
A SEMI-ANALYTIC, MATRIX-BASED MODEL
FOR THE BEAM ARRIVAL TIME JITTER

M.A. Johnson∗1,2, P.H. Williams1,2

1ASTeC, STFC Daresbury Laboratory, Sci-Tech Daresbury, Warrington WA4 4AD, UK
2The Cockcroft Institute, Sci-Tech Daresbury, Warrington, WA4 4AD, UK

Abstract
The beam arrival time jitter is an important parameter

for many advanced electron accelerators, including next-
generation XFEL drivers. Accurate jitter modelling is par-
ticularly important during the design of a new facility, where
it is often used to determine the tolerances of the RF sources
and photoinjector laser. Conventionally, jitter is modeled
using computationally intensive start-to-end simulations;
in this approach, the entire accelerator is simulated many
times, while the parameter associated with each jitter source
is varied within its expected tolerance. This approach is time-
consuming and scales poorly with the size and complexity
of the accelerator. Semi-analytic jitter models therefore have
significant advantages, owing to their speed and greater in-
sight into the underlying physics. In this contribution, we
propose a simple matrix-based model for the arrival time
jitter in a linear accelerator with an arbitrary layout. We
validate the model against simulations of CLARA at Dares-
bury Laboratory, and use it to explore the jitter tolerances
of different operating modes.

INTRODUCTION
Many advanced electron accelerators require tight con-

trol of the beam arrival time to achieve their maximum
performance. For instance, plasma wakefield acceleration
(PWFA) schemes using external injection typically require
synchronization of the electron beam to within a few fem-
toseconds, to keep the beam energy jitter within tolerable
limits [1, 2]. Likewise, next-generation X-ray free electron
laser (XFEL) concepts are likely to place stringent limits
on the synchronization of the electron beam, potentially
requiring sub-femtosecond timing jitter.

In recent years, several accelerator facilities have targeted
state-of-the-art synchronization using a variety of schemes.
For example, SwissFEL [3] has achieved an RMS arrival
time jitter (ATJ) of ∼10 fs by optimizing the performance of
their RF systems to meet demanding stability requirements
[4]. The ARES linac at DESY [5] aims to generate extremely
short (sub-fs) electron bunches with an ATJ of ≲10 fs using
a variety of bunch compression schemes [6, 7].

Understanding how the ATJ develops along an accelerator
is particularly important during the design of a new facility.
Accurate jitter modelling can provide insights into how dif-
ferent design choices will affect the stability requirements
of the accelerator subsystems, including the RF sources and
photoinjector laser. For example, accelerators that use arcs
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for bunch compression may benefit from a reduced ATJ due
to the so-called ‘magic angle’ effect [8, 9].

Detailed studies of the ATJ often rely on start-to-end ac-
celerator simulations, which can require significant compu-
tational resources [10,11]. Conventionally, the ATJ is evalu-
ated by considering an ensemble of simulations, where the
parameter representing each jitter source has been randomly
varied within its expected tolerance. While this approach
is straightforward, it is often time-consuming and quickly
becomes impractical for larger, more complex accelerators.

Considerable insight into the ATJ can be obtained using
simple semi-analytic models, which can be orders of mag-
nitude faster while offering a deeper understanding of the
underlying physics. These models can quickly estimate the
ATJ for different accelerator operating points, making them
useful during both the design and operation of a facility.
In recent years, several models have been proposed for the
ATJ in linear electron accelerators [12–15]. However, these
models are often only valid for a specific accelerator layout,
or a particular type of bunch compression scheme.

In this paper, we propose a semi-analytic jitter model that
is valid for any linear electron accelerator with an arbitrary
layout. The model is derived by considering the joint statis-
tical distribution of the beam’s arrival time jitter and energy
jitter. Lattice elements that affect the beam’s jitter distribu-
tion are represented as matrix transformations, providing
a simple way to propagate different jitter sources along an
accelerator. Our model combines physics insights from a
number of recent studies [8, 9, 15] and defines a single, self-
consistent framework for estimating the ATJ.

