B ei6 cos 6 + A/k sin 6 ei6 where 6 

is a two body phase shift and B is a diffractive 

production amplitude of the Drell-Hiida-Deck kind. 

Operationally we characterize diffractive production 

by the following features:-

(!) tlo exchange of j.ntmmal quiU'ltum nwnb'i:r.<;;. 

(2) Marked peripherality. 

(3) Cross section only slowly falling as a function 

of incident energy. 

(4) Relatively low mass for the diffractively pro­

duced systems. 

We suppose the interaction leading to diffractive 

production to be mediated by the Pomeron which, what­

ever it may be, is responsible for the absorbtive 

part of elastic scattering, and hence associated 

with the Pomeron leg (see fig.l) is a phase !actor 

of rr/2. The blob representing what goes on between 

~~e absorbtion of the Pomeron at the production ver­

tex and the explosion into particles may of course 

have associated with it additional internal phase 

factors. It is the internal structure of this blob 

that I am concerned with in this paper, in the 

specific reactions 

rr -+- 3rr 

K -+- Krrrr 

N-+- Nrr, Nrrrr 

diffracti vely. 

a a 

jl:; X 
(a) (b) 

Fig.l (a) Absorbtive eLastic scattering. 
(b) Diffraative .dissociation. 

c 
d 
e 
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All these reactions have a large enhancement just 

above an appropriate threshold and for 10 years an 

argument has raged over whether such bumps are to be 

associated with diffractive production of resonances 

(fig.2(a)) or with the Deck effect (fig.2(b)). With 

small momentum transfer in both legs of fig.2(b) a 

low mass diffractive enhancement certainly results. 

(a) 

(b) 

Fig. 2 (a) Diffrac-tive resonance production. 
(b) The Deck mechanism. 

It is important to understand what is going on not 

only to settle a detail of strong interaction dynam­

ics but because Jp = 1+ bumps. in 3rr .and Krrrr are the 

only candid~tes·for some members of the families of 

1+ mesons that the quark model leads us to expect. 

The 3rr (A 1) system has so far received the most 

attention and as everyone knows the situation has 

been revolutionised by the three particle PWA pro­

grams. The application of these programs to the '3rr 

system produced without charge exchange has allowed 

the extraction not only of the intensity in each PW 

as a function of.mass, but also has yielded the re-

lative phasE's of the waves. The p!'tase of the 2+ p:rr 

d-wave goes throu~~ 90° over the width ot the A2 

resonance, but the relative phases of all other 

waves are only slowly varying - say~ 40° over 

- 500 MeV( l). As coli and his collaborators"have 

accounted successfully for surprisingly detail~d 

features of the Jp structure of the A1 enhancement 

with a Reggeised Deck model (2). 



All this would seem to have settled the hash of the 

Al· The 1+ intensity does not have a Breit-Wigner 

shape, the 

there is a 

to pick up 

phase variation is small, (whereas if 

resonance we expect the 1+ pn amplitude 
io a factor e through Watson's theorem, 

even if the resonance is not directly produced) and 

the Deck model explains an awful lot. I have been 

concerned to see whether, nonetheless, there could 

still be a real A1 resonance, coupling more or less 

elastically to s-wave pn. The reasons for this 

attempt are 

(1) Innate conservatism. I cannot believe that the 

enormously successful quark model could fail over 

such a detail. 

(2) While the shape of 1+ intensity does not look 

like· a resonance, it doesn't look like· a Deck effect 

either- in fig.3 I show the data with the highest 

statistical weight I know( 3). 

(3) The peculiar behaviour o~ the ratio of Kp to 

K*n in 1+ Kn11 - the p is produced preferentially 

around threshold, which argues for at least one re­

sonance in the Q region(
4
). 

(4) Misbehaviour of certain 611 and Nn diffractive 

amplitudes, in a way very reminescent of the A1 (S,G)• 

In these channels we know where the resonances are. 

The problem.is to determine the properties of dif-

L'IUU 

1000 

500 

H) H 1·2 1·3 1·4 1·5 

.fractive amplitudes when the Deck mechanism is im­

portant and there exists a resonance in the channel 

fed by the Deck mechanism. 

2. RESCATTERING CORRECTIONS TO DECK AMPLITUDES 

If there exists a resonance in the channel fed by 

the Deck effect, it is likely that this resonance 

can be produced directly in diffractive dissocia­

tion, implying the addition of both te~s in fig.2. 

However, the existence of a resonance means that 

the Deck amplitude must be modified to take into 

a.GCQ\ll'lt the effect::; of rescatterinq. niAQr."m"tir:,.l­

ly thoro arc three t:ermo to be o.dded 1 o.~ ~how1~ in 

fig.4. Note that eaC'.h of the three diag:t'C!liloo hao; its 

own internal blob phases. Suppose then, that we 

have a Deck amplitude B. How must this be modified 

for rcooattcring throu9h o.n elastic phase shift o'i' 

We can rule out a form 

B ..,. B e10 sin a 

because if there is no rescattering we expect the 

unmodified Deck am~litude. I was led to consider 

the form 

B ... B eio cos cS 

for the result of the Deck amplitude plus rescatter­

ing and hence w.tote for the full amplitude 

F B e 16 cS + A sin cS e 
icS 

(1) cos it 

700 

600 

500 

400 

300 

200 

100 

0·8 1·2 1·4 1·6 1·8 2·0 

M (3n)GeV/c 2 M (3n) GeV/c 2 

Fig.3 The data points on (a) give the l+s intensity extracted by Asco~i and K~anner from the ~~mbined 25 
fJeV/c and 40 GeV/c r .d;a of tf,e CIBS colZaboration. The C!U'Ve through the po1:nts 1:s th~ wt'iqhted 
sum of +.h~ curve" ue ob·;ained for the 25 GeV/c data and the 40 GeV/c data. (b) shows the 1+ inten­
sity ca '· '!U~ated .. f'J>om the AscoU Deck mode~. 
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where the second tern represents ·the direct diagram 

of fig.4(c). 

n p 

]E_ 
p p 

jf 
p p 

n P p 

+]C 
p p 

-~; 
+~ 

p p 

(a) (b) (C) 

Fig. 4 Diffractive p11 production terms for a 11 ea.­
change Deck background when a resonance exists 
in the 1+ p11 channel. 

~fuile the full amplitude can certainly be written in 

this form, the specific interpretation of B as the 

unmodified Deck amplitude is much more dubious. 

There are plenty of production processes where only 

terms in eio sin 6 contribute. However, this inter­

pretation may be justified for the case of Deck-type 

amplitudes, which are characterized by a relatively 

narrow enhancement in the mass of the produced sys­

tem, say p11. This means a relatively sharp peak in 

the relative momentum of the p and 11: Fourier trans­

forming into configuration space we have rescatter­

ing taking place with two diffuse waves passing 

through each other. This suggests .that the correct 

thing to do is to multiply the Deck term B by the p11 

S-matrix rather than the T-matrix which is appro­

priate for a contact background (flat in momentum 

space) • Thus 

B cos 6 e16 + i B sin 6 ei6 

The second term may be absorbed into the direct pro­

duction term and is usually a small correction. The 

whole procedure has been justified within the con­

text of conventional final state interaction theory 

using the Omnes equation. This is discussed in the 

Appendix. 

While it is obvious that the expression (1) for F 

will yield intensities which look like neither a 

Deck mechanism nor a resonance, each term picks up a 
i6 

phase factor e • Nonetheless, this expression does 

contain the possibility of a slowly varying overall 

·phase. This may be seen by considering an extreme 

case. Suppose that 

A k :t - i B 

Then 

F ~ B(cos 6 - i sin 6)ei6 
B 

The condition which is necessary for phase suppres­

sion is that the intrinsic phases of A and B are not 

' 103 

the same: and we have seen that there is no reason 

for them to be the same. Then 

cj>F 

( In: B cos 6 
6 + tan-! -· -------:---­

A 
\Re E cos o + k sin 6 1 

relative to the phase of A. 

3. FITS TO A] DATA 

We first confronted the model amplitude (1) with the 

extensive data obtained by the CIBS collaboration at 

40 GeV/c. The theoretical intensity was compared 

with the 1+ intensity extracted by Ascoli and 

Klanner using the Illinois PWA programme, and the 

.theoretical phase with the l+s - 0- s relative 

phase( 7). We assumed that the 0-s phase and the 

phase of the l+s term B are constant, and gave B an 

exponential dependence on p11 mass. The result of the 

1500 

500 

'·' 
M (ln) Ge.J/c2 

-1'tJ. 
(b) 

-120 

-Gl 

-140 

-150 

-lEO 

-T10 

_,,oo+---,,,0--=-,.-:-, -,:-:.z:--',.'='3 - 7,.:----:,o;-.s-7t.s::--""'-,.7:---:,-:-.e-7t-9::----,z.o 

M 13nl GIN/c' 

Fig.5 The first fit of the model. to A1 data. The 
data are from the 40 GeV/c CIBS spectrometer 
e:x:peri.m~tn/;. The Deck baakgl'OWld was para­
metrised as an exponential in 311 mass with 
constant phase. (a) shows the intensity dis­
tribution: the lower curve shows IBI 2 k where 
B is the fitted Deck backgroW!d. (b) shows 
the phase of 1+s relative to o-s; the fit was 
made Wider the assumption that the phase of 
o-s is constant. 



fit is shown in fig.S: not only is the phase varia­

tion 6 substantially suppressed, but the peculiar 

shape of the l+s intensity is incredibly well fitted, 

but with an AJ mass of~ 1.3 rather than~ 1.1. 

