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1 Introduction

We consider the matrix

A BT
u=l5 ]

We assume that B is m by n (m < n) and of full row rank, that A is symmetric and
indefinite, and that A is positive definite on the kernel of B. These hypotheses imply that
the matrix M is nonsingular. We also consider the “stabilized” matrix

MC:[A BT}

B -C

where in addition to the hypotheses of A and B, we require that C' be symmetric positive
semidefinite.

Problems involving matrices of the form M for which A is symmetric but indefinite
occur throughout (equality-)constrained nonlinear optimization—in this field M is known
as the Karush-Kuhn-Tucker (KKT) matrix [13, §16.1]. To be specific, SQP methods
for finding the smallest value of the objective function f(x) where z is constrained to
satisfy ¢(z) = 0 build a correction s from a current estimate x by minimizing a quadratic
approximation g(z)Ts+1s” As of the related Lagrangian function subject to a linearization
B(z)s+c(z) = 0 of the constraints [13, §18.1]. Here g is the gradient of f, A represents the
Hessian of a Lagrangian function, while B is the Jacobian of the constraints. This direction-
finding subproblem should only be solved if M has “correct” inertia—specifically that A
be sufficiently positive definite on the null-space of B [13, Lem.16.1-Thm.16.3]—and in
this case the desired correction s and an associate vector of Lagrange multipliers y satisfy
the linear system (where for brevity we have dropped the argument z in the right-hand

5 )b

The assumption that the Hessian should be positive definite on the null-space of the con-

side functions)

straints is a second-order sufficiency condition for a constrained optima [13, Thm.12.6].
Note that this requirement is in contrast to superficially-similar systems from CFD where
it is often natural to assume that A itself is positive (semi-) definite [6, §5.5].

Problems involving M with indefinite A but semidefinite C' arise when solving inequal-
ity-constrained nonlinear optimization problems using penalty or interior-point methods
(C positive definite) or with a mix of equality and inequality constraints (C' positive semi-
definite but singular). Specifically, interior-point methods for minimizing an objective
f(z) constrained by inequalities ¢(x) > 0 transform the problem into a sequence of un-
constrained optimizations of “barrier” functions ¢(z,v) = f(x) + v®(c(x)), where the
parameter v — 0, and @ is finite at strictly feasible = but infinite elsewhere [13, §19.1].
To solve each barrier problem, a correction s from a current estimate x is determined by
minimizing the quadratic Taylor approximation s”V ¢ + %STquﬁs. This problem should
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only be solved if the Hessian V,,¢ is positive definite, and in this case s satisfies the
Newton equations

Vaeths = —V. 6. (1.1)

Generically V,¢ and V,,¢ have the form g+ J7e and H + J? D.J respectively, where H is
the Hessian of the Lagrangian, g is the gradient of f, e is a vector of Lagrange multiplier
estimates, J is the constraint Jacobian and D is a diagonal matrix of positive weights
some of which converge to zero while the others diverge. Thus V,,¢ is almost invariably
ill conditioned, and it may be preferable to solve the equivalent

H+JIDyJ, JL s|_ g+ Jg e (1.2)
Joo -Dt |v] '

€oo

involving some auxiliary v, where the subscripts 0 and oo refer to the partition of indices
for the components of D which converge and diverge respectively, rather than (1.1) [12,
§6]. Note that there is reason to expect H to be positive definite, but necessarily it will be
so on the null-space of J,, whenever V,,¢ is positive definite. Thus the coefficient matrix
of (1.2) is of the form M, with a positive definite C', and although C' # 0, we do expect
in general that ||C|| will be small. It is also most likely in practice that at most m < n of
the (diagonal) components in D diverge.!

If in addition we have explicit equality constraints cg(x) = 0 with Jacobian Jg, then
just as in §1, (1.2) becomes

H+ JI'D,J, (Jgo J;:g) s g+ Jle,
Joo D' 0 v\ | =— oo : (1.3)
Ge) =05 OO LE)

which again has a coefficient matrix of the form Mg, but C is now only positive semi-
definite. Once again, it is most likely in practice that m < n from such applications if they
have been properly reformulated.

Another interesting case arises when A itself has (recursive) saddle-point structure [10]
and is thus indefinite.

We note that superficially-similar systems from CFD, specifically from stabilised Stokes
flow, often naturally assume that A is positive (semi-) definite [6, §5.3.2].

Our purpose here is to understand how weakening the requirement that A be everywhere
definite to simply definite in a subspace influences the bounds we may deduce on the

eigenvalues of M and of M. This is important since quantitative understanding of the
convergence of symmetric iterative methods like MINRES for generic linear systems

5 o] G1=[] = [ Zl )= ) "

! Diverging components correspond to strictly complementary asymptotically active constraints [12, §6].
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is governed by the knowledge of the eigenvalues of the system matrix [6, Thm.6.13]. In
particular, when (as is the case here) the matrix is indefinite and the eigenvalues lie in
intervals [a,b] U [¢,d] with a < b < 0 < ¢ < d, better convergence estimates are possible
than by simply knowing the matrix’s condition number. Realistic eigenvalue intervals when
A is definite are often available [15, Lem.2.1]—see the survey article [3] for more details—
but our aim is to present similar results in our more-general context. We also analyze the
equivalent augmented formulation, where the original linear system is transformed so as
to make the (1,1) block definite. We explicitly show how the spectral properties of the
resulting matrix depend on the augmentation parameter, and provide a sufficient condition
on the parameter so that the (1,1) block is indeed positive definite.