SEMI-ANALYTIC MODEL
Photoinjector

The coupled equations for the longitudinal dynamics in a
standing wave RF cavity can be written as [15, 16]

d𝛾
d𝑧

= 2𝛼𝑘 𝜀𝑧 (𝑧) cos (𝜙 + 𝑘𝑧) (1)

and
d𝜙
d𝑧

= 𝑘

(
𝛾√︁

𝛾2 − 1
− 1

)
, (2)

where 𝛾 is the Lorentz factor of the beam, 𝑘 is the RF
wavenumber, and 𝑧 denotes longitudinal distance along the
axis of the cavity. The function 𝜀𝑧 (𝑧) ≈ cos (𝑘𝑧) is the
dimensionless, normalized field profile of the cavity. The
parameter 𝛼 = 𝑞𝐸0/2𝑘𝑚𝑐2 is the normalized RF gradient,
where 𝐸0 is the peak electric field inside the cavity, and 𝑞



Figure 1: Simplified schematic of the CLARA linear accelerator at STFC Daresbury Laboratory. Components that are not
relevant to this study are not shown for clarity.

and 𝑚 are the charge and rest mass of the electron respec-
tively. We define 𝜙 = 𝜙𝑖 + 𝜔𝑡 − 𝑘𝑧 as the RF phase seen by
the electron bunch as it traverses the cavity, where 𝜙𝑖 is the
initial RF phase, 𝜔 is the RF angular frequency, and 𝑡 is the
time elapsed since the beam first entered the cavity.

In an RF photoinjector, electron bunches are generated
when a pulsed laser strikes a cathode at the back plane of
an RF cavity. If the laser pulse arrives later than expected,
the electrons will leave the cathode surface 𝑡las later than an
ideal ‘reference bunch’ with no jitter. The initial RF phase
seen by the beam is therefore 𝜙𝑖 = 𝜙0 + 𝜔𝑡las, where 𝜙0 is
the initial phase experienced by the reference bunch.

Integrating Equations 1 and 2 gives the Lorentz factor 𝛾 𝑓

and RF phase 𝜙 𝑓 of an electron bunch at the exit of the gun.
Small changes in the laser timing and RF parameters will
induce variation in the properties of the outgoing beam; to
first order, we can write that [15](
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where d𝐸 ≃ 𝑚𝑐2d𝛾 𝑓 represents a small change in the final
beam energy, and d𝑡 is a small change in the beam arrival
time relative to the reference bunch. The arrival time can be
written in terms of the final RF phase as

d𝑡 =
1
𝜔

(
d𝜙 𝑓 − d𝜙0

)
. (4)

The Jitter Covariance Matrix
As shown by Eq. (3), shot-to-shot fluctuations in the pho-

toinjector RF and laser parameters will lead to variation in
the outgoing beam properties. To represent the joint statisti-
cal distribution of the beam’s arrival time jitter and energy
jitter, we introduce the jitter covariance matrix

Σbeam =

(
⟨d𝑡2⟩ ⟨d𝑡 d𝐸⟩
⟨d𝑡 d𝐸⟩ ⟨d𝐸2⟩

)
. (5)

The jitter covariance matrix is evaluated by considering
the properties of many electron bunches passing through a
specific point along the accelerator lattice. From Eq. (4), the
jitter covariance immediately after an RF photoinjector can
be written as

Σgun = Jgun
©­«
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where Jgun is the Jacobian matrix defined in Eq. (3). The
matrix written in expanded form is the covariance of the gun
RF and laser parameters; the laser timing is assumed to be
independent of the RF phase and gradient.

Accelerating Cavities
Having derived an expression for the jitter covariance

immediately after an RF photoinjector, we now derive how
the jitter distribution evolves as the beam passes through
various lattice elements. For an ultra-relativistic beam with
negligible phase slippage, the average beam energy after an
RF accelerating cavity can be written as

𝐸 𝑓 = 𝐸𝑖 + 𝑞𝑉RF cos (𝜙 + 𝑛𝜔𝑡𝑖) (7)

where 𝑉RF and 𝜙 are the nominal RF voltage and off-crest
phase, respectively, for a cavity operated at the 𝑛th harmonic
of the accelerator’s primary RF frequency. 𝐸𝑖 are 𝐸 𝑓 are
the input and output beam energies, respectively, while 𝑡𝑖
denotes the arrival time of the incoming electron bunch
relative to the reference bunch.