There is a further interesting result: the intrinsic 

phase of B is ~ 40° ahead of the intrinsic phase of 

A. Now Ascoli and his collaborators have calculated 

the intrinsic phase of B: it is slowly varying and 

at a mass of~ 1.3 GeV/c2 has a value~ 150°. Of 

this, ~ 90~ may be attributed to the phase associa­

ted with the Pomeron leg of the Deck diagram: the 

extra 60° is claimed to be due to the signature 

factor of the Reggeised pion in the other leg of the 

Deck diagram( 2
). Now we expect the intrinsic phase 

of A to be~ Y0°, associated with the exchanged 

Pomeron and hence expect the intrinsic phase of B to 

be ~ 60° ahead of A - in astonishingly good agree­

ment with the results obtained by fitting our model 

to the data (S). 

In our subsequent work we have taken all the avail­

able diffractive A1 data and fitted with a more 

elaborate model. First, we used the Omn~s equation 

300 

200 

-90 

~ -170+--------------,------

~=:~~-~1'o 
£.-no I . 
~ ~-----------------------------
~ 70 

50 
2"p 

30 ---r---
10 1 
L--1~~~1-1--~1-2--1~~--1~-4~1--5~--~~~~ M 1·7 HI 1·9 

M(3n)GeV/c 2 

Fig. 6 Comparison of the resuZts of the fuH fit 
with the AscoZi compilation of 11 - 25 GeV/c 
11- data. 
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to calculate explicitly the contribution of rescat­

tering to the term in sin 6. Secondly we used for 

the Deck terms the results of the Illinois Deck cal­

culation, although we did not constrain the amount 

of l+s Deck amplitude. We fitted seven sets of data 

simultaneously: the quality of fit obtained is dis­

played for two sets in figs.6 and 7. The best we 

could achieve with Deck amplitudes only is shown in 

figs.e and 9(9
). 

The Ascoli amplitudes, while not necessarily authen­

ticated by the Almighty, are very reasonable things 

to use in view of their success in getting not only 

the relative amounts of different waves about right 

but also because they get a number of relative 

phases about right. Both these PrOPerties are due 

primarily to the signature factor of the Reggeised 

pion trajectory. 

In an O~~.model the dependence of the amplitude on 

the pion propagator is 

1500 

1000 

1 

l 
1~-...........'--L_tf-_ 
~ 

~!~If .!0 I ~ 
-16()~· 
-1701-_.!._ _____________ _ 

60 
50 
40 
30 
20 
10 

I 

I~ 
tO 1-1 1·2 1·3 1·4 1·5 1·6 1·7 1·8 1·9 

M (3n)GeV/c2 

Fig.? Comparison of the results of the fuZZ fit 
with the 40 GeV/c CIBS data. 
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Fig.B The best fits obtained with the parametrised 
Deck background aLone, dispLayed for the 
AscoLi compiLation. The soLid intensity curve 
represents our best estimate of the back­
ground shape, the broken curve the best fit. 

which is cancelled by a term at the nN vertex, leav­

ing an amplitude that does not depend on.tR and 

hence does not depend on cos e, where e is the 

Jackson polar angle. With a Reggeised pion 

1 
-ina(tR)/2 

+ 
e 

tR - m 2 t - m 2 
n R n 

so the amplitude depends on tR. through 

~ t m 2 + M2 2 E E a R n nn - in nn 

where Enn' pnn are the energy and momentum of the 

dipion system in the 3n centre-of-mass, Ein and pin 

are the energy and momentum of incoming pion in the 
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~ I 1
1 
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1·0 1·1 1·2 1·3 1·4 1·5 1-6 1-7 1·8 1·9 

M( 3n) GeV/c2 

Fig. 9 1'he best fits obtained with the parametrised 
Deck background aLone, dispLayed for the 
AscoLi compiLation. The soLid intensity curve 
represents our best estimate of the back­
ground shape, the broken curve the best fit. 

3n centre-of-mass. The amplitude is thus like 

The first factor gives an overall phase which in­

creases with E
3
n. The second factor may be partial' 

wave analyzed to give 

s-wave 1 

p-wave 

This tells us in elementary terms why l+s and 0-s 

are in phase and 90° different from l+p. The details 

could be changed, for example by including a form 

factor e0 tR, but the qualitative conclusions seem 

quite sound. However, we do need ·an explanation for 

the apparent lack of p exchange terms. 

We conclude that the lack of 1+ phase variation in 

diffractive production is no evidence against the 



existence of a real A 1 meson, coupling elastically 

to pn, and that the shape of the observed 1+ en­

hancement may be explained by virtue of such a meson 

provided it has mass and width 

1. 3 GeV/c2 

f AJ ::::: 250 MeV/c2 

We have also concluded(g) that the diffractive data 

make it most unlikely that the AJ has a mass of 

1.1 GeV/c2 . Phase suppression can still be 

achieved, but the shape is quite wrong, (fig.lO). 
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(b) The best fit achieved with 
MA = 1.1 GeV/c2, for the CIBS 40 GeV/c 

1 
data. 

4. THE l+ Knn S¥ST~M (Q) 

This is the analogue of the A1 system, and is ex­

per.r.ed to he complicated if all the l, + states pre-

dieted by the quark model are reaHsen i,n nature. 

There should be two strange 1+ states in the mass 

region ::::: 1. 3 - 1.4 GeV/c2 , the strange analogues of 

the A1 and the B. Breaking of SU3 can mix them and 

so the Q could consist of two diffractively produced 

resonances as well as Deck amplitudes for K*n and 

pK, all these amplitudes coherent('+). 

Two channel., two resonance analogues of the expres­

sion (1) can be written down through a K-matrix 

formulation(lO) and the results of fitting them to 

K+ data at 10 GeV/c(ll) are shown in figs.ll and 12. 

The shape of the Q and the peculiar fact that pK is 

only produced around threshold are well· accounted 

for in this mod~l(lZ). A comparison of our calcu-
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Fig.ll The Krrrr mass spectra obtained by fitting a 
two channel. - two resonance model. to the 
data of the BGO col.Zaboration. The Zower 
curve is the asswned background in waves 
other than 1+ 

lated 1+ intensity with the 1+ intensity extracted 

by PWA of 10 and 16 GeV/c K- data( 13) is shown in 

fig.l3: the agreement is excellent even at high 

mass where we are extrapolating our fitted K+ ampli­

tude. 

We may conclude that the Q fits nicely into this 

framework, but the quality of the present data on 

the Q is not good enough for us to say more: we 

eagerly await results from the SLAC spectrometer 

which should reso.lve man:( questions about· the Q. 

It is amusing that with the A1 at about 1.3 GeV/c2 

and the (unmixed) QA at about 1.34 GeV/c2 we find 
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Fig.12 
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Fig.13 (a) The 1+ intensity extracted from the fits 
to the Q+ at 10 GeV/c between 1.0 and 1.6 
GeV/c is compared with the 1+ intensity e:r.­
tracted from 10 and 16 GeV/c x- data with 
the AscoZi program. 

(b) The asswned background in fitting ·the 
10 GeV/c x+ data is C0'17Pared with the in­
tensity of waves other than 1+s extracted 
by PWA of 10 and 16 GeV/c x- data. Normal-­
isation of (a) and (b) is common. 



the D and E to be approximately ideally mixed - if 

th~ E really is the missipg C = +1 isoscalar 1+. 

This ties in with the approximate degeneracy of the 

D and our A1 and with the apparent rro decay mode of 

the D. We thus have a pleasing picture of the A1 

nonet, but the foundations are built on sand. 

5. DIFFRACfiVE PRODUcriON OF N* 's 

In our model for the A1 the peak in the i+ inten­

sity is shifted down some 200 MeV/c 2 and the phase 

variation is suppressed. Very similar.features 

appear in two papers(S,~) on the diffractiv~ pro­

duction of 6rr and Nrr systems. The 1/2+ prr- system 

peaks around 1.2 GeV/c2 and. there is a wel~ known 

resonance somewhere between 1.4 and 1.47 GeV/c2 -

we have a downward shift of ~ 200 MeV/c2 . The 3/2-

prr- system (d-wave) is in about the right place, but 

does not show up in 6rr, which is s-wave and so ex­

pected to· be fed strongly by the Deck mechanism. 

A further puzzle is -that the phase of 1/2+ prr- is 

slowly varying between 105° and 130° between 1.3 

GeV/c2 and 1.5 GeV/c2 , measured with respect to an 

assumed BW phase for 3/2-. We expect from the Deck 

mechanism with rescattering a variation like e 2io 

and so perhaps > 180° over this region. 

The data are poor but these peculiarities seem to 

have a natural explanation within our model. We must 

however employ a one resonance but two or more chan­

nel formulation in an attempt to reproduce these 

features. 

6. DIFFRACfiVE. p PHOTOPRODUCTION 

The one place where diffractive production of reson­

ances is well establi_shed is distinguished by the 

operation of a mechanism very like the one we have 

proposed. Diffractive photoproduction of vector 

mesons occurs strongly and in the case of the rela-

tively broad p the shape is distorted so that the 

peak is moved down by ~ 20 MeV/c2 and is steeper on 

the high mass side than the low ( 14 ). So far as I 

know phase information is not available, but the 

shape of the p is explained by interference between 

the direct p photoproduction term of fig.l4(a) and 

the Drell-Hiida mechanism of fig.l4(b) - the photo-

lOS 

'If p p TT 

~TT 

~ 
(a) (b) 

Fig.l4 Diffractive p photoproduction (a) and the' 
Dre~~-Hiida mechanism (b). 

production analogue of Deck. This ~odel for the 
( 15) 

is known as the Soding model ~·the people who 

applled it' at SLAC multiplied the Drell-Hiida ampli­

tude by cos o eili ( 14 >' 

Rho production is al-so the only place I know of 

where the phase associated with the Pomeron has.been 

directly checked. This was done by interfering 

e + e- from the decay of diffract! vely. produc~d p 

(fig.l5(a)) with the pure QED diagram of fig.l5Cb) .• 

The phase associated with the Pomeron leg is within 

about 10° of rr/2 ~ the difference is readily attri­

butable· to the exchange of other things along wi, th 

·the Pomeron ( 16 ) • 

Fig..15 

:J:_: 
(a) (b) 

Production of e~e- pairs through diffraa­
tive p photoproduction (a) and pure QED (b) 
a~~owed the measurement of the production 
phr):Jiol of /.he IJ. 