The paper is organized as follows. In Section 2 we provide estimates for the real intervals
containing the spectrum of M, while in Section 2.1 we refine our estimates by including
additional knowledge on the data. In Section 2.2 we derive spectral bounds when the
original problem with M is replaced by an equivalent augmented formulation. In Section
3 we derive interval estimates for the spectrum of M. In section 4 we briefly discuss
natural generalizations of a known class of preconditioners.

2 Estimates for the eigenvalues of M

Here we analyze the location of the spectrum of M.

We start with a general inertia-characterization result—the inertia of a matrix M,
In(M), is the triple (my,m_,mg), where m,, m_ and my are the numbers of positive,
negative and zero eigenvalues of M, respectively.

Proposition 2.1. [4, 11]. Suppose that the columns of Z provide an orthonormal basis
for the null-space of A. Then In(M) = In(Z*AZ) + (m,m,0).

Now assume that A is positive definite on the kernel of B. In this case, ZTAZ is
positive definite, and Proposition 2.1 shows that M has precisely n positive and m negative
eigenvalues. We note that the leftmost eigenvalue of Z7 AZ satisfies

2l Ax

z min )
0£zeN(B) xlx

min ~

Proposition 2.2. Assume that A is positive definite on the kernel of B, so that the left-
most eigenvalue of ZTAZ, oy, > 0. Let Aii, M. be the leftmost (perhaps negative)
and rightmost eigenvalues of A, and let Oy, Omax be the smallest nonzero and largest sin-
gular values of the full rank matriz B. Then the eigenvalues p of M are contained in

Z-UZ" C R with
- 1 A A )2 2 1 A A )2 2 B
T = |:§ <>\min — \/(Amin) + 4amax ’ 5 )\max - \/(Amax) + 4Umin CR

77 = g (Mt VI 108 | R
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where v < A\, 1s the smallest positive root of the cubic equation

II"L3 - ILL ()\i'lln + AI‘?}IH) (Afﬂln min - ||'/4H2 mln) + >\1an mln = 0'

In particular,

4 >\Z
m1n m1n )\ )\A
‘)\mm min H14||2 mm‘ Zf min i min =
Y2 MaAhi — [A]? = o2 A Aiin — AN = LN
mln m1n m1n m1n mln mln _'_ m1n mln
2<>\I?I11H + >\§11H) 2()\;111 + AI’?]IH) )\ﬁ’un + >\I¢11H
otherwise.

\

If m = n, we have instead

1
I [ < min \/ min +4am1n) 75 ( max \/ max +4ar2rlax):| C R+'

Proof. Let [x;y] be an eigenvector corresponding to an eigenvalue p. We first
consider the case that y = 0. Then Ax = px and Bz = 0, so that A%, < u < A\
The same is true if Bz = 0, as then y = 0. Furthermore since B is full rank, = # 0,

min max*

since otherwise this would also imply y = 0. So henceforth, we assume that none of
these special cases occur.

We proceed by evaluating the extremes of Z—. For pu # 0, substituting the second
equation into the first one and reordering terms yields

w’x — pAx — BT Bx = 0. (2.5)
Multiplying by the left by 7 we obtain
p2ll? — pa” Aw — || B2 = 0. (2.6)

min[[2]?. Using also —[|Bz[|* = —of,[|z[|* we

Since p < 0, we have —puz” Az > —pu)

get the inequality
IU’ - lu’)‘mln - arzrlax < 07

from which the left extreme follows. To proceed with the right extreme of 7= we let

T =x0+ xl, with ZL’Q € N(B) and 0 # z; € Range(BT). We multiply the equation
(2.5) by z¥ and by 2. Using the fact that Bx = Bz, we obtain

Pl || — pat Azy — p] Al’o — B> = 0 (2.7)

W2 llzol|* — pag Awy — pag Azy = 0. (2.8)

Subtracting the second from the first equation and recalling that u < 0 and 2 Az, > 0
we get

0 = p?lxll® = pllxol® + pag Azy — pai Azy — || Ba|)?
p2||2|]* = paf Azy — || By ||?
(,U _/J“)\max n’un)”‘?le2

IA A
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For x1 # 0 the required negative upper bound follows.

We next determine the extremes of Z* keeping in mind that u > 0. We use (2.8) and the
facts that 27 Az < X2 __||=]|? and || Bx|| < omax||z|| to get p? — p2, . — o2, <0, from

which the stated upper bound follows. When m = n, we also have A2, ||z|? < 2T Ax

and oy ||z]| < ||Bz| which with (2.8) give p? — pA2 o2. >0, from which the left
bound results.

min

When m < n, the left bound, ~, is more delicate. We write x = z¢ + x; as before. We
next assume that p < \2
(2.8) we see that

otherwise \%. is the sought-after extreme. From equation

min? min

lzoll?, @ Azy = —[|A]| [l ]| 2ol

ngxl :lU’HxOH2 _xOAIO ( mln)

Using p— A%, < 0, the two inequalities above also imply that ||zo| < —|| Al ||z1]|/ (1 —
Ain); 80 that —ag Az, < JA| o] llzoll < = AIP [l ]2/ (1 — A

min — mln)

bound (2.7) as

Therefore, we can

0 = pPllaa|? — pat Azy — p] A% — || Bz |”
< (1 = N+ AP N — 1) — o) 1,
which, as x1 # 0, is equivalent to
¢(M) E ILL (Afnln + Af;nn) (Afmn mln - H14||2 mln) + )\?nln mln < 0

Note that ¢(A |A||*> < 0, and thus the required bound vy < A%, . Since
p® > 0 we bound the left expression from below as

mln) mln |

12 (Nin T Ain) + 1A i A — [1AI* = 03i) + Afinimin < 0-
If A2, + Ahi, > 0 then we rewrite
P2 (Nin T Ain) = i A — [1AI* = 07) = MO > 0,
from which the stated value of «y follows. If conversely A%, + A2, < 0 then u?(\%, +
A2.) <0 and we obtain
P i Amin = [AI* = 07n) + MinOmin < 0.
Since N2, A2, — ||A||* — 02, <0, the value of y for N2, + AA. < 0 follows. O

By way of contrast, when A is positive definite the following result is known.

