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1 Introduction

The Hankel transform, also known as the Fourier—Bessel transform, is widely used in the analysis of
small angle scattering (SAS) data. The transform is needed in many areas, e.g. to calculate scattering
functions, to correct for multiple scattering, to simulate spin echo signals like those obtained on Larmor
at the ISIS Neutron and Muon Source, as well as to qualitatively analyse phase contrast images (PCI)
taken at the Diamond synchrotron source.

SAS is an experimental technique using X-rays (SAXS) or neutrons (SANS) to study the structure
of materials on the nanoscale (roughly 1-1000 nm). SAS measures how radiation is scattered at very
small angles, which tells us about large-scale structures inside the sample.

The setup of a SANS experiment is described by the following picture, taken from a paper by Jeffries

et al. :
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Figure 1: Example SAS setup ||

A beam of neutrons is shone on a sample and, as the neutrons interact with the sample, the beam
is scattered at small angles (represented by 6 in Fig. . Scattered neutrons hit the detector, which
measures the intensity I(Q) of the scattered neutrons as a function of the scattering vector @ .

The scattering vector @ is a function of the scattering angle 6 and is given by

Q= 47” sin <§> (1)

where A is the neutron wavelength. The scattering vector plays a crucial role in the computation of
the Hankel transform, which has the following mathematical formulation:

Q) = / )1, (Qr) rdr (@)


https://www.isis.stfc.ac.uk/pages/larmor.aspx
https://www.diamond.ac.uk/Instruments/Techniques/Imaging/PCI.html

where:

e G(r) is the original function expressed in terms of the radial coordinate r in physical space. The
function is assumed to be radially symmetric, so it depends only on the distance from the origin.

e 7 is the radial coordinate in real (physical) space.

e ( is the radial spatial frequency (also called the transverse wavenumber). It is the conjugate
variable of r, playing the same role as the angular frequency in the Fourier transform.

e J,(Qr) is the Bessel function of the first kind of order v. It acts as the kernel of the transform and
replaces the exponential kernel of the Fourier transform when cylindrical symmetry is present.

e v is the order of the Hankel transform. The most common case is ¥ = 0, corresponding to circular
symmetry without angular dependence.

e I(Q) is the transformed function in radial frequency space. It describes how the original function
G(r) is distributed over radial spatial frequencies.

Conveniently, the Hankel transform is its own inverse, so that:

6= [ T Q@R QdQ (3)

The transformation over the oscillating Bessel function makes this kind of integral unsuitable or
inefficient for standard integration routines. Furthermore, the oscillations of the Bessel functions are not
strictly periodic, so strategies for solving Fourier integrals cannot be directly used. In this work we have
started to compare the precision as well as speed of some commonly used strategies for Hankel transform
with emphasis on a class of functions used in small angle scattering.

2 Hankel Transform Strategies

SASfit 2] is a software package for fitting SAS curves. In SASfit, there are currently 15 different
implementations of the Hankel transform, i.e., 15 different ways of approximating the Hankel transform
integral. In Table [I| we report their names, characteristics, and the paper from which they have been
taken. The strategies are numbered for simplicity, as from now on we will refer to them through that
number.

As can be seen in the table, strategies 6-11 rely on digital filters and compute the Hankel transform
through a fixed grid. They differ mainly in the way the filter is designed and for the number of nodes.
When using these strategies, the user has no way to control the accuracy of the result. Furthermore,
these strategies are designed for first- and second order Hankel transforms, whereas the others do not
have this limitation. On the other hand, strategies 0, 5, 12 and 13 require the user to supply a parameter
that corresponds to the relative error allowed. Both strategies 0 and 1 rely on a double-exponential
quadrature approach, although strategy 1 is developed specifically for Bessel functions and does not
require a relative-error parameter (unlike strategy 0 which has been developed for periodic oscillating
functions). Strategies 2-4 require some knowledge regarding the shape of the scattering function.



index | Strategy name Characteristics ref.