7. CONCLUSIONS 

We have demolished the widespread belief that in 

production processes a two particle channel picks up 

a dominant phase factor eio automatically and-have 
.; 

si}own that in production pi:ocessP.sfsP.vP.rf? r<;>,.on;;nce 

distortion may occur and may be accompanied by phase 

variation wildly different from eio All that is 

required is a backgrow1d amplitude not completely 

dominated by direct resonance produc~ion. The 

specific model we have constructed seems to deal 

successfully with p distortion in photoproduction 

and seems to be capable of expl~.ning observations 

on diffractive production of N* systems that had 

\ 

I 
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previously received no explanation. The data on A1 

and Q (where there is no independent evidence for 

resonances) fit very nicely into this framework. 

Indeed I was very confident that my colleagues and 

I had found the solution to the A1 enigma until I 

received from Fritz Wagner at LBL the data shown in 

fig.l6(l?). He has been analyzing n+p + 6++ n+n-~0 

at 7 GeV/c. If there is an A1, it should show up. 

He sees a beautiful Az with a cross section ~ 60 ~b, 

made mostly by B exchange (not p exchange) but there 

is no evidence for an A1 resonance. I doubt if this 

demolishes the A1: the predicted p~oss section in 

this reaction for natural spin-parity exchange is 

only 7 ~(lB) and at this level a substantial 

doubl~ Regge, exchange background may conspire to 

confuse the situation, but I must admit my confi­

dence to have been shaken. This meeting being held. 

at an electron accelerator, it. is appropriate that 

the best place to establish or destroy the A1 unam­

biguously appears to be through photoproduction, 

fig.l7. 
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l" ::r::: 
p n 

Fig.17 A 1 photoproduation by n exahange. 

The work described in this paper has been carried 

out in collaboration with I.J.R. Aitchison, 

J.B. Dainton and M.A.V. Game. 
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APPENDIX 

FINAL STATE INTERACTION. THEORY (See Ref.(9)) 

Thio material is due to I.J.R.Aitchison. There-

scattering corrections to an amplitude B are given 

by the Omn~s equation: 

g*(m' 2 ) F(m' 2 ) d m• 2 

m•2- m2 -.i E 

where mmin is the two body threshold (mn + ·mp for 

the A1l and 
icS 

g e sin cS 

is the two body scattering amplitude. B is thus the 

driving term in an inhomogeneous equation: the solu­

tion can be written as 

icS 
B eicS cos cS + e ~n ° 

Where k i.s phasQ space and N the numerator func~ion 

in 

N 
D 

ei6 sin cS 

k 

To this solution F I qf the inhomogeneous equation we 

may add with arbitrary phase a solution FH of the 

homogeneous equation 

icS 
12. e sin cS 
N k 

where p is a polynomial. In the region of a reson­

ance N is approximately constant and the final form 

we used for the Al is 

io .i.O 
B e cos cS + e ~in 

We have verified by uumerical calculation with a re­

sonable N function that the approximation N = con­

stant makes only small differences for a B which is 

localised in momentum space, although for a constant 

B. the integral eats away the cos cS term and the 

residuum behaves as sin cSei0 . Indeed for the Deck 

amplitudes we have used the principal value integral 

is only a small correction to the dominant rescat­

tered Deck term which is B eicS cos cS. 

Theoretically the one thing that is not clear is 

the role that duality might play in all this. 



by 

F. Wagnert, M. Tabak.and D.M. Chew§ 
Lawrence Berkeley Laboratory 
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~~ 
ABSTRACT r An amplitude analysis for,,', the reaction 

n+p ~ n+n-noA++ at 7 GeV1c has been performed using 

the isobar model for the 3n system. The 3n-mass 

covers the range fromlo. 82 to 1. 90 GeV. we-oase&V.e. 
;;' 

Strong Az productio~ The spin parity of the 

w*(l700) is determined to be 3-., No significant A1j 
production can be seen. ~~~ 

The interest in 3n final states lies in the fact 

that the constituent quark model predicts the exis­

tence I(JP) = 1(2+), 0(3-) as well as JP ~ 1+ 

resonances in both isostates I(!). Analysis of the 

reaction 

(1) 

have yet confirmed only the 2+ state(z), because 

I = 0 cannot contribute to reaction (1) and the 1+ 

states may be hidden under diffractive dissociation 

of, then, ahd/or production of 3n by the Deck mech-

ani sm. For both reasons a neutral 3n system seems 

to be more suitable for detection of these possible 

resonances. Therefore we studied the reaction 

(2) 

The conventional approach to analyze the 3n s~stem 

in (1) or (2) is to use the so-called isobar 

model ' 3•4). It has been applied in two ways. 

Ascoli and his disciples(s) ignore the baryon spin 

and fit the 3n density matrix to the data. Spin co­

herence of the initial and firral proton in' reaction 

(l) is compatible with the data(S,G), giving an a 

posteriori justification of this procedure. Another 
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method has been proposed by Tabak et al ( 6 ) , "'here 

the production amplitudes are used as parameters. In 

reaction (2), in contrast to reaction (1), addition­

al information about the production mechanism can be 

obtained by studying the A-decay into n+p. There­

fore we are bound to use the latter method. 

In an analysis of KN ~ KnnN a striking similarity 

between the diffractive and charge exchange reaction 

has been found, both reactions being dominated by 

unnatural spin parity states produced via natural 

exchange( 7), as also found for reaction (1). It is 

interesting to kno>~ whether reaction (2) follows the 

same pattern. In addition one can test the quark 

model prediction(S) for the pA++ vertex, predictions 

that are in remarkable agreement with the data for 

several quasi two body reactions(g-IJ). After a 

description of the data and generalization of the 

isobar formalism to include the A decay, we discuss 

the fitting procedure and describe the, results ob­

tained in these fits. 

The measurements are based on a 700,000 picture ex-
( 12) 

posure of the 82" SLAC bubble chamber at 7 GeV/c , . 

Of all events, 85,856 fitted the reaction 

n+p ~ n+n-n° pn+ corresponding to a cross section of 

2.16 ± 0.09 mb. To select reaction (2) we imposed a 

mass cut on either n+p combination of 1.16 ~ M 
n+p 

~ 1.48 GeV. Depending on the 3n mass M3n• 5-12% of 

the events had both n+ in this mass band. In these 

cases we took both combinations with a relative 

weight according to a Breit-Wigner mass distribution 

for the A. After this cut we have 6790 events for 

ltpAI ~ 0.35 Gev2 (hereafter called the low ltl 

interval) and 5998 events for 0.35 ~ ItA I ~ 0.80 . p 
GeV2 (high ltl interval) in the mass range 

0.82 ~ M3n ~ 1.90 GeV. We checked that the A decay 
M moments <YL> are zero for L ~ 3 and that there is 

little N* production visible in any An channels in 

this kinematic region. 



The isobar model (4) describes any 3rr state with spin 

parity JP, helicity m referring to a quantization 

axis in the production plane, and isospin I as being 

the sum of rrrr (isobar) states with spin ~ in an 

orbital angular momentum state L with the third rr. 

Using amplitudes satisfying ·the constraints from 

parity we replace m by lml ,n where n = +1(-1) is re­

lated to natural (unnatural) parity exchange( 4). The 

amplitude for reaction (2) can be written as 

T 
SIJ I 

Kmn 
D Tnm (K, M3., t) ·. 

Kmn SIJ " 
(3) 

In this equation the spins of the 6 and p are char­

acterized by their exchanged spin s(s = 1,2) and the 

corresponding z-component \1(\l = 0,1,2), which is 

equal to the helicity flip at the p6 vertex(g); n 

takes care of negative values of IJ; K abbreviates 

all 3rr quantum numbers except nand m; that is, by 

K we mean I(JP Err/prr/frr); the known function D con­

tains the angle dependent part and the rrrr phases 

describing the isobars p, E, f. The isobar model 

assumes that the amplitudes T do not depend on any 

rrrr submasses. Parity conservation at the 6p vertex 

implies(g) vanishing of Ti~ and T2~m. 

Due to the lack of polarization meas-urements and 

limited statistics, we want to make the follm1ing 

additional assumption: We neglect all amplitudes 

with an helicity flip of 2 units at either vertex 

(m = 2 and/or IJ = 2). This assumption depends on 

the co-ordinate system we are going to describe now. 

For reaction (1) and several other two body reac­

tions, it has been shown(g) that the vector 

t - m2 

c (h + 
___ rr 

2s 
(4) 

taken as z-axis in the meson rest frame leads to 

helicity conservation for the meson system. 

ly we use for the 6 the vector c' 

Similar-

(5) 

in the 6 ·rest frame as z axis. Theoretic<>) ly the 

choice of eqns. (4) and (5) is motivated by the 

coupling of vector mesons to a conserved current(
13

). 

Since the angle between~ (or~·) and the corres­

ponding t-channel direction is small, there is 

little difference between neglecting helicity flip 

of two units (however, not of one unit) in the 
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t-channel helicity system and in the systems defined 

by eqns. (4 ,5). 

~lith this assumption, the unpolarized differential 

cross section ~~ including the 6 decay is given by 

w - I D . 
Knm 

Tnm(K) 
SIJ 

(6) 

The matrix A depends on the unit vector p of the 

proton from the 6 decay and is given explicitly in 

the Appendix. Apart from the simplicity of eqn.(6), 

·one other reason to use s and 1J to characterize the 

6p vertex is that the quark model (S) predicts van­

ishing(9) of any Tnm with s = 2. 
sp 

The amplitudes T in eqn. (6) are parameters in a max­

imum likelihood fit ( 14 ) tl:> the data, which were 

binned in M
3 

and t. We allowed for all waves up 
P + rr 

to J 3 with ~ + L ~ 3 and I ~ 2 plus the 0(3-fprr) 

wave in their various isospin and spin combinations. 