Proposition 2.3. [15, Lem.2.1] Assume that A is positive definite, let Ay, Ao be the
smallest (positive) and largest (positive) eigenvalues of A, and let oyin, Omax be the smallest
nonzero and largest singular values of the full rank matriz B. Then the eigenvalues p of

M are contained in - UZT C R with

77 = |5 (M= 0 08 ) 5 (M = O 103, ) | e

I+ = |:)‘§un> Y ()‘:;mx + \/()‘él + 40’r2nax):| - R+‘
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We see that the only difference in the positive definite and indefinite cases is how the
smallest positive eigenvalue of M is constrained by that of A in the former case, while it
is the interaction between that of A and Z7 AZ which plays a role in the latter.

The bounds in Proposition 2.2 appear to be quite sharp, as shown by the following
examples (all reported computed numbers are exact to the first few decimal digits).

Example 2.4. We consider the matrices

SR A Y

The corresponding matrix M has eigenvalues
py = —1.5441, o = 0.0014257, ps = 4.5427,

which belong to the intervals obtained in Proposition 2.2, cf. Table 2.1. Note in particular
the sharpness of the right extreme of Z% and of the left extreme of Z—.

Example 2.5. We consider the matrices

. 0.1 2 ’ BT 0 .
2 0.1 1
Then pu(M) = {—2.1465,0.020026, 2.3264}, while the bounding intervals are reported in
Table 2.1. Note the sharpness of the left extreme of Z+.

Example 2.6. We consider the matrices

0.01 3
A= B = .
{ 3 —0.01 ] » B=10,3]

In this case, u(M) = {-4.2452, 5.0 -1073, 4.2402}. Note once again the sharpness of the
left extreme of 7.

Example 2.7. We consider the matrices

1 =4 0 0 1
A= -4 -1 0|, B'=110
0 0 2 0 0

Then pu(M) = {—4.3528,—0.22974,0.22974, 2,4.3528}, while the bounding intervals are
reported in Table 2.1. Note the sharpness of both extremes of 7= and of the right extreme
of TT.
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case AL A IAZ 1O min, Omax A It

Ex. 2.4| -1.5414 | 4.5414 | 1.0 | 0.1, 0.1 | [-1.5478, -0.0022] [0.0004, 4.5436]
Ex. 2.5 -1.9000 | 2.1000 [ 0.1 | 1,1 |[-2.3293, -0.40000]|  [0.017857, 2.50]
Ex. 2.6/ -3.0000 | 3.0000 [0.01] 3,3 | [-4.8541, -1.8541] [ 4.9917 -10?, 4.8541]

Ex. 2.7 -4.1231 | 4.1231 | 2.0 1,1 [-4.3528, -0.22974] [0.0762, 4.3528|

Table 2.1: Spectral information and bounds for the examples in section 2.

2.1 Specialized results

We can improve on the eigenvalue bounds given in Proposition 2.2 if we make further
assumptions on the data. Recall that we are assuming that B is of full rank. In this case,
we may decompose B(Y Z) = (L 0), where (Y Z) is orthogonal and L is nonsingular—an
LQ factorization is one possibility. Note that B and L have the same (nonzero) singular
values. In this case, M is similar to

ZTAZ ZTAY 0
YTAZ YTAY LT|. (2.9)
0 L 0

This leads directly to the following result.

Proposition 2.8. Let 0y, Omax be the smallest nonzero and largest singular values of the
full rank matriz B, and suppose that B(Y Z) = (L 0), where (Y Z) is orthogonal and
L is nonsingular. Suppose further that ZT AZ has extreme eigenvalues N2, < \2__ that
YTAY has extreme eigenvalues N\, < \Y_and that ZTAY = 0. Then the eigenvalues p
of M are contained in

5 (M= VO 1100 ) 5 (Ve = O 102 )|
U { (mm \/ min +40'mm),—< max TV (\ia) +40§1ax>:|

U A2, N2 .

min? max

Proof.  Since M is similar to (2.9) and as by assumption ZTAY = 0, it follows
immediately that n—m of the eigenvalues of M are those of Z7 AZ, while the remainder
are those of

[YTAY LT} . (2.10)

L 0

[43

Applying Proposition 2.2 to (2.10) for the square (“m = n”) case gives the remaining

eigenvalue intervals. 0

If we drop the assumption that Z7AY = 0, we may derive slightly weaker bounds.
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Proposition 2.9. Let 00, Omax be the smallest nonzero and largest singular values of the
full rank matriz B, and suppose that B(Y Z) = (L 0), where (Y Z) is orthogonal and
L is nonsingular. Suppose further that A has extreme eigenvalues Ny, < M., ZTAZ is
z < N and that YTAY has extreme

Then the eigenvalues p of M are contained in

positive definite with extreme eigenvalues 0 < A\

etgenvalues A2, < A) ..