0 OOURA_DEO Double-exponential quadrature, with rel. error-control | [12]

1 OGATA_2005 Double-exponential quadrature (for bessel func.) [11]

2 FBTO Requires knowledge of function 18]

3 FBT1 Requires knowledge of function 18]

4 FBT2 Requires knowledge of function 18]

5 CGSL_QAWF With rel. error-control 14, [14]]
6 GUPTASARMA 97 Digital filter, fixed-grid [6]

7 GUPTASARMA 97_FAST | Digital filter, fixed-grid [6]

8 KEY_51 Digital filter, fixed-grid |10} (13
9 KEY_101 Digital filter, fixed-grid |10} [13]
10 KEY_201 Digital filter, fixed-grid |10} [13]
11 ANDERSON_801 Digital filter, fixed-grid e
12 QWE With rel. error-control 19, 113]
13 CHAVE Automatic integration, with rel. error-control 11

14 SINC_SEO Automatic integration, with abs. error-control 13]

Table 1: Hankel transform strategies available in SASfit as well as their characteristics and references to
respective papers.

3 Test functions

We tested strategies in Table [1} on various form factor functions, having different characteristics as well
as an analytical solution for the Hankel transform to easily check the numerical precision. The chosen
form factors are:

1. |gDABI:
strictly monotonic decaying

2. Broad-Peak:
function with a peak at a certain g-value, whereas the peak width can be controlled by another
parameter &

3. |sphere:
fast oscillating function

For the broad-peak function, we computed results for three values of £, specifically 100, 500, 1000.

In Figure [2] we show the original scattering function and the corresponding Spin-Echo Small-Angle
Neutron Scattering (SESANS) signal for each of: gDAB, sphere, broad-peak with £=100 and broad-peak
with £=1000. For each value on the z axis, the SESANS signal Gsgsans(z) is computed as the difference
between the Hankel transform of the scattering function computed at z, and the Hankel transform of
the scattering function computed at 0, i.e.

Gsssans(z) = 5- (G(z) - G(0)) (@

using eq. |3| with I(Q) being one of the above mentioned form factors.

1This option tries to use the cos-Fourier integral from gsl and is therefore feeding gsl_integration_qawf with the
function QI(Q)Jo(Qr’ + ¢o)/ cos(Qr’) with ¢o = Z(1 4+ 2v) after the variable transform r = 7’ + ¢o/Q as Ju(z) =

1/%COS($*%*%) for x > 1


https://www.sasview.org/docs/user/models/dab.html
https://www.sasview.org/docs/user/models/broad_peak.html
https://www.sasview.org/docs/user/models/sphere.html
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Figure 2: Scattering function (left) and corresponding SESANS signal (right), which is basically the
Hankel transform of the scattering function.

From Figure [2] it is possible to see how the peak of the broad-peak function gets emphasized when
¢ changes from 100 to 1000 (left plot, colours green and red), as well as the corresponding oscillation in
the SESANS signal (right plot).

4 Results

To measure the accuracy of the results we use the normalised root mean squared error (NRMSE),
computed between the obtained result and the analytical solution, as follows:

RMSE
NRMSE = s —in(3) ()

where y is the actual solution and ¢ is the predicted solution, and RMSE is computed as:

(6)

In Figures [3and [4] we show runtimes and NRMSEs for each of the strategies listed in Table [I] for
different form factor functions.

For each form factor (that is, for each row) results are colour-coded from green to red, with green
indicating best performance and red worst.

Form Factor Strategy
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
gDAB 1.29E-02( 3.76E-02| 2.64E-02) 2.51E-02| 2.48E-02| 2.94E-01| 1.01E-02| 5.62E-03| 5.05E-03| 8.29E-03| 1.53E-02| 5.91E-02| 7.96E-02( 7.80E-02( 7.40E-03

Broad Peak, =100 2.64E-02| 3.93E-02| 2.60E-02| 2.23E-02| 2.42E-02| 4.85E-01| 8.90E-03| 4.86E-03| 4.15E-03| 8.06E-03| 1.42E-02( 5.68E-02| 5.20E-02| 4.96E-02| 8.47E-03
Broad Peak, =500 7.06E-02| 4.23E-02| 2.99E-02| 2.64E-02| 2.56E-02| 3.51E-01| 1.04E-02| 6.03E-03| 5.46E-03| 9.63E-03| 1.74E-02( 6.14E-02| 8.25E-02| 7.35E-02| 3.82E-03
Broad Peak, &=1000 | 1.35E-01| 4.22E-02| 2.84E-02| 2.51E-02| 2.65E-02| 2.49E-01| 1.03E-02| 5.71E-03| 5.13E-03| 8.97E-03| 1.65E-02| 6.22E-02| 7.16E-02| 6.78E-02| 3.74E-03