Together with the p6 quantum numbers, this gives 473 

real parameters, an impossible number to fit simul­

t_aneously. Consequently, we adopted the following 

procedure: First, we varied only those waves which 

were present in the charged 3rr system as determined 

in previous analyses(S,G) for both I= O, and only 

s = 1 amplitudes at the p6 vertex. Then, in suc­

ceeding fits, we added parameters with the aim of 

significantly increasing both the iikelihood and 

the energy continuity of the colutions. We rejected 

those parameters which did not meet these criteria. 

This procedure was iterated until the major waves 

stopped changing. The results presented here-come 

from U1is final set, but share their major features 

with earlier fits. For details of the ~alvsis see 
ref. (15). 

The experimental mass distributions in the two t­

intervals show two significant peaks at M3rr ~ 1.3 

GeV and M3rr ~ 1.7 GeV respectively (fig.l). The 

fitted total contributions for T([l(2+Dprr)] and 

T[0(3-Fprr)] show that the peaks are caused by these 

amplitudes. The first peak m1.1st be attributed to 

the A2.. The relative phase between the dominant A2 
amplitude T16°[1(2+Dprr)] and the background wave 

Ti8[1(2-frr)] exhibits (fig.2(a)) the variation ex­

pected for a Breit-Wigner resonance. A fit with a 

Breit-Wigner distribution to the points for this ?.+ 

amplitude at low ltl (fig.l(a)) ·gives a mass of 

(1.298 ± 0.008) GeV and a width of (0.122 ± 0.012) 

GeV, which agree well with the world average( 1G). 
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Fig.2 (a) ReZative phase between T!J 0[1(2+Dpn)] 
10 -and T20 [1(2 sfn)] as fW'lction of M

311 
at Zow 

It I. 

(b) ReZative phase between the naturaZ ex­

change and the W'!naturaZ exchange ampZitude 

T!~ 0 for [1+(2+Dpn)] as fW'lction of M311 at 

Zow ltl. The straight Zine gives the pre­

diction of Regge p and B exchange. 

(c) TotaZ intensity going into.1(1+)[1(2-)] 

ds fW!ction of M for Zow It I (;r,) and for 311 ~ 
high I t I r~J. 



If we identify the second peak with the w*(l700) 

found ·earlier in its (3TI) and (STI) decay(+?), this 

w*(l700) is found by us to have the spin parity 

assignment of JP = 3-. The fit with Brei t-~ligner 
to the points for this 3- amplitude present in the 

high t mass distribution of fig.l(b) gives the 

following result: (1.669 ± 0.011) GeV for its mass 

and for its width (0.173 ± 0.019) GeV; these values 

are similar to the mass and width of the g-meson °6 >. 
A phase variation is more difficult to obtain, 

mainly due to the lack of a reliable single back­

ground wave. Nevertheless most solutions are com­

patible with a phase increase of 100° for a mass of 

the (3TI) system between 1.625 and 1.725 GeV. This 

fact and the observed Breit-Wigner shape make a 

resonance interpretation very likely. After the 

recent opin parity assignment of 3- to the 

K* (1800) (lB), the only missing member of the 3-

nonet is the ~; ideal mixing predicts its mass to 

:bo ~. :l CoV. 

By integrating the above Brei t-~ligner fits, the 

A2(1310) and w*(l700) production cross sections are 

found to be (53 ± 7) 1Jb and .(33 ± 12) 1Jb, respec­

tively, for ltl ~ 0.8 (GeV/c) 2• The relative phase 

of about 50° between the amplitudes T~~ (natural 

exchange) and T1J 0 (unnatural exchange) for the A2 

as shown in fig.2(b), at low ltl agrees with Regge p 

and B exchange. Regarding the relative intensity of 

these two exchanges, it appears that both resonances 

are produced predominantly by unnatural (B) exchange. 

For the A2 this fact has been predicted by Fox and 

Hey(lg). By semi-inclusive duality arguments( 20), 

the following scaling law holds for the ratio R be-. 

tween natural and unnatural parity exchange produc-

t.ion for a resonanr.:e x 

R 
X 

R. 
w 

(7) 

Using the value Rw = 0.8< 11 ' 12), eqn. (7) leads to 

the prediction of Ra
2 

= 0.28 and Rw' = 0.22 in ex­

cellent agreement with our observed ratios of 

RA
2 

= 0.32 ± 0.05 and Rw' = 0.14 ± 0.07 at low t • 

For both resonances 

5% to the non-quark 

tion of the natural 

we found contributions l·ess than 

amplitudes Tnm. That is produc-
211 

spin parity resonances (for the 

w see ref. (11) in reaction (2) has only pA couplings 

allowed by the quark model (B). 

No other amplitudes with a resonant like behaviour 
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have been found. In particular the 1(1+) wave (All 

remains small as one can see from fig.2(c). An A1 

hiding under the A2 as proposed in ref. (21) is cer­

tainly excluded. For a width less than 150 MeV we 

estimate cr(All < 2 IJb. The 1(2-) wave, although 

large (fig.2(d), does not exhibit a resonance-like 

structure as claimed in ref. (22). The peaks differ 

in the two t bins and also differ from that ob­

served in reaction (1). Apart from the strong 

1(0-ETI) wave below 1.4 GeV, the remaining background 

is shared by many different amplitudes. Even if ~1e 

are not sure about any individual wave, the follow­

ing general features about the background appear: 

i) All background waves belong to unnatural spin 

parit:'y: 

0 , 

ii) The background is produced almost entirely by 

n&tu~al anohanga. Col1.1111n l of Ta:blo l givil~o: thil 

ratioo of natural to unnatu~&l b&okg~ouna p~oauo­

tion for the various mass bins in both t intervals. 

iii) In contrast to the resonances, the background 

waves are produced dominantly by the non-quark 

amplitudes T~~· The ratio between quark and non­

quark background cross section is approximately 

equal to 0.6 (see column 2 of Table 1). 

iv) The data bear out helicity conservation for 

the background along the direction ~ of eqn. (4) for 

the 3TI system up to the level 5%, as column 3 of 

Table 1 ·shows. This fact is non-trivial, especial-

ly ·at high t. 

v) No cuoh helioity conservation occurs at the Ap 

vertex. In fact, £TI and fTI waves prefer s 2, 

1J = o, while pn waves are mainly in s = 1, 11 1 

states. Together with the resonance couplings at 

least five different proton-A spin combinations are 

significantly non-zero. Points (i) and (ii) have 

been observed also in reaction (1) (S, 6) and for 

K p ~ KTITIN in both the charged and the neutral KTITI 

system(?). Our result supports the suggestion of 

ref. (7) that the background in diffractive and 

charge exchange reactions differ only by its energy 

dependence. 



Table 1 

Ratios of non-resonant background cross sections 

1 2 3 

M311 Low It I High It I LO~I It I High It I Low It I High It I 
(GeV) 

0.82 - 0.98 0.02 ± 0.02 - 0.64 ± 0.10 o. 73 ± 0.14 0.15 ± 0.07 -
0.98 - 1.06 0.16 ± 0.06 - 0.61 ± 0.09 0.56 ± 0.16 0.12 ± 0.06 -
1.06 - 1.20 0.07 ± 0.03 0.03 ± 0.03 0.61 ± 0.06 0.71 ± 0.09 0.05 ± 0.03 0.05 ± 0.03 

1. 20 - 1. 30 0.03 ± 0.02 0.07 ± 0.03 0.64 ± 0.10 0.38 ± 0.11 0.02 ± 0.02 0.06 ± 0.03 

1. 30 - 1.40 0.09 ± 0.05 0.04 ± 0.02 0.54 ± 0.08 0.42 ± 0.17 0.08 ± 0.04 0.06 ± 0.02 

1.40 - 1. 50 0.05 ± 0.02 0.02 ± 0.02 0.42 ± 0.07 0.77 ± 0.16 0.04 ± 0.02 0.04 ± 0.02 

1. 50 - 1.60 0.03 ± 0.02 0.07 ± 0.04 0.65 ± 0.12 o. 76 ± o.o8 0.09 ± 0.03 0.10 ± 0.03 

1.60 - 1. 70 0.01 ± 0.01 0.03 ± 0.02 0.36 ± 0.13 0.48 ± 0.06 0.02 ± 0.03 0.11 ± 0.03 

1. 70 - 1.80 0.03 ± 0.03 0.03 ± 0.02 1. 28 ± 0.18 0.55 ± 0.05 0.05 ± 0.04 0.03 ± o.ol 

1.80 - 1.90 - 0.02 ± 0.02 - 0. 72 ± 0.06 - 0.03 ± 0.02 

Column 1 gives the ratio of background produced via natural exchange to that via unnatural exchange. 

Column 2, the ratio of intensity in the background of s = 
Column 3, the ratio of helicity nonconserving to helicity 

In conclusion, in the (31!)0 mass distribution be­

tween 1.0 and 2.0 GeV, we have observed the A2 and 

a peak due to the production of a 3-w* state with 

the same mass as the g-meson. No significant A1 

production has been found. Resonance production 

agrees with the predictions of the quark model and 

semi-inclusive duality. The background waves behave 

very similarly to the corresponding ones found in 

other 311 or K1111 systems. 

We are very indebted to the members of Group A at 

LBL for allowing us to use the DST of the events in 

this analysis. We are very grateful to Professor 

A. Rosenfeld for his continuous interest and en-

couragement in the present work. We thank 

Dr. T. Lasinski for helpful discussions and 

Dr. P. Eberhard regarding the use of the fitting 

program OPTIME. 
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by 

M.J. Emms, G.T. Jones, J.B. Kinson, B.J. Stacey§, M.F. Votruba, and P.L. Woodworth, 
University of Birmingham, UK, 

I.G. Bell, M. Dale, and J.V.· Major, 
University of Durham, UK, A~l 

J.A. Charleswortht, D.J. Crennell, G.E. Kalmus, and R.L. Sekulin, 
Rutherford Laboratory, UK. 