5 (M= VO 1180 ) 5 (Ve = O 102 )|
U { (mln \/ min +40mm),§< maxe TV (o) +4<fﬁm>}

U [y, A

max

where v < A\, 1s the smallest positive root of the cubic equation

:us — M ()‘anln + )\gnn) ()\rzmn min ||14||2 - Umln) + )\ern Omin = 0.

Proof. Let [z;y; x] be an eigenvector corresponding to an eigenvalue u of (2.9). Then

ZTAZz+ ZVAYy = pz (2.11a)
YTAZz+YTAYy + Lz = py (2.11Db)
and Ly = p. (2.11c)

Since M is nonsingular, ;1 # 0, and hence
YTAZz +YTAYy+ LT Ly /i = py (2.12)

from (2.11b) and (2.11c). Hence forming the inner products of (2.11a) with z and
(2.12) with y, we find

AIVAZ2+ 27T AYy = pl|2|)? (2.13)
and y'YTAZz +y"YTAYy + || Ly|? /1 = pllyll* (2.14)

Subtracting (2.13) from (2.14) gives
v YTAYy + | LylP /i — wlly)* = 2" 27 AZz — p|2|. (2.15)
Now suppose that p > A%, > 0. In this case (2.15) implies that

(020 + Amintt — Y1 < || Lyl + py" YT AYy — p?|y]|* < 0

1
1% 2 5 < min \/ mln + 4O-mln) :

(2.15) implies that

in which case

By contrast, if p <0 < \?

min?

ILy||?/p+ y" YT AY y — plly||> > 0
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in which case
(02 + Mt — YN < N Lyl|? + py"YTAY y — p2(ly)* < 0
and thus

1
1% S 5 (Afnax - \/(Afnax>2 + 4012111n) .

The remaining interval bounds follow from Proposition 2.2. O

2.2 Augmenting the (1,1) block

A useful alternative to (1.4) is to note that the solution also satisfies the augmented system

A+7BT™B BT| [z] [a+7B"b
B 0|yl b

for any scalar 7 [8]. Thus the eigenvalues of

A+7BTB BT }

M(7) = { B 0

may be of interest. It is well known [1, Cor.12.9] that A is positive definite on the kernel
of B if and only if A + 7BTB is positive definite for all sufficiently large 7, and hence
saddle-point methods appropriate when the (1,1) block is definite may be applied. We
now estimate how large 7 needs be for this to happen.

Lemma 2.10. Let o, be the smallest nonzero singular value of the full rank matriz
B, and suppose that B(Y Z) = (L 0), where (Y Z) is orthogonal and L is nonsingular.
Suppose further that A is positive definite on the kernel of B, so that the leftmost eigenvalue
of ZVAZ, N2, > 0, and the leftmost eigenvalue of YTAY be N\l . Then the matriz

A + 7B B is positive definite whenever
1L /)A)7
T> (AZ. — A0 (2.16)

Proof. It follows immediately that A + 7B B is similar to the matrix

ZTAZ ZTAY (2.17)
YTAZ YTAY +7LLT .

Therefore, A+7B" B is positive definite if and only if both ZTAZ and YTAY +7LLT —

YTAZ(ZTAZ)'ZT AY are positive definite. Since the first requirement is satisfied by

assumption, we need only verify the second. For w # 0, we have

|4J?
Mol > S ul? - (218)

> wl'YTAZ(ZTAZ) ' ZT AY w,

2

wYTAY w4+ 7w LLTw > (A, + 702

min

by assumption (2.16). O
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Example 2.11. We consider once again Example 2.6, with [|A]| = 3, A}, = —0.01,
Omin = 3 and A%, = 0.01. The condition in Lemma 2.10 requires that

1 A|?
T> —5— (u — A ) ~ 100.002.

A2 min

mln min

For 7 = 100, which only barely fails to satisfy the condition, we obtain (A + 7BTB)) =
{—1.1111-1077, 900}. On the other hand, for 7 = 101, oc(A+7BTB)) = {9.89-107%, 909},
showing that our condition is sharp.

We can now derive bounds for the spectrum of A + 7BTB.

Proposition 2.12. Assume that the hypotheses of Lemma 2.10 hold, that T satisfies (2.16)
and that additionally the rightmost eigenvalues of Z*AZ and YTAY and largest singular
value of B are X2, AY _and o respectively. Then the eigenvalues of A+ 7BTB are

maX7 max max .
contained in the union of the positive intervals

[)\anm? )‘rznax] U [gmillu gmax] U
(3 Conin + M = V/Cim — Mo T AT, 3 i + Mo + v/ o — Mo + 4TA1| U

(4 G+ Mo = Ve = Mo + AT, 3 G+ Mo + v/ e — Maw)? + 44|,

Y _\Y 2
where Emin = A2, + TO’mm and Emax = Ao + TO5

Proof. Let A be an eigenvalue of (2.17) and let [z; y] be the corresponding eigenvector.
Then

ZTAZx + ZTAYy = Xz and YTAZz + (YTAY +7LL )y = \y. (2.19)

If y = 0 then X is an eigenvalue of ZZAZ, and thus A2, < X\ < \?__, which is the first

max’

eigenvalue interval. Similarly, if = 0 then \ is an eigenvalue of Y7AY + 7LL”. In
this case it follows immediately from (2.18) and [9, Thm.8.1.5] that