By taking derivatives of Eq. (7), we can approximate how
the final beam energy will depend on different jitter sources
as [12] (
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)
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with

A =

(
1 0

−𝑛𝑞𝜔𝑉RF sin 𝜙 1

)
(9)

and

B = 𝑞𝑉RF

(
0 0

− sin 𝜙 cos 𝜙

)
. (10)

where d𝑉̃ = d𝑉/𝑉RF. Based on Eq. (8), the jitter covariance
matrix will transform as

Σbeam, 𝑓 = AΣbeam, 𝑖A𝑇 + BΣRFB𝑇 , (11)

where ΣRF is the covariance matrix of the RF phase and
relative voltage, respectively. Writing Eq. (11) in terms of
an RF covariance matrix allows us to account for klystron-
induced correlations between the RF phase and voltage [17].
These correlations can be exploited to achieve a reduced
ATJ at specific accelerator operating points [8, 9].



Table 1: RMS beam energy jitter and beam arrival time jitter at various points along CLARA (Fig. 1) for a standard
operating mode. For comparison, we include estimates from both the semi-analytic model and start-to-end simulations.

Location Beam Energy Arrival Time Jitter [fs] Energy Jitter [%]
[MeV] Simulation Semi-analytic Simulation Semi-analytic

Post-L01 35 150 ± 10 155.0 0.08 ± 0.01 0.09
Post-VBC 180 98 ± 6 108.6 0.15 ± 0.01 0.17
FEBE IP 250 65 ± 4 81.2 0.11 ± 0.01 0.13

Bunch Compressors
In many accelerators, one or more bunch compressors are

used to manipulate the electron bunch length. The arrival
time jitter of an electron bunch immediately after a bunch
compressor can be written as

d𝑡 𝑓 = d𝑡𝑖 +
𝑅56
𝑐

d𝐸𝑖

𝐸
, (12)

where 𝑅56 is the first-order longitudinal dispersion of the
bunch compressor, and 𝑐 is the speed of light in vacuum. The
jitter covariance matrix will therefore transform according
to Eq. (8), with B = 0 and

A =

(
1 𝑅56/𝑐𝐸
0 1

)
. (13)

MODEL VALIDATION
To validate the semi-analytic model, we applied it to

a typical linear accelerator with multiple RF cavities and
bunch compression stages. CLARA (Fig. 1) is a high-
brightness electron beam facility at STFC Daresbury Lab-
oratory [18, 19]. The accelerator is comprised of a high-
repetition-rate (400 Hz) electron gun [20] followed by four
S-band accelerating structures. A chicane-type variable
bunch compressor (VBC) is located between the third and
fourth linacs, along with an X-band linearizer for longitudi-
nal phase space correction [21]. A 16-meter-long arc con-
nects CLARA to the full energy beam exploitation (FEBE)
area, a separately-shielded enclosure where the majority of
user experiments take place [22].

For this study, we implemented the semi-analytic model
as python library, which includes a numerical representa-
tion for each type of lattice element. As described elsewhere,

Figure 2: Calculation of the RMS arrival time jitter after the
final linac (see Fig. 1) as a function of the Linac 3 RF phase.

there is no simple analytical solution for the equation of mo-
tion in an RF photoinjector (Eq. (1) and (2)). Following the
approach in [15], we solve the equations of motion numeri-
cally, and calculate the associated Jacobian matrix (Eq. (3))
via automatic differentiation using PyTorch [23].

To validate our model, we compare it against jitter esti-
mates obtained from start-to-end CLARA simulations using
ASTRA [24] and ELEGANT [25]. A detailed description of
these simulation methods can be found elsewhere [10,11].
We assume a photoinjector laser timing jitter of 200 fs, an RF
phase jitter of 0.1 ◦, and an RF amplitude jitter of 5 × 10−4.

Table 1 and Fig. 2 compare jitter calculations with the
semi-analytic model against equivalent estimates from start-
to-end simulations. The model is typically accurate to within
≲10 fs; any differences are likely due to collective effects,
particularly in the RF gun, which are not included in the semi-
analytic model. Whereas jitter estimates using start-to-end
simulations typically take several hours on a desktop PC, the
semi-analytic model provides an estimate in a few seconds.
Figure 3 demonstrates how the model can be used to explore
how the ATJ depends on different machine parameters.

Figure 3: ATJ at the FEBE IP (see Fig. 1) as a function of
RF phase and amplitude jitter. The solid marker indicates
the assumed RF tolerances for CLARA. The hollow markers
indicate the expected performance of the CLARA layout if it
had the reported RF stability of other named facilities [4,26].

CONCLUSIONS
In this contribution, we have briefly outlined a simple

model for the beam arrival time jitter, which can be applied
to linear electron accelerators with a variety of layouts. In
future, we plan to validate the model against experimental
measurements on CLARA, and benchmark it against other
accelerator facilities with a broad range of beam parameters.
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