We present here preliminary results for a partial 

wave analysis, of the charge exchange reactionz-

(1) 

The data came from an exposure of the CERN 2m deu­

terium bubble chamber to a separated beam of 4 GeV/c 

ll + mesons. The exposure· of about 16 events per 

microbarn yields approximately 41,000 events best 

described by reaction (1). 

The obvious features seen in this reaction are the 

w0 , some 6 production and an enhancement in the 

ll+ll-llo effective mass distribution in the Az (1310) 

region as seen in fig.!. Only those events with 

1000 

20414 Events 

0·4 

Fifl. 1 

0·8 1·0 1·2 I·• 1·6 

ll+ll-llo effective mass distribution for reac­
tion (1) with lt'l < 0.5 GeV2• The Zower 
histog1•am shows the same .aanrpl-e aftar al.l 6 
production has been removed. The crosses show 

tha ~ = 1+ and the circl.es the 2+ r.:cmtribu­
tions to the reaction. 

Paper presented by D.J. Crennell. 

§Now at l~estfield College, London. 

tNow at Dept. of Civil Engineering, University of 
Newcastle. 
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It' I <t' t- tmin) < 0.5 GeV2 are shown in the 

figure. 

This It' I cut is introduced to enhance peripherally 

produced states and its main ettect is to reduce the 

Jp = 0 contribution. We have used the Illinois par­

tial wave analysis program(!) to analyze this re­

duced sample in the 3ll mass region from 1.0 to 1.55 

GeV/c2. This program allows the removal of the pll 

effective mass regions corre~ponding to 6++, 6° and 

A+, and calculates the number of events expected if 

6 were not present. This is shown as the lower 

histogram in fig.l. 

The 3ll system is now analyzed in terms of quasi two­

body decays of partial wave components JPLMn in the 

Gottfried-Ja~kson frame. Here, Jp is the spin-parity 

and M the helicity of the 3ll state, L is the angular 

momentum of the two-body intermediate state and n 

the naturality of the ~xchange. 

In this analysis we have tried many states of J ~ 2 

decaying in the Ell pll and fll modes. Most of these 

are present in some mass or t bins, but no fll decay 

modes are needed. The states that are always neces­

sary are Jp = 0~, 1+ and 2- with 2+ required in the 

Az region. Of these the 0- decays principally by 

Ell and the 2 has mostly Mn = 0+ and shows a slowly 

rising intensity across the mass band. The contri­

butions of Jp = 1+ and 2+ are shown in fig.! and are 

discussed in more detail below. 

The 2+ wave decays by the pll mode only and is only 

present in the isotopic spin = 1 state. Az is 

produced most strongly with helicity 0 by unnatural 

parity exchange (fig .·2 (a) ) , but is also clear in the 

natural and unnatural pafity exchange helicity 1 

states (fig.2(b) and (c)). There is no evidence of 

helicity 2 production in this It' I .range. 
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The ,;P = 2+, fl1 = 0-, 1+ and ]­
contributions to the reaction. 

The relative phase of the A2 to the background 0 

and 2- waves can only be determined for states pro­

duced by the same exchange naturality; since the 

Jp = 0- and most of the 2- require n = + which con­

tributes little to A0 2 production, the phase is 

poorly determined, but nevertheless is in agreement 

with the Breit-Wigner prediction, 

helicity states and decays principally by the pn 

mode in both isotopic spin 0 and 1 combinations. We 

have not yet satisfactorily separated these six in­

dependent states, but the total 1+ contribution 

(crosses in fig.l) is large and quite sufficient to 

accommodate the I = 1 pn resonance predicted by the 

A1 model of Bowler and Game('+). 

In the A2 (1310) mass region the 1+ contribution is 

9:F, s:imil;w magnitude Lu u,., 2+, !n contl'Mt with 

the 3n system produced at 7 GeV/c in the reaction(S) 

where the·Jp 

intensity. 

+ 
n p -+- n + n-no 6 ++, 

1+ state has only 10% of the 2+ 

The results presented here are prelimiuary; however 

we believe that they Will not change significantly. 

The data are currently beinq 'eyami.n<i!CI in moro dotail 

and we hope shortly to rmhl ish our final oonolu:Jion~. 

In addition we shall be studying the higher mass 

region (M > 1.5 GeV/c2), 
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SOME REMARKS ON ANALYSES OF MULTI-MESON SYSTEM..<; 

by 

V. Chaloupka 
C.E.R.N. 

1. THE ASSUMPTIONS AND LIMITATIONS OF PRESENT 

MULTI-MESON ANALYSIS 

The first part of my contribution consists of a brief 

'review of some of the assumptions and limitations of 

the presently used analyses of multi-meson systems: 

1. 1 The use of an isobar model, ·with its assump­

tions, poses problems for unitarity. This point was 

discussed in detail at this meeting. 

1.2 Our knowledge of some isobars (e.g. £, K) is 

far from sufficient. 

1.3 Coherence is often assumed both in analysis 

(e.g. coherence of states with given JP) and in the 

interpretation of the results. Let me stress once 

more that 

Phase (pab) ~ Phase (b) - Phase (a) 

for 

1 

/paa Pbb 

1.4 The input to an analysis should be a data sam­

ple corresponding to production of a.3-meson system. 

This is not easily achieved (especially in non­

diffractive reactions) and is difficult to verify 

(e.g. the absence or cutting off of the meson-baryon 

isobars is not enough). 

1.5 Even with limitations on maximum JP, the pro-

blem usually has too many free parameters to be de­

termined in the fit. Various "procedures" used lead 

in principle only to ~ solution (at best to the 

"simplest solution compatible with the data"), 

Limited st.ati.st.i.cs also limit the possibilities of 

investigating the (presumably non-resonant) contri­

butions of states with I > 1. A:; an example, we give 

a table with isospin characteristics of the current­

ly available 311 production reactions: 
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Reaction 1 (311) 
r--· 

+ ± + -1) 11-p ... p1: 11 11 1, 2 

2) + +11-11° 0, 1, 2 11 n .. p11 

3) 11 p ... n11 +11-11° 0, 1, 2 

4) + + 11+11° 2 11 p ... n11 

6) 
+ a++w+w-wO 'lT !' .. o, 1, 2, J 

6) K p ... A11+11-11° o, 1 

No'te the possibility of gett.ing some information on 

the 1 = 2 311 system for reaction (3) from reaction 

(4). 

1.6 Although in principle unique for a given set 

of waves, the resolving power of a density matrix 

approach may be very weak in unfavourable cases. 

Thus, it is difficult to get a unique solution for 

the 311 system below and near the p11 threshold, be­

cause of the similarity of the 1+ S-wave (p11) and 

l+P wave (£11) (I). This may be illustrated also by 

preliminary results from an analysis of the 311 sys­

tem coherently pr~duced on nuclei (2
), which in the 

A1 region show a solution with a Breit-Wigner varia­

tion of the phase of the l+p wave in respect to the 

o P wave. Up to now, this solution could not be 

discarded in favour of the solution with a constant 

phase. 

1.7 Finite experimental resolution is not account-

ed for adequately. The full treatment of this pro­

blem is hopelessly complicated: 

where: 

Wobs(x) is the observed distribution in variables 

X (e.g. X= {a, f!, y, 51• 52}) 

wtheor(x) is the theoretical distribution 

Res (6x) is the experimental resolution function 

(including correlations). 



To illustrate the possible effect of ignoring the 

finite experimental resolution, we consider the re­

action rr p ~ prr+rr+rr- and make some simplifying 

assumptions: 

a) consider the experimental resolution only in 

m(rr+rrl> and m(rr+rrz), taken as independent variables, 

b) assume a Breit-~ligner shape of the resolution 

function (with FI1HM = R) 

Then, one can easily show that 

~:sw(r + Rl 

'itlerefore, a typical symmetrical term 

r 
where k = r-+;R is a coherence tactor due to the 

finite experimental resolution. 

Note that even in the case of p(760)(f = 100, R=lO), 

the coherence is only k = 90%. This may distort a 

fit which assumes complete coherence, especially in 

the case of a destructive interference. The effect 

is of course even more serious for narrower reson-

ances (e.g. K*(890)); in the case of the w(780)rr 

system, it prevented us from measuring the imaginary 

part of the density 'matrix( 3). 

l. 8 Conclusion: 

It may be that the A2 with its destructive signature 

is not sensitive to the deviations from the simplifi­

cations listed above. Also, none of these features 

can be reasonably expected to fake the observed 

Breit-Wigner behaviour of the 2+ state. 

On the other hand, we might not have been so lucky 

in other cases, and "unexpected results" (e.g. ab­

sence of a Breit-Wigner phase variation) should be 

interpreted with extreme care. 

2. "DENSITY MATRIX" AND/OR "AMPLITUDE" APPROACH 

TO MULTI-MESON ANALYSIS 

In the second part of my talk, I would like to dis­

cuss the relations between the density matrix and 
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"amplitude" approaches for analysis of produced 

multi-meson systems, when the baryon polarizations 

are not measured. 

Consider a multi-meson system R produced by a rr or 

K beam on baryon B, with recoil baryon B': 

TT(K) {Kd i = 1,2, .... n 

Here j(j') are cpins of B(B'), K io a oct of quan­

tum numbers describing the system R (e.g. 

K. = (Jp~M~); see G.T. Jones' talk, these pro-
l. 

r.:eed.iny:; and "', t,m are the total c. m. energy squared, 

the four-momentum transfer squared and the mass of 

H, respect:ively. 