Emin|w]|* < w" (YTAY + 7LLT)w < Gnaxlw]?,
which provides the second eigenvalue interval.
Assume now that 0 < A < N4, . so that ZTAZ — A is positive definite. Therefore,

from the first equation in (2.19) we obtain x = —(ZTAZ — A\I)~'ZT AYy which, on
substitution into the second, yields

(YTAY + 7LL )y —YTAZ(ZTAZ — XI) ' ZT Ay y = \y. (2.20)
Multiplying from the left by 0 # y”, we obtain
gmin S )‘ + (>\1an - )‘)_1HA||27 tha“t iS >\2 - >‘(£m1n + )‘1Zq11n) + gmm min ||14H2 S 0

The extremes of the third spectral interval follow from this last inequality, and by
noticing that £ — ||A]|? > 0 because of (2.16).

min mlH
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Finally, assume that A > \*

max’

so that ZT AZ — \I is negative definite. As before (2.20)
holds, but now gives

A< Gmax + (A= AL ) THIAIR,  that is A% — M&max + Afax) + EmaxAmax — 1417 < 0.

max

Since £ —|A|* > ¢ — |IA||* > 0, it follows that A lies in the last of our
eigenvalue intervals. U

Z Z
max )‘max min >\min

Armed with these bounds, it is trivial (but not especially edifying) to obtain eigenvalue
interval bounds for M(7) for 7 satisfying (2.16) using Proposition 2.3; simply replace
A, and A2 with the smallest and largest interval bounds from Proposition 2.12. More
sophisticated bounds may be obtained from Propositions 2.8 and 2.9 if in addition we
replace \Y;, and A\Y by & . and £ ... All of these illustrate, as one might expect, the
separation of the eigenvalue intervals into sub-intervals which grow asymptotically linearly
with 7 and those which are independent of 7, and thus the worsening conditioning if 7 is
picked too large.

3 Non-zero (2,2) blocks

We now turn our attention to the “stabilized” saddle-point matrix

A BT

where we assume that C' is symmetric and positive semi-definite. In the case where A is
positive definite the following result is known.

Proposition 3.1. [16, Lem.2.2] Assume that A is positive definite, let A2, , A2, . be the

smallest (positive) and largest (positive) eigenvalues of A, let Omin, Omax b€ the smallest

nonzero and largest singular values of the full rank matriz B, and let C be positive semi-

definite with largest eigenvalue AS... Then the eigenvalues p of Mc are contained in

I-UZ" C R with

7-

</\Ifrllax - ()\rélax)2 + 4O'r2nin>:| CR™

N~

1 A C A C 2 2
|:§ </\min - /\max - \/(/\min + /\max) + 4Umax )

1
75 = [ (Vo + VORI T 1080) | c B

For the more general case when A is indefinite, care is needed. In particular a naive
application of the well-know eigenvalue perturbation lemma gives the following result.

Proposition 3.2. Assume that A is positive definite on the kernel of B, so that the left-
most eigenvalue of ZTAZ, N2, > 0. Let M2, , 2. be the leftmost (perhaps negative)

min min’ “‘max

and rightmost eigenvalues of A, let omin, Omax be the smallest nonzero and largest singular
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values of the full rank matriz B, and let C' be positive semi-definite with largest eigenvalue
Aax- Furthermore let v < A2, be the smallest positive root of the cubic equation

:ug — M ()\i’un + )\an) ()\Ian min ||A||2 mln) + )\IZHIH Omin = 07

and suppose that v > A\ . Then the eigenvalues p of Mc are contained in Z- UZT C R
with

I_ = |i ()\g’un \/()\?ﬂln) _l_ 40_%’1&){) - )\IflaX’ ()\glax \/()\glax) + 40m1n):| C R_

I+ = |}7 )\maw Y ( max \/ max + 40‘%’1&){)] C R—I—

Proof.  This follows immediately by applying, e.g., [9, Thm.8.1.5] to the results in
Proposition 2.2. 0

Note here the requirement v > A . which is needed to ensure that the eigenvalue
intervals do not include the origin. Although this bound is most-likely pessimistic, it is
clear that some bound on the size of C' relative to A and B is needed to prevent singularity;
for instance the 2 by 2 matrix formed when A = —1 = C, B =1 is singular.

In the optimization context as we have seen, if C' is non-singular, it is realistic to expect
that A+ BTC~!'B will be positive definite, and that its smallest eigenvalue will be bounded
away from zero [12]. As a consequence, necessarily we will have that A will be positive
definite on the null space of B, but this may be far from sufficient.

To improve upon Proposition 3.2, we have the following result.