Spheres 4.94E-02| 4.59E-02| 3.25E-02( 2.89E-02 | 2.92E-02| 6.73E+00| 1.16E-02| 6.23E-03| 5.32E-03| 9.89E-03| 1.79E-02( 7.22E-02| 5.25E-01| 5.19E-01| 7.04E-03

Figure 3: Runtimes for all strategies and form factors

Form Factor Strategy
" 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
gDAB 2.38E-12| 1.24E-05| 2.41E-04| 1.89E-04| 4.90E-04| 1.11E-08| 5.25E-12| 1.74E-09| 3.80E-08| 2.48E-11| 1.87E-14| 2.78E-09| 1.98E-10| 1.99E-10( 1.85E-05

Broad Peak, &=100 1.19E-02| 1.19E-02| 1.19E-02| 1.23E-02| 3.40E-01| 1.19E-02| 1.19E-02| 1.19E-02| 1.19E-02| 1.19E-02| 1.19E-02| 1.19E-02| 1.19E-02( 1.19E-02| 1.19E-02
Broad Peak, =500 2.79E-03| 2.78E-03| 2.79E-03| 2.79E-03| 3.54E-01| 2.79E-03| 1.16E-02| 3.45E-02| 3.50E-02( 1.47E-01| 2.87E-03| 2.78E-03| 2.79E-03| 2.79E-03| 5.00E-03
Broad Peak, &=1000 | 2.76E-03| 3.56E-03| 2.79E-03| 3.37E-03| 3.80E-01| 2.76E-08| 1.17E-01| 1.87E-01| 1.32E-01| 7.19E-01| 2.26E-02| 7.12E-03| 2.76E-03| 2.76E-03| 7.01E-02

Spheres 8.16E-04| 8.17E-04| 8.27E-04| 8.28E-04 | 1.29E-01| 8.17E-04| 1.07E-03| 1.75E-03| 1.27E-03| 1.14E-03| 8.41E-04| 8.36E-04| 8.17E-04| 8.17E-04| 1.06E-03

Figure 4: NRMSEs for all strategies and form factors



Strategy 5 is consistently the slowest, approximately 1200 times slower than fastest strategy for
spheres, while strategy 4 is consistently the least accurate, independently of the form factor.

In general, all strategies (other than strategy 4) perform well for the £=500 broad-peak case, strate-
gies 6-11 and 14 perform poorer relative to the most accurate strategies as £ increases.

Strategies 7, 8 and 14 are fast across all form factors, but less consistency across strategies in terms
of accuracy with different best performing strategy for each form factor studied. Strategies, which are
consistently amongst the most accurate are strategies 0, 5, 12, and 13.

4.1 Owutput of transforms

This section shows the SESANS signals for the various Hankel transform strategies (computed through
Equation , for each form factor. In all figures, we also include the analytical SESANS signal for that
form factor.

4.1.1 gDAB

9DAB

~0.003 \

~0.0035

-6(0)

G

0.0045

-0.005

Figure 5: SESANS signal obtained through SASfit Hankel transform and analytical one, for gDAB, all
strategies. Please note that the lines nicely overlap, which is the reason why only one color is visible.

4.1.2 Broad-peak

The plots in this subsection specifically refer to the broad-peak form factor, for the 3 different values of
the & parameter: 100, 500, 1000. Some plots show all strategies, while others focus on the best ones.
When strategies have been hidden, this is visible from the legend on the right as they appear grayed out.

A few comments on the plots can be found after the pictures.



Broad peak, xi=100
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Figure 6: SESANS signal obtained through SASfit Hankel transform and analytical one, for broad-peak,
£=100, all strategies.

Broad peak, xi=500
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Figure 7: SESANS signal obtained through SASfit Hankel transform and analytical one, for broad-peak,
£=500, all strategies.



Broad peak, xi=500
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Figure 8: SESANS signal obtained through SASfit Hankel transform and analytical one, for broad-peak,
£=500, best strategies.

Broad peak, xi=1000
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Figure 9: SESANS signal obtained through SASfit Hankel transform and analytical one, for broad-peak,
£=1000, all strategies.