The density matrix approach describes the system R 

with an n-dimensional Hermitian positive-definite 

density matrix with n2 real free parameters (for 

!iimplicity, we <.lu nut r.:on!ii<.ler the tL·ace condition, 

nor the parity conservation in the production pro­

cess). 

The amplitude approach uses the definition of the 

density matrix in terms of the production amplitudes: 

r 
flab (s,m,t) L: 

K=l 

where r is the rank of the density matrix (in our 

case r = !2j + ll !2j' + lll. This parametrization 

has therefore 2nr real free parameters. 

It is however well known that it is not possible to 

determine the amplitudes without measuring the 

baryon polarizations. Formally: 

if p = P P+ P' =UP =9 P' P'+ = p for any 

•.mit.a:r.y !J(.i .• e. P' gJ.ve"' t.he "'"mo;> c:lenfli.t.y m"t.:ri"x p 

and therefore the Game cnperimcntal diotribution 

W = MpM, where M is the vector of the decay ampli­

tudes). 

Still, by conveniently fixing the r 2 free parameters 

of the unitary matrix u, w~ can "escrJ."be the problem 

in terms of (2nr - r 2 ) independent parameters. The 

way to do it is to use a "minimal parametrization" 



of an Hermitian, positive-definite, n-dimensional 

matrix of rank r. 

a) Chung and Trueman(
4

) use a parametrization 

+ 
p vv 

with 

v .. 0 for > i 
l.J 

E;~e 
ia~ 

~ n(j 1) i 
j (j - 1) v .. - + 

l.J 2 

a~ 0 for i j 

The rank condition is imposed by setting 

o, for ~ > nr _ r(r - 1) 
2 

(We use a modified definition of ~ in respect to 

ref. (3)). 

It is easy to check that this parametrization indeed 

gives (2nr - r 2 ) free parameters. 

b) An alternative parametrization is actually used 

in the Illinois program(S), when the positivity con­

~traint i& needed (for connoisseurs: subrou~e. 

HUDDLE calling VTOB, BTOU, TAUTOX etc.): \ 

The density matrix is parametrized by its eigen­

values and by a unitary matrix constructed from its 

eigenvectors: 

p U U
+ 

Po 

The minimal parametrization of U is 

where (Sij) 
ab 

(S ) ij 
ij 

(Sij) 
ii 

u 

oab, 

n 
i=l,n-1 
j=i+l ,n 

except for 

- (Sij) 
ji 

= Bij 

(S ) jj 
ij ~1- laijl

2 

>. 
n 

laijl s 1 

The rank condition (not applied in the Illinois pro­

gram) can be imposed by fixing: 
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0 

for i > r. 

0 

Again, we get (2nr - r 2 ) free parameters describing 

a general Hermitian, positive-definite n-dimensional 

matrix of rank r. 

The use of a parametrization like (a) or (b) (there 

are other possibilities) is the most which· can be 

done without using the baryon polarizations. The num­

ber of free parameters is ~ in terms of a number 

of waves, as in an amplitude analysis, and not 

quadratic as in the density matrix approach, but it 

is ~a partial wave analysis; I call it "rank ana­

lysis". A genuine partial wave analysis can only be 

parformea with the information on the polarization 

of baryons (initial: polarized target, or recoil : 

secondary scattering, or weak decay of a hyperon). 

The actual formalism is rather simple; it depends on 

the reaction investigated. I limit myself only to a 

few remarks: 

(i) the polarization can be usefully used even in 
{6) 

the unmodified density matrix approach 

(ii) the full use of polarization will (besides 

the amplitudes themselves) provide additional con­

straints, enabling one to check various assumptions 

of the isobar model etc.; 

(iii) using the polarizations may be the only way 

to get the phase variation, e.g. of B(l230) ~ wn 

(see discussion of the experimental resolution 

above). 

For my concluding remarks let me return to the "rank 

analysis": Finite bins in s, m(R) and t which have 

to be used in the actual analysis of the data, may 

cause violation of the rank condition: in general, 

the "averaged density matrix" 

f r 

L: 
k=n 

b 
Pk (s,m,t) 

s,m,t 

may have any rank up to n equal to the dimension of 

p. The rank condition (and even the positivity con­

straint) may be violated also by an inadequate para­

metrization of the data (wrong set of waves, isobar 

model, etc.) or due to some error, e.g. in the 

acceptance calculation. 



In addition, the uniqueness of the density matrix 

approach (formally quadratic in parameters) is re­

lated to the rank and positivity constraints: if 

these are satisfied by the data, there is a one-to­

one correspondence to the (in principle) unique 

solution of the rank approach (linear in parameters). 

Therefore, an analysis combining the rank approach 

and the density matrix approach in successive steps 

would seem very useful; we are actually working on 

such a project at CERN. 
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EVIDENCE FOR DIFFERENT POLARIZATION OF THE l+S K*n AND l+S Kp SYSTEMS 

by 

J.D. Hansen 
The Niels Bohr Institute, Copenhagen, Denmark. 

1. INTRODUCTION 

I would like to present new results on the study of 

the Q-enhancement using the reactions 

(1) 

(2) 

The data presented comes from a collaboration of 

Rutherford, Ecole Polytechnique, and Saclay using a 

beam of 14.3 GeV/c kaons(l). The number.of events 

in reactions (1) and (2) are 16000 and 4000, respec­

tively. Two points concerning the l+S contribution 

to the Q-enhancement are discussed: 

1) That the isospins of the l+S K*(890)n and ltS 

Kp systems are t· 
2) That the l+S K+ (890)n and 1 1"s Kp systems are 

produced with different polarization i.e. they 

are not decay modes of a·single Q. 

Previous partial wave analysis can be found in 

refs. (2-5). 

2.\ ISOSPIN 

Figure 1 shows the effective mass of the K-n-n+ and 

Kon-n° systems. Except for a possib1e narrow peak 

in reaction ( 2!" between 1. 2 and 1. 3 GeV the two dis­

tributions agree both in shape and magnitude. This 

is expected if the 

sub-system and the 

* Knn system is dominated by a K n 

isospin is t· The Kp i"s twice as 

big in reaction (2) as in reaction (l) J.f., again, 

the isospin is t· The narrow peak suggests there­

fore a Kp enhancement in that region. To ·study this 

further we show in fig.2 the l+S K*n and i+s Kp 

"amplitudes" for three different mass ranges. The 

magnitude of the amplitude is taken to be the square 

root of the corresponding density matrix element 

with M = 0 and the phase is given from the phase of 
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M(Kn n)GeV/c 

Fig.l The differentia~ cross section as function of 
the Knn mass for reactions (1) and (2). 

the interference density matrix elements. The ampli­

amplitude l+S tudes arc normalized so that the 
*o - - + K n (K n ) is always equal to -
+ *o - -o o 1 S K n (K n ) points along the 

h and so that the 

positive real axis. 

The phase between two final states with different 

charges can naturally not be measured. Figure 2(a) 

shows*what is expected if the isospin is t• If both 

the K n and the Kp comes from a SU(3) multiplet 

with C = +1, (-1) then the relative phase of 

K*on-(K-n+) and K-po should be O(n},_. otherwise this 

phase is free to vary (as it is suggested in the 

figure). 

Good agreement with isospin Ipred;ction is observed 

both in magnitude for the Kp and K n systems as well 

as the phase of the latter. This proves that the 

isospins of the l+S systems are t· In addition the 

existence of the Kp sub-system is clearly demon-



Prediction 0=1/2) Im (a) 1·2 < M < 1·3 GeV 

* 0 
,1= ,1= 5 
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Fig.2 Fitted decay amp~itude of the ~Af = 1+0+ state in the comp~ex p~ane. The diagram in the top ~eft cor­
ner defines the notation and U~ustrates the pred1:r.t1:on.5 of SU(2) for a I = 1/2 atate (there is no 
prediction for the re~ative phase of K*n, Kp, Hn which were chosen at random here. 

strated. This has been in doubt(~) because of the 

atcl:Jiyuity in the mass determination of the two ne<Ja­

tive tracks in reaction (1). However no such arnhi­

guity exists in reaction (2) and the correct ratio 

or the Kp contributions to the two channels as well 

as the correct phase relation show that the ambigui-

1 ty problems have been handled correctly. 

3. POLARIZATION 

It was found (G) that the double moments of the Euler 

angles, angles which are used in the fits, vary over 

the Dalitz plot in a manner not well described by 

the usual partial wave fits in the case of the 0~ 0 
and Dfo moments. The latter comes from interference 

between states of different M. The usual fits use 

assumption 4 of ref. (7), which states that: 

(3) 
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which implies among other things that the ratio of 
p 

two st<l.tes with the same J does not depend on tit" 

polar;.:>:<>t-ion. 

If eqn. (3) is replaced by 

(4) 

then fits of the same quality in terms of likelihood 

can be obtained as the fit without any assumption. 

Actually the fits are very similar. The great ad­

vantage of eqn. (4) is that the number of parameters 

is only slightly increased to obtain the same like­

lihood as the fits witl1out this assumption. Both 

agree in the results very well and are both typical­

ly 40 units of likelihood better in tile experiments 

presented here(l,G). It is the allowance of a dif­

ferent dependence on M which produces the improve­

ment in the fit. II po~~ible different dependence on 

the proton helici tie~ can not be detected wi til the 

present statistics. Note that the M dependence 



implies the existence of at least two different 1+ 

systems, i.e. two Q's. 

In lh" following, results are presented using 

eqn. (4). Using eqn. (4) or no assumption give con­

sistent results. Figure 3 shows the partial wave 

decomposition for reactions (l) and (2). The big­

gest state in the Q-region is the l+ state in both 

reactions. The cross sections are similar for the 

l+S state in both reactions. The slight excess of 

events in reaction (2) over reaction (l) might come 

from the l+S Kp contribution. 
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o- t1• 

~ + 
t 

++ + ••• +~! ... ~ ~ ++ • 
1•o• • 

2-o• 
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'+ • + , • :++ 
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Pig. 3 The differentia~ cross section, do/dM, for 
each partia~ wave measured in reactions (1) 
and (2), pLotted as squares and circLes, 
respectiveLy. 

