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Climate simulation Fluid dynamics simulation

* Preconditioner P: Ax=b -> PAx =P b s.t.cond(PA) < cond(A)

* Pain points

1) Huge system size

2) Numerically fragile: A tiny numerical change -> large change in x
(ill-conditioned system)

* They make iterative methods like Krylov methods(BiCGstab, GMRES) ver
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Preconditioning

Markov Chain Monte Carlo-based Matrix Inversion (MCMCMI)
Let A=I-B, thenAx=b->x —Bx =¢, ||B|l <1

. bk br;_,k; _ \ Bl
(g, — B)¢) _Zgr ZBJ ~ E(0i[g Zgrz Z prk1 p:kl Phyaki ) - ‘(ZB]> ‘ 1Bl =0
=0 =0 =0 ky,.okj= 1 kj-1k; j=0

Markov chain: truncation error =
Bo°[g)) ko= ky == kjo ok i — length of each trajectory

0o 1 1 1

1 3 % 3 4 ffﬁq N ) g i ulation I

? 0 ) 0 P2 M s —EO*[gD| <] =1/2,
1 1

? 3 0 3 Efficient parallel Monte Carlo methods

L o0 1 o for matrix computations stochastic error =

2 2 N — number of trajectories

a > 0: diagonal shift ensuring Neumann—series convergence
€ € (0,1]: sampling tolerance (controls effective chain count)

0 € (0,1]: truncation tolerance (caps maximum walk length)
Alexandrov, V. N. (1998). Efficient parallel Monte Carlo methods for matrix computations.
EEEE&E:%‘LM" Mathematics and computers in Simulation, 47(2-5), 113-122. s =
Sahin, E., Lebedev, A., Abalenkovs, M., & Alexandroy, V. (2021, November). —
Usablllty of Markov cham Monte Carlo preconditioners in practical problems. In ScaIA
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https://www.sciencedirect.com/science/article/abs/pii/S0378475498000974

Al-Assisted MCMC-MI

(Dataset ) fSurrogate\ /fcquisition Function
EEn
£ o\_/e/_\e
: : :]’ - {ﬁ }* X 4 - Expected
t‘;é:g Improvement
xMz(a; 8, 6) T E‘_F"g"% ‘ ; l *g
3 mi GNN 5
t ~ 1 ~ ‘
Hio 3 ]
MCMC-MI HSF'bc L1 L BFfS B
0 oG W_argrr)lcsleI(A, xy)
# of steps with preconditioner
y(A xpm) =

# of steps without preconditioner
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Al-Assisted MCMC-MI

* Matrix features
- 1-norm

- Frobenius-norm
- Infinity-norm

- Sparsity

- Trace

.. Full t I
- Symmetricity ully Gonnected I

_ (FC) NN Layers
- Largest element magnitude
- Smallest non-zero element magnitude

- xm=(a, &, 0)
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Representation of Matrix A and Surrogate Model

* Matrix -> Graph -> Graph Neural Networks -> Vector in latent space
[ A ;

] 7\

) | : ) | Graph
G0 Lo (e

hG = f(@viev hvi)

O W= O Wi

b= ORI —
O W= O Wl

B = o = O
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|
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Acquisition Function

Expected Improvement
- Weighting uncertain regions (Exploration)

- Weighting points to be predicted
to perform well (Exploitation)

Finding balance between them
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Posteri“

Acquisition Functim

-

/

Expected
Improvement

Acquisition function

Next
point
P

1

L-BFGS-B

|
=argmaxEI(A, x
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Datasets

Symmet-

. . . . Matrix Dimension .. K(A) D(A)
* From classical PDE discretisations —
e . . 2DFDLaplace_16 225 Yes 1.0 x 104 0.042
- Finite-difference Laplacians 2DFDLaplace_32 061 Yes  4.1x 102 0001
= 2DFDLaplace_64 3,969 Yes 1.7 x 10> 0.0024
- Finite-element operators 2DFDLaplace_128 16,129 Yes 6.6 X 103 0.0006
nonsym_r3_all 20,930 No 1.9 x 10* 0.0044
. a00512 512 No 1.9 x 10> 0.059
e From plasma phys|cs 208192 8,192 No  3.2x 105 0.0007
. . . unsteady_adv_dift_orderl 0001 225 No 4.1x 10° 0.646
¢ From AdveCthn-dlﬁUSIOn SyStem unsteady_adv_diff_order2_0001 225 No 6.6 X 10°  0.646
. . PDD_RealSparse_N64 64 No 1.3x 100 01
° . _
From Cllmate mOdeIIIng PDD_RealSparse N128 128 No 5.0 0.1
PDD_RealSparse_N256 256 No 7.0 0.1
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Validation

 Testing ill-conditioned advection-diffusion matrix

Unseen during training

* Pre-BO: surrogate model

trained on training set

BO-enhanced:

updated through 1st round of

BO from Pre-BO

* Prob. of observed values lay
within predictive C.I.
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Actual proportion of observations
within predicted interval
o o o o
N -b- (e)] (0]

o
o

1.0 1

== = |deal (Perfect Calibration)

m— Pre-BO

=== BO-enhanced
BO-enhanced a=1.0

Underconfident

(Over—coverageL -

- BO-enhanced a=5.0
-

BO-enhanced a=2.0
BO-enhanced a=4.0

f’

-~ Overconfident .-
(Under-coverage)

=

Expected proportlon of observatlons
within predicted interval



Validation

» Testing ill-conditioned
advection-diffusion matrix
- Unseen during training

* Prob. of predicted values
lay within empirical C.I.

Science and
Technology
Facilities Council

Hartree Centre

Truncation Tolerance

NN N0

2-

R N

NCONON

29 2o 2429 22 0 W 25 27 24.2° 27< 27 20
0 Empirical 99%-Cl in§lusion (a=4, BiCGStab) -Cl in§lusion (a=5, BiCGStab)
BO-enhanced Model(s round
1 0.17 0.11 0.16 0.10

2 20 2 2° 2% 2°

€ Sampling Tolerance =~ €
10

1.15

1.00

0.95

# of steps with preconditioner

# of steps without preconditioner
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Val idation — 64 trials per search 320trials/pi search
= il R - N
« With 50% of search € 86.2¢ S
. ©
budgets, BO finds better § $1.4; "
MCMCMI parameters  § ©
- . = Q -
delivering ~10% fewer 0 5-1 £ o - I3
Krylov iterations = 2 " :
£ - .
% cg "’3 -l i I
X 50-8‘ 0.8456 0.8291 0.81969
2 : 0.7544
~0.6- ° ®
# of steps with preconditioner Grid Random  Balanced El Explorétion El

A, xp) = : -
y(A.xm) # of steps without preconditioner
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Next Steps

* Optimise time-to-solution in realistic HPC environments
- GPU-accelerated and multi-node systems
- Considering latency, communication & memory overheads

* Upgrade acquisition scheme

- Cost-aware

- Batch

- Constrained

 Active learning loop with GenAl (Exploring informative A)
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Strengthen surrogate model with deep kernels or scalable GPs
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