Proposition 3.3. Assume that A is positive definite on the kernel of B, so that the left-
most eigenvalue of ZTAZ, oy, > 0. Let \A, ., A2, be the leftmost (perhaps negative)

min min?

and rightmost eigenvalues of A, let Owin, Omax be the smallest nonzero and largest singular
values of the full rank matriz B, and let C' be positive semi-definite with largest eigenvalue
A . Suppose furthermore that

max

)\C >\an1n mln (3 21)
" = AT = NN |

min”‘'min

Then the eigenvalues p of Mc are contained in - UZT C R with

-

|: (Aﬁlln AI?]&X - \/(Aéun + Al’fldx) + 40.1'211&/)() ’ (Aﬁldx - ()\éldx) + 4Um1n>:| C Ri
Tt = [WC, (M VOt + 4a&dx)] CR*,

where v < A2, s the smallest positive root of the cubic equation

in

:ug — U ()‘rzmn + )‘gun - Ar?lax) (||AH2 - mln)‘rznln + )\rcrvlax)\rznm + AriwA&ln + Ur2nin>
+)\r€1ax)\énn)\§lm max||A||2 + )\anm Omin = =0.
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In particular,

Anax AminArni IiaXIIAHQﬂLV

max”‘min”‘min min? min 2\ M. )\C
_)\i’lln mln + ||‘/4||2 _l— Umln (Ag'lax) /Lf mln _l_ mln e
e > A z z
2 B maxHA||2 + >‘r§1ax)‘m1n>\m1n + >\m1n min .
X+t /xe+ AR VNS Y: otherwise,
where
)‘rzmn min HA||2 _ Umln _ )‘C ()‘rzmn + )\:}nn)
B Q(Ari’un + )\g’un - Ar?lax)

If m = n, we have instead

1
T+ — {5 ( Sin — Maax \/ A+ AC)2+ 4amm> , (/\ﬁmx A )2+ 4U%dx)] c R+

Proof. The right bound on each interval follows as before by applying, e.g., [9,
Thm.8.1.5] to the results in Proposition 2.2. It remains to establish the left bounds.
As before, let [x;y] be an eigenvector corresponding to an eigenvalue p. Thus

Az + BTy = pa (3.22a)
and Bz = (C + ul)y. (3.22Db)

We first consider the case ;1 < 0. Suppose that p < A%,;,. In this case, A—u[ is positive
definite, and [[(A — pul)7'|| < 1/(MA;, — 1). Furthermore y # 0 as otherwise (3.22b)
and the positive definiteness of A — u/ would imply that both z and y are zero. Hence
(3.22) and the stated assumptions give

—ulyl? =y Cy+y"B(A— pul) ' BTy < Ao llyll® + orcllll?/ (Ao — 1)

which implies

1 A [¢] A 2
,U 5 (Amln - )\max \/()\mm + )\Snax) + 4Umax .

Otherwise

102 W = 5 (Vb = N = Vi N+ 4020 ).

and the combination of the two inequalities gives the lower bound on Z~.

Now suppose that 0 < p < A%, , so that C'+ ul is positive definite. For y = 0 it follows
that 7 is an eigenvalue of ZTAZ. For y # 0, we thus have Bx # 0. Substituting y # 0
from (3.22b) into (3.22a) yields

Az + BY(C + pl) ' Bx = px. (3.23)
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We write = xy + x1 as in the proof of Proposition 2.2 where x; # 0, and we recall
that for 0 < pu < M2, it holds that —aT Az, < [|A||?||z1]|?/ (N2, — i). We multiply the

min

equation in (3.23) by zI and obtain

min

0 = —af Av — 2] BT(C + pul) ' Bay + pl|z1 ||
A|? o2
< >\A || o min 2.
< (Mt T
Since A2, — p and p+ A5, are both positive and z; # 0, we can write

0 < _,u3 + 2 ()\IZTIIH + )\ﬁnn )\glax) ( )\ﬁ’un min + ||A||2 + )‘glax)\lzmm + )\glax)\ﬁnn
)\A )\Z + )‘rcilax||A||2 )‘rzmn Omin = _¢C(M)

C
_l— mm) )\max min”‘min

Note that ¢°(0) = A A2 N2, — \C

max’‘'min’‘min max|

|A||?> + \2,,02., > 0 by assumption (3.21),

min mm

while ¢°(N\%,,) = —(M\2s, + Ao [JA]]? < 0. Thus the required bound ¢ we seek is the
smallest positive root of ¢°(u) = 0 and 7, < A%, . Furthermore, since p® > 0 we may
bound —¢° from above to give

0 S M ()\fnln + Alj‘kl’lll'l Al’clj’la)() ( )\?mn min + ||1£1||2 _I— )\Snax)\rzmn (3'24)

_'_)\ICI:’laX)\IAI’lln + Ur2n1n) AIC;laX)\glnAfnln _'_ )\ICII’IaXHAH 2 )\IZI’III’I m1n7

and if \2. + A2 — A¢ > ( then ¢ is obtained as the largest root of the equation

associated with this quadratic inequality. If by contrast A%, + Ay, — A5 <0, (3.24)

gives T
0 < (=AM + AN + NoacA i + A Amin & Tamin) — A AminAnin +
Mmax [AI* = A iin
that is,
(= AinAmin + AN 4 Mo Ain + M) + Tin) = Ao i Amin — 1AI1%) + A O
Since A2, + A2, < A9 we may write
N Mnin + AI” + AacAiin + MnaxAin < = AninAin + A1 + (W)

where the last quantity is positive, and the bound on v¢ thus follows.

If m =n and p > 0, (3.23) and the stated assumptions give

2
o=HM+ﬂwm+me~mwb{&mX%ﬁ—ﬂomm
which leads directly to the stated lower bound in this case. 0

Note that for \¢

max

= 0 we recover the results from Proposition 2.2.



Saddle point matrices with indefinite leading blocks 15

Example 3.4. We consider once again the data from Example 2.7, and we set C' =
diag(0.01,0.03). The condition of Proposition 3.3 is satisfied, as the largest eigenvalue of C'

Z 52

is less than ”A”’\Z‘m% ~  0.07992. The eigenvalues of Mg are

{—4.3537,—0.25122, 0. 215’;123 2. 0,4.3517} and the intervals of Proposition 3.3 are
[—4.3544, —0.22974] C R™, 0.047343, 4.3528] C R,

showing a very good agreement of three of the four extremes.