Figure 4 shows the intensity of the various l+S K*rr 

and l+S Kp polarization states versus mass in reac­

tions (l) and (2). No evidence for unnatural spin 

parity exchange was observed. The fits were per­

formed both in the t-channel and in the s-channel. 

Firstly, the results in the two reactions agree very 

well, when the cross section of KOp- has been re­

duced by a factor 2, which stems from the isospin 

being t• and agree with previous experiments includ­

ing the fact that the Kp system peaks at threshold in 

in contrast to the l+S K*(890)rr which peaks about 

200 MeV above its threshold. 
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Fig.4 The cross sections for decay of the~= 1+ 
waves. (a) and (b) show the resuLts in the 
t-channe~ and (c) and (d) in the s-channe~. 
C:ross sections for the R0n- rP.ar:tum hrnJP. 
been reduced by a factor 2 for easier com­
parison. 

Secondly, the l+S K*(890)rr is produced mainly with 

M = 0 in the t-channel, and is therefore said to 

conserve t-channel helicity, TCHC. In contrast both 

M = 0 and M = l polarization is present for the Kp, 

thus showing that eqn.(3) is not valid. The exis­

tence of at least two Q's is thus proven. Thirdly, 

the fits were repeated in the s-channel. 

In this channel the M = 0 is dominant for the l +s Kp 

state. One can then conclude that one has s-channel 

helicity conservation, SCHC, for the l+S Kp system 

to the same precision as one has TCHC for l+S K*n. 

It has been shown(B) that also l+S Kw agrees bette~ 
with SCHC than TCHC. When studying(G) the density 

matrix elements of the l+S K*(890)rr and l+S Kp sys­

tems as function of t', it is found both in the t­

channel and s-channel that p
11 

increases linearly 

with t' and that p 01 has opposite sign in the two 

systems. 

Finally, fig.S shows the ratio of the Kp amplitude 
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* to the K n amplitude. This ratio is the ratio of 

the C's from eqn. (4) corrected for phase space de­

fined to be asymptotically equal to 3/4 for reaction 

(1) and 3/1.9 for reaction (2). The measured value 

in the two channels agree. The magnitude a is close 

to 1.0 near threshold and decreases with mass to 

about u. 5. '!'h,e value of the phase e is close to 

zero as expected for pure 8P-coupling (C = +1), 

which also requires a to be 1.0. 

4. CONCLUSIONS 

Evidence has been presented for the existence of at 

least two Q-systems both with isospin t . Further 

the polarizations of the l+S K*(890)n and l+S Kp 

systems are found to be different such that l+S 

K*(890)n approximately obeys TCHC and 1+5 Kp SCHC. 
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1. INTRODUCTION 

We have had several excellent expositions at this 

meeting of the techniques and assumptions involved 

in extracting angular momentum information about 

three body systems. I shall first review such analy­

ses. The main application of these techniques lies 

in the extraction of resonance contributions and the 

resulting study of spectra, decay schemes and pro­

duction mechanisms. These I shall review with a 

particular emphasis on likely production mechanisms. 

We have heard special mention at this meeting of the 

A1 system and I shall try to draw some conclusions 

concerning the JPC = 1++ qq states. 

. r· 

2. TECHNIQUES FOR 3 PARI'ICLE ANGULAR 

MOMENTUM ANALYSIS 

The basic.~~~is of the angular momentum content 

of the three body system .a + b + c has been given in 

terms of the overall ·angular momentum and of the 

angular momentum in particular subsystems (i.e. 
) 

b +c). The assumptions involved in converting such 

an analysis into a practical extraction of informa­

tion from data have also been well discussed: the 

need to truncate the angular momentum sum to a few 

terms both in the overall system and in the sub­

systems; the factorization of production and decay 

and the dependence of the phase and modulus of the 

amplitude on the sub-energy in channel b + c that 

results from a factorized form using information 

from the be elastic scattering amplitude. 

These assumptions were all criticized at the mtleting 

but an overall concensus seems to appear; that 

whenever the states in the 2-body subchannels are 

indeed narrow resonances, then the analysis will be 

valid. Thus the assumptions of factoriza~lon in the 

sequential decay of the three particle state as well 

as of limited angular momentum are most natural when 
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narrow resonances dominate. More explicitly, the 

unitarity corrections due to coupling between decays 

via (a + b) + c and a + (b + c) , for instance, were 

shown to be small when the widths of the states were 

narrow. When the three particle state itself is not 

a resonance, then the assumption of factorization 

between production and decay is less convincing and 

some evidence was shown (Z) that· in the Q region K*11 

and Kp decays may indeed be produced from different 

overall angular momentum projections. 

Specific discussions of whether the Illinois density 

matrix parametrization or direct amplitude parametr­

ization was preferable led to the conclusion that 

they are equivalent if th~ rank of the density 

matrix is constrained to be at its theoretical value • 

In both cases warnings( 3 ,~) were given associated 

with the extent to which·incoherence due to varia-

tions of distributions across bins etc. can fake 

true spin incoherence or phase differences. 

To return to the question of unitary corrections; 

the K-matrix method for corrections leads to tract­

able expressions but at present no improvement(l) in 

the description of 311 decays. ·The more theoretical­

ly complete dispersion techniq~es are much.more 

difficult to put into practice. One simple. idea 

that can have a bearing on this problem is the dis--' 

cussion in terms of collision broadening. This has 
. (5) . * 

been applied successfully to the N N intermediate 

state in 11d scattering and leads in essence to a 

broadening of the N* width duetto the possibility of 

absorption (or de-excitation) on the N. This is 

analogous to the collision broadening of atomic 

lines in gases under pressure. The problem of the 

propagation of resonance states produced in the 

neighbourhood of other hadronic matter has also been 

much discussed elsewhere(G) in connection with _reson­

ance production on nuclei. This discussion implies 

that analysis of data for three particle systems co­

herently produced on nuclei may be at variance with 



similar data on a proton target. 

In the case of the nn s-wave state £ which is needed 

experimentally, the problems mentioned above are 

certainly fully realized. The £ state is very broad 

and need not factorize. Thus results directly con­

nected with En channels are clearly on a much weaker 

footing than those involving pn or fon channels. 

I conclude this section by mention of some formation 

experiments which involve 3-particle analysis and 

could lead to advances in meson spectroscopy. The 

e+e- channel is particularly appropriate for vector 

mesons and p' ~ wn ·or nnn and w', ~·· ~ wnn or ~nn· 

are some clear examples - to say nothing o"f 1jl (J) and 

ljl' (J) : The accessibility of yy initial states in 
+ -e e ~ e+e- + ••.. should also allow formation of 

positive c meson states. The Primakoff effect or 

inelastic Coulomb scattering allows radiative coup­

lings to be studied likewise (i.e. formation via yy, 

ny , Ry channels) . 

3. PRODUCTION MECHANISMS FOR MESON STATES 

3.1 Propitious Channels 

I shall first list some effective mass channels 

which should be particularly fruitful for meson. 

states. My notation of states is self-explanatory 

except for the JPC = 2-- states of isospin 0 and 

1: Zo and Z1• Besides thawell studied channels 

such as (3n), (Knn), (Kn) '· (nn) and (KK) one should 

consider channels 

W11: B p' 

(H,Zo) 

p' B !fo> 

nKK: as nnn plus 3n 

The states underlined are already seen experimental­

ly·while those in braCkets involve decay toaD-wave 

nn. state; Of particular value is interference be­

tween neighbouring resonances in their decay into a 

common channel. Thus the electromagnetic decay of 

w ~ nn allows p-w interference effects and ~ubse­

quent measurements of the relative phase of their 

production amplitudes. An analogous case exists 

for fo and A2 production in the (KK)O decay channel 
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. (7) 
where interesting questions await.answer • The 

interference between A1-quantum number production 

and A2 in pn has also been exploited to the full and 

I shall return to this later. 

3.2 Resonance Production Mechanisms 

The two basic features of the meson spectrum are the 

SU(3) or quark model aspect of octets (or nonets) 

and the Regge or orbital angular momentum excitation 

aspect of recurrence states. Combining these fea­

tures with a Regge pole exchange approach allows a 

discussion of the production mechanisms for those 

states seen experimentally as well as the missing or 

confused states. 

The SU(3) (or SU(6)w etc) aspect is closely related 

to that involved in calculating decay ochemes. Thus 

a knowledge of A2 ~ np and A1 ~ np allows a compari­

son of n ~ AJ and n ~ A2 p.~oduction via the 

p-exchange, Th:!.!ii 9ives estimates(B) of 13.~ ph for. 

n-p ~ A10n at 5 GeV and, expressed differently, a 

ratio( 9 ) of A1° to A2° production by charge exchange 

of r /0.1 GeV. A cheCk of these ideas(lO) comes 
Al 

from comparing them also with n ~ B via w-exchange 

which is related to the decay B ~ nw; this gives a 

n p ~ A1°n production of about 20 ~b at 4 GeV/c. 

Similar estimates have been made for hypercharge ex­

change production of A1 etc. and also of production 

mechanisms for Other missing qq states. In general 

SU(3) applied to t channel exchanges is found to 

give .a very reasonable description of different pro­

duction reactions. 

