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Linear Systems Ax=b are everywhere

• Preconditioner P: Ax=b -> P Ax = P b s. t. 𝑐𝑜𝑛𝑑 𝑃𝐴 ≪ 𝑐𝑜𝑛𝑑 𝐴
• Pain points

1) Huge system size

2) Numerically fragile: A tiny numerical change -> large change in x 

   (ill-conditioned system)

• They make iterative methods like Krylov methods(BiCGstab, GMRES) very slow

Plasma simulation Climate simulation Fluid dynamics simulation
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Preconditioning

• Markov Chain Monte Carlo-based Matrix Inversion (MCMCMI)

Let A=I-B, then A𝑥=b -> 𝑥 − 𝐵𝑥 = 𝜑, 𝐵 < 1

Markov chain:
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𝑡𝑟𝑢𝑛𝑐𝑎𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟 ⟹
 𝒊 −  𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒆𝒂𝒄𝒉 𝒕𝒓𝒂𝒋𝒆𝒄𝒕𝒐𝒓𝒚 

𝑠𝑡𝑜𝑐ℎ𝑎𝑠𝑡𝑖𝑐 𝑒𝑟𝑟𝑜𝑟 ⟹
𝑵 − 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒕𝒓𝒂𝒋𝒆𝒄𝒕𝒐𝒓𝒊𝒆𝒔
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𝛼 > 0: diagonal shift ensuring Neumann–series convergence
𝜀 ∈ (0,1]: sampling tolerance (controls effective chain count) 
𝛿 ∈ (0,1]: truncation tolerance (caps maximum walk length)
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https://www.sciencedirect.com/science/article/abs/pii/S0378475498000974


AI-Assisted MCMC-MI
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AI-Assisted MCMC-MI

• Matrix features 
- 1-norm

- Frobenius-norm

- Infinity-norm

- Sparsity

- Trace

- Symmetricity

- Largest element magnitude

- Smallest non-zero element magnitude

•  
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Representation of Matrix A and Surrogate Model

• Matrix -> Graph -> Graph Neural Networks -> Vector in latent space 
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Acquisition Function

• Expected Improvement

- Weighting uncertain regions (Exploration)

- Weighting points to be predicted 

to perform well (Exploitation)

• Finding balance between them
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Datasets

• From classical PDE discretisations

- Finite-difference Laplacians

- Finite-element operators

• From plasma physics

• From Advection-diffusion system

• From climate modelling
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Validation

• Testing ill-conditioned advection-diffusion matrix 

- Unseen during training

• Pre-BO: surrogate model

trained on training set

• BO-enhanced: 

updated through 1st round of

BO from Pre-BO

• Prob. of observed values lay

within predictive C.I.
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Validation

• Testing ill-conditioned 

advection-diffusion matrix 

- Unseen during training

• Prob. of predicted values 

lay within empirical C.I.
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Validation

• With 50% of search 

budgets, BO finds better 

MCMCMI parameters 

delivering ~10% fewer 

Krylov iterations



Next Steps

• Optimise time-to-solution in realistic HPC environments

- GPU-accelerated and multi-node systems

- Considering latency, communication & memory overheads

• Strengthen surrogate model with deep kernels or scalable GPs

• Upgrade acquisition scheme

- Cost-aware

- Batch

- Constrained

• Active learning loop with GenAI (Exploring informative A)
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