Remark 3.5. Consider the matrix

A 0 o
Mo = 0 M. O ,
o 0 -0

with A2 <0, A2 >0,0>0.If 3=—c%/\2

min ? max

then M is singular.

min

Proof. It is readily seen that the eigenvalues of M are

H1 = )‘ﬁlax’ H23 = /6 + \/ /6 + )\ﬁnn + 402

Substituting 8 = —o?/\2. in the second expression we obtain po = A2, + o2/\A. +

|)\m1n + 02/)\m1n| = 0. O

In our context, the remark above shows that a condition on 3, that here plays the role
of the (2,2) block, is required to maintain nonsingularity. It is then remarkable that for

the example in the remark above, if A%, = A\ = [|A| = Proposition 3.2 requires

that

mll’l’

2
0< ~Omin

f}/max —_ 2 )\A Y

min

which is only half the value that would yield a singular matrix. For this reason, our
condition on 7. seems to be reasonably sharp.

Example 3.6. We consider the matrices A and B from Example 2.6 for which the bound
from the left extreme of ZT of Proposition 2.2 was sharp. Now consider C' = 8-10~* . The
eigenvalues of M¢ are (exact to the first few decimal digits)

{—4.2454,0.00460, 4.2400}

and ||A]| = |M\2,,] = 3+0. 012/6 Az =10.01, opin = 3. We note that the value of \S_ is
significantly smaller than A%, 2. /(||A]|2 =2 A2, ) ~ 0.00996. Here N2, +\2. —\C =

—2.9908 < 0 so that v¢ =~ 0.00459098, which is a very sharp lower bound of the smallest
positive eigenvalue of Mg.
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Recently Bai, Ng and Wang [2] have established qualitatively similar bounds for M,
based on extreme eigenvalues of BTC~'B and A+ BTC~!B rather than those of A and of
ZTAZ, and the singular values of B. As here there is no assumption of definiteness of A.
Significantly, in [2] the authors do not require that B be of full rank; rather they require that
C' be nonsingular. In the motivating (optimization) applications we are concerned with,
the rightmost eigenvalues of BTC~'B and A+ BTC~'B may be huge so that cancellation
in the bounds involving these [2, Thm.2.1] may be significant. Nonetheless Bai, Ng and
Wang’s bounds provide a useful alternative to those we have established.

The bounds above for the spectrum of M may be specialized following the lines of
those in §2.1. To limit the proliferation of cumbersome estimates we omit their explicit
derivation.

The assumption that B be of full rank in M is of course a limitation. In some cases,
such as from the optimization application illustrated in (1.3), B and C' are of the form

B _|C1 0
B—[Bz] and C—{O 0},

with positive definite C;. The natural assumption in this case is that A+ BYC ' B, should
be definite on the null space of the full-rank Bs. In this case,

A BT B
Mc = |\B, —C 0
(B, 0) 0

This may then be interpreted as a matrix of the form M whose “structured” (1,1) block
is of the form M. One can thus obtain eigenvalue intervals by applying Proposition 2.2
to the saddle point matrix using estimates for the eigenvalues of its structured (1,1) block
using, e.g., [2, Thm.2.1].

Unfortunately there are examples [14] for which the relationship between rank-deficient
B and singular C is less explicit, at least from an algebraic viewpoint. If A and C' + BBT
are positive definite, it is still possible to compute useful eigenvalue intervals for M [14,
Prop.3.1]. But when A is indefinite, although one can write abstract conditions for the
eigen-problem in terms of representations of the range space of B, they do not seem to us
to be particularly illuminating.

4 A first look at preconditioning strategies

The efficient solution of large saddle point linear systems involving M or M strongly calls
for preconditioners. Ideally these should take into account both the nature of the problem
and its algebraic structure. Our setting is particularly challenging because of the indefi-
niteness of A. For simplicity, we only consider symmetric block diagonal preconditioners

which take the form
Py O
— 4.26
P 5] (120
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for some symmetric P4 and Pp. In this section we present some preliminary results ob-
tained when either P4 and/or Pc are ideal approximations to their target matrices. A
more general analysis for a larger class of diagonal blocks is beyond the scope of this pa-
per, and deserves a specialized study. In addition, because of the indefiniteness of A, other,
not necessarily block diagonal, preconditioners may be more suitable; see, e.g., [2, 5, 7].
Hence, this will be the topic of future investigation.

4.1 Indefinite block-diagonal preconditioners
Here we restrict our attention to block diagonal preconditioners of the form
A O

P==10 1§

where A~ A (in fact, we use A = A), and S ~ C + BALBT.

The following result generalizes well known spectral properties of P for C' = 0 to the
case of indefinite but nonsingular A. The proof is the same as in the definite case.
Proposition 4.1. The following results hold.

1. Let P, = blkdiag(A, BA™*BT). Then

o(P7'M) C {1, %(1 +/5), %(1 — ﬁ)} C R;

2. Let P_ = blkdiag(A, —BA™'BT). Then

1 1
o(P~*M) C {1, 5(1 +iV3), 5(1 — 2\/5)} c C™.
Similar although less clean results may be obtained for C' # 0, as shown in the next
proposition.

Proposition 4.2. Let C be symmetric and positive semidefinite, and let 6 be the finite
eigenvalues of the pair (C'+ BA='BT C). Then the following results hold.