The Regge-recurrence aspect can be approached from 

specific quark model L-e~c:!.tation schemes but also 

via the dual-resonance model. This latter model 

also has the advantage of incorporating Regge pole 

exchange so that it gives full details(ll) of the 

helicity structure and dependence on production mo­

mentum transfer of the product.ion amplitude for the 

state. Observed meson Regge recurrences include the 

p- f- g, w- A2- w* and K*- K**.- K*(3-) 

sequences, where the 2+ state is related via exchange 

degeneracy. For the unnatural parity states.we 

would expect n - .H - 1r* and n - B - n* and, with the 

same slope on the Chew-Frautschi plot as for p ~ g, 

this gives a n*(2-) at 1.5 GeV and a n*(2-) at 1.6 

GeV. The latter figure is not so far from the 1.42 

GeV mass of the E which is commonly assumed to be 0-

but could as well be 2-. Any hypothetical trajec-



tory through the JPC = 1 ++ states A1 and D would have 

no 0-- states but 2-- states z0 and z 1• 

As an example of the relative production of recur­

rence states, Table 1 shows a dual model calculation 

for n ~ p etc. via n exchange. The model also gives 

the nn partial widths and the value for the g is in 

excellent accord with data so lending encouragement 

to the method. The basic point to note is that the 

production amplitude decreases very little for the 

higher spin states. Observation in any given chan­

nel x will result in an extra factor rx;rtot which 

will decrease faster for increasing J if rtot re­

mains substantially constant. A!urther point to 

note is that n-exchange is particularly sensieive 

to tmin effects and the production differential 

cross section off a nucleon is reduced at peak by 

12% for lab. momentum PL ~ 10 m2 and by 50% for 

PL ~ 4 m2 where the state produced has mass m. 

Table 1 

Using a straight line through the p and g meson 

masses on a Chew-Frautschi plot and a parallel line 

through the fo mass yields the mass values shown for 

the Regge recurrence states. Normalized to the p 

partial width to nn in GeV, the n+n- ~ n+n- dual 

model estimates (TH) for the higher states are shown 

and are compared with known experimental values (EXP) .• 

The modulus of the production amplitude to produce 

these resonances by n exchange at t = m2 and with 
n 

At= 0 is compared by the factor IAI 2 relative top 

production. The production amplitude in any given 

channel must be multiplied by the branching ratio to 

that channel. The total width r tot is not predicted 

by the theoretical model but is expected to be 

roughly constant for increasing J. In the limit of 

large J, rnn and IAI 2 decrease by 1.47 for each in­

crease of J by one .• 

p f g f* g"' 

J 1 2 3 4 5 

Mass o. 77 l. 27 1.68 1.96 2.25 

r nn 
(EXP) 0.15 0.141 0.047 - -

r 
nn 

(TH) 0.15 0.116 0.051 0.046 0.018 

IAI~ =o 1.0 1.4 1.6 1.4 1.0 
t 
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The relative importance of higher or lower lying ex­

changes can also be estimated. For the production 

of a state of mass m by an exchange trajectory a(t), 

duality arguments(ll-l 3) lead to a factor (s/m2) 2a(t) 

in the production cross sections. Thus lower lying 

exchanges a(t) dominate for increasing m2 at fixed 

s and higher lying exchanges of course dominate for 

increasing s at fixed m2. 

The relative production of Regge recurrences by 

other exchanges can thus be estimated using the fact 

that Table 1 gives approximately a constant m2 de­

pendence for n exchange and then scaling by the fac­

tor (s/m2) 2a(t). Thus natural parity, a= o.S, pro­

duction of recurrences should decrease as l/m2 with 

increasing m while the decrease could be more like 

l/m4 for diffractive production with a ~ 1. Some 

check of the dependence for diffractive production 

can come from comparing yN. ~ gN with yN ~ pN or 

NN ~ N*(FJs)N with NN ~ NN. A suppression of l/m4 

gives a factor of l/25 suppression of g photoproduc­

tion together with an extra factor of 1/4 in the nn 

channel since r ;rtot ~ 1/4 for the g. Data seem 
(14)nn 

to indicate a suppression that is even stronger 

(< 0.01 for g to p photoproduction in nn) and this 

may be evidence that diffractive production of high 

mass resonances is especially suppresse.d. Similar 

data on N ~ N4 (1700) diffraction dissociation need 

a Jp analysis of the 1700 bump to separate out the 

F1s component in order to check this assertion. 

Other features of the production amplitude, such as 

t- or helicity- structure and Regge cut contribu­

tions have also been discussed as a function of m2 

and very interesting light is shed on the details of 

the production mech~ism. In particular a relative 

decrease of Regge cut to Regge pole for increasing 

m2 has been found in contrast to the expectations of 

most models for Regge cuts. 

3.3 Non-Resonant Production Mechanism 

The double exchange dia~ram of fig.l(a) leads to a 

n pN final state and should be considered along with 

contributions from resonance diagrams such as l(b). 

The properties of the diagram of fig.l(a) are well 

known and are carefully discussed by Berger in these 

proceedings(lS). The amplitude can be written 

basically as 

A ~ 



" 
" 

s 
s 

N N 

(a) (b) 

Fig.l Diagrams for nN + pnN via (a) one pion ex­
change and (b) resonance M. 

Essentially the kinematics for small t 2 results in 

the identity s 1/(t 1 - ~ 2 ) = s/(s 1 - ~2) so that the 

n exchange pole in t 1 tends to be cancelled. This 

cancellation is exact when t
2 

has its minimum value 

and when the a 2 exchange has intercept 1. The can­

cellation removes the t 1 dependence from the ampli­

tude and so yields an S-wave pn production. Modifi­

cations from this over-simple case include (i) a 

Reggeized n exchange propagator (ii) possible phase 

dependence on the Toller angle of the central vertex 

(iii) lower lying contributions a 2 (iv) proper con­

sideration of a range of values of t 2 • These result 

in contributions to other waves and, in the case of 

Reggeized n exchange, the signature factor is 

sampled over a substantial range of t 1 since there 

is little peaking in this variable and so 

yields( 16 ' 17 ) a phase to the s-wave pn production 

that is thereby modified and is in agreement with 

information on A1 - A2 interference. 

The Reggeized-n exchange modification, if parametr­

ized suitably(lG), can indeed give a rough descrip­

tion of the experimentally observed pn distributions. 

An intuitive idea of the approximations involved 

comes from thinking of the sub process in fig.l(a) 

as Pomeron production Pn + np. •This can be compared 

with photoproduction yn + np which has a similar one 

pion exchange contribution. Data on yN + nN are 

available and indicate that at low energies a one 

pion exchange description is inadequate except for· 

the highest partial waves. This and similar exper­

ience indicates that one pion exchange in Pn + np 

should only be taken seriously at np energies rather 

far above threshold and in the higher partial waves 
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- certainly not in the S-wave in the A1 mass region! 

A further question has·been raised- that of combin­

ing an eventual A 1 resonance with the one pion ex­

change contribution discussed above. This does not 

upset ideas of duality or experience with photopro­

duction provided a real one pion exchange contribu­

tion is retained. However, the unitarity constraints 

on adding(lB) a complex phase n exchange term to an 

A1 resonance need to be investigated fully in Pn + np 

as well as in the elastic channel pn + np. This 

unitarity analysi.s would be on a sounder footing if 

the 'P' initial state could be avoided; so that ex­

periments such as~-+ (pn) 0 by p exchange or 

y + (3n)+ by n exchange would yield data closer to 

elastic pn scattering. One should mention in pass­

lug that adding ~ n exchange contribution to a 

resonance is indeed the appropriate description in 

other cases, for instance in 2n photoproduction 

where the 'IT onohango Dz;oll tg:nn i&: added to the p 

resonance contribution. 

4. EXPERIMENTAL. EVIDENCE FOR MISSING QUARK 

MODEL STATES 

I shall try to summarize the evidence presented at 

this meeting on the missing states and give some in­

dications of fruitful future lines of attack. 

The A1 remains the prima dorula hiding in the wings. 

The conventional e:n and pn analyses ( 17) of n± + ( 311) ± 

show no phase variation of the 1+ s-wave relative to 

other waves across the A1 bump. If the At resonance 

couples to np, a cubctantial phase change in np 

elastic scattering will result and .this will show in 

the np channel in production unless there is a 

rather contrived admixture of Reggeized one pion ex­

change ( tG). An alternative let-out is that the e:n 

garbage charu1el in the analysis is improperly 

treated and unitarity corrections etc. are needed so 

that the extracted phase information may be unre­

liable. The At question can be clarified in part by 

comparable analyses of n~ + (3n)oN, n+p + (3n)o6++, 

yp + (3n)+n, KN + (3n)A, etc. Preliminary data on 

the first two of these were discussed at this meet­

ing(tg) and limits were set on the level of Jp = 1+ 

produced. Disagreements between these two limits 

mean one cannot conclude strongly, but there still 

seems to be enough space for the expected qq At 



signal to creep in. Data on photoproduction(ZO) 

will help particularly since the rr exchange mechan­

ism is particularly well understood and being a low­

lying trajectory it favours higher mass resonance 

production. 

Based on the observation that the p is copiously 

produced in photoproduction, one should also seek 

the A1 in vN ~ ~(3rr)N where the axial current has 1+ 

quantum numbers and should feed the A1 qq resonance 

with no inhibitions. Reasonably small lepton q 2 and 

largish lepton energy loss should be optimum for an 

A1 search. It is also worth while looking for an 

signal in other decay modes such as wrrrr and KKrr. 

The missing rr* and n* states are also of consider­

able interest. Their production by charge or quan­

tum number exchange should be predominantly natural 

parity exchange so that a suppression of about 

m2 (0-)/m2(2-) of the corresponding rr or n production 

cross sections is to be expected. In diffraction 

production the rates are less easy to predict. 

5. SUMMARY 

This meeting has seen a lot of enthusiasm and inter­

P.Rt .i.n analyEing 3 mcoon systew:S. Mcwy experimental 

results are available in a preliminary form and more 

experiments of great interest are unde~ay. The 

techniques of analysis are well tuned and we can 

expect answers to many questions soon. Particular 

emphasis should be placed on the missing JPC = 1++, 

2-- and 2-+ quark model states produced in as varied 

a way as possible. 
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