Broad peak, xi=1000
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Figure 10: SESANS signal obtained through SASfit Hankel transform and analytical one, for broad-peak,
£=1000, best strategies.

Strategy 4 performs badly with broad-peak, independently of the input parameters.
Strategies 6 to 11, that is, the fixed-grid ones, perform fine on small £, but poorly for larger €.

Strategies 1, 3, and 14 have their performance very much affected by the parameter “h ogata” (for
the first two) and “eps nriq” (for the last), where “h ogata” indicates the point at which the form factor
has a maximum and “eps nriq” is the error allowed. Tweaking these parameters allowed these strategies
to perform quite well even for larger £. For smaller £, tweaking didn’t seem as necessary.

4.1.3 Spheres

Figure 11: SESANS signal obtained through SASfit Hankel transform and analytical one, for Spheres,
all strategies.

4.2 RMSE vs runtimes

Here, we show some scatter plots that allow to compare the strategies in terms of accuracy and runtime.
Each point in a plot represent a strategy, with its x and y coordinates representing relative runtime and
rmse respectively. Points closer to the bottom-left corner corresponds to the strategies that are best
when both runtime and accuracy are considered. Note that accuracy and runtime values shown for each



strategy are relative to all other strategies, as they have been normalised by the maximum (for each
plot).

4.2.1 gDAB
RMSE vs runtime, normalised by the max in each
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Figure 12: RMSE vs runtime for each strategy, for gDAB.

4.2.2 Broad-peak

The plots in this subsection specifically refer to the broad-peak form factor, for the 3 different values of
the & parameter: 100, 500, 1000.

We can see that strategy 5 is doing pretty badly compared to the others in terms of runtime,
no matter £. For some other strategies, especially the non-error-controlled ones, the relative runtime
increases with &.

Strategies 2 and 3, for which the input parameter h ogata has been optimised, are the ones doing
best in terms of accuracy for the case £ = 1000. They do pretty well also for smaller &, but for smaller
¢ other strategies (e.g., 10 and 14) can get similar accuracy in less time.



RMSE vs runtime, normalised by the max in each

Accuracy, log scale

10° X x 0
®x 1

X 2

3

X 4

® 5

6

x 7

8

®x 9

* 10

1071 1 « 11
x 12

13

* 14

x e * x X ik x

102 1071 10?

Runtime, log scale

Figure 13: RMSE vs runtime for each strategy, for broad peak, £=100.

RMSE vs runtime, normalised by the max in each
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Figure 14: RMSE vs runtime for each strategy, for broad peak, £=500.
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RMSE vs runtime, normalised by the max in each
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Figure 15: RMSE vs runtime for each strategy, for broad peak, £=1000.

4.2.3 Spheres

RMSE vs runtime, normalised by the max in each
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Figure 16: RMSE vs runtime for each strategy, for Spheres.

5 Conclusions

Our main conclusions are as follows:

e The quasi discrete Hankel transform (QDHT) strategies 6-11 (that is, the fixed-grid ones) are faster
than others, but can become less accurate for complex form factors.

11



6

The QDHT routines (6-11) can very easily be parallelized as it is a simple weighted sum over a
fixed grid to speed up computations even more.

Strategies 0, 12-14 are quite accurate even for complex form factors (oscillatory ones), but can take
longer than fixed-grid ones.

Therefore, when computing the Hankel transform on simple form factor functions (like gDAB)
there is no need to use the error-control strategies, while for more complex functions it might be
beneficial to start with any of strategies 6-11 and then refine the answer with the error-controlled
ones. This information is particularly useful for the next stage of this work, which will consist in
writing a C library specifically for computing Hankel transforms, by re-implementing the strategies
available in SASfit and benchmarked here.

For strategies 2-4, the user needs some knowledge of the form factor function, as these require a
parameter corresponding to the point where the function QI(Q) has a maximum.

All strategies show increasing difficulties approaching r — 0 and fail at » = 0, which is expected
and called the quasi stationary case. At r = 0, other standard quadrature algorithms can be
applied as supplied in many maths libraries.

Data access statement

Results and plots in this paper are generated with a set of Python scripts, which are available from the
STFC Research Data Repository “eData” (https://doi.org/10.5286/edata/968). These scripts depend
on SASfit, which is available under the GNU General Public Licence v3 from GitHub.
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