1. Let Py = blkdiag(A,C + BA™'BT). Then

f—1+ (1—9)2+492)}CR.

o(P*M) C {1,%(&@),2—19(

2. Let P_ = blkdiag(A, —C' — BA~'BT). Then

o(P='M) C {1, %(1 +iV/3), %(1 —iV3), %(9+ 1++/(1+46)2 —492)} ccCt.
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Proof. From the first equation in
Az + B"y = pAx, Bz — Cy = u(C + BA'B)y,

we obtain (u — 1)z = A~'BTy. Either y =1 or # = A™'BTy/(u — 1). Substituting
this into the second equation and collecting terms we obtain uCy = (u — p? + 1)(C +
BA~*BT)y. For y # 0, either Cy = 0, so that (u — u?+1) = 0 (the Schur complement
is nonsingular), from which the eigenvalues (1 & /5)/2 follow, or we can write (C +
BA7'BT) = 0Cy, with 0 = p/(pn — p? + 1), from which the remaining expressions for
the eigenvalues follow.

In the second case, following the same steps we arrive at the equation uCy = (—p +
p? 4+ 1)(C'+ BA™'BT)y and the conclusions follow with similar reasonings. O

In the case when C' = 0, we next extend this setting to the case when S is only an
approximation to the Schur complement BA~™'B”. We were not able to obtain similarly
explicit results for C' # 0.

Proposition 4.3. Let PL = blkdiag(A, i—g) with A, S nonsingular. Then

o(PEM) C {1,(1+ /1 +4£)/2,(1 — /14 4€)/2} C C,

where the &’s are the (possibly complex) eigenvalues of the pair (BA~*BT, j:§)

Proof. From the first equation in
Az + BTy = pAzx, Bx = ﬂ:,ugy,

we obtain (u— 1)z = A~'BTy. Either p =1 or x = A™'BTy/(u—1). Substituting this
latter expression in the second equation we obtain BA™'BTy = +u(u — 1)Sy. Setting
¢ = p(p — 1) the result follows. O

The result above emphasizes that complex eigenvalues may arise, due to the generic
indefinitess of the blocks in the preconditioner. This fact is even more dramatic when an
approximation A is used in place of A.

In general, it thus follows that this indefinite block preconditioner cannot be applied
with MINRES, but other possibly nonsymmetric solvers need be employed.

4.2 Positive-definite block-diagonal preconditioners

Since by assumption A is indefinite, the preconditioners considered in §4.1 will not be
definite. If we wish to precondition iterative methods like MINRES, we need to require
that both P4 and P. are definite. In this section we analyze such a situation, restricting
our attention to the case where C' = 0.
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One possibility is to exploit the augmented structure analyzed in §2.2. For 7 sufficiently
large so as to guarantee that A + 7BT B is positive definite, using for example (2.16), one
can apply the block-diagonal preconditioner (4.26) with Py ~ Pa(7) = A+ 7B”B and
Po ~ Py(1) = B(A+ 7BTB)™'BT to either M or M(1).

To investigate this further, suppose that P(7) = blkdiag(P4(7), Pc(7)). In the ideal
case where we try to precondition M(7) with P(7) we have the following simple result.

Proposition 4.4. P(7) ' M(7) has eigenvalues 1, (14++/5)/2, (1—+/5) /2 with multiplicity
n —m, m and m, respectively.

Proof. The result is simply a direct application of Proposition 4.1 when A is replaced
by A+ 7BTB. O

For the case where we try to precondition M with the ideal P(7), the result is more
complicated.

Proposition 4.5. Suppose that B(Y Z) = (L 0) is of full rank and that ZT AZ and Py(7)
are positive definite. Then P(1)" "M has eigenvalues

i) 1, of multiplicity n — m + Nullity(A);

it) —1, of multiplicity Nullity(A);

i) (wi £/ p2+4)/2, i =1,...,m — Nullity(A), where p; = w;/(w; + T7) and w; are the
eigenvalues of L™T(YTAY —YTAZ(ZTAZ) ' ZTAY )L™,

Proof.  This is based on results from [8, §2.1]. Specifically if A is an eigenvalue of
73(7‘)_1/\/1 with eigenvector [x;y],

5 S B0 et L]

from which it follows that
(NI — K — Q)z = 0, (4.27)
where z = Pj (1),
K = P;*(r) AP *(r) and Q = P;?(r)BT(BP;\(r)BT)"\BP; *(r).

Clearly @ is an orthogonal projection matrix of rank m. More significantly, it shares its
eigenvectors with K [8, Lem.2.3] (and of course I). But () is annihilated by vectors v
in the null-space of B while Kv = v for these (and only these) vectors [8, Lem.2.4(1)].
Hence (4.27) implies that n — m of the required eigenvalues satisfy A> — A\ = 0 and are
thus take the value 1 since M is non-singular because B is of full rank and Z7AZ is
positive definite.
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The remaining 2m eigenvalues correspond to eigenvectors w; of () in the range-space
of B for which Qw; = w;, and thus Kw; = p;w;, where p; is one of the m non-unit
eigenvalues of K. It then follows from (4.27) that the remaining eigenvalues are the
roots of

M — i —1=0. (4.28)
But if Kw; = p;w;, it follows immediately that

Au; = pi(A+7BT B)uy, (4.29)

where u; = P;% (T)w;. Moreover (4.29) and the non-singularity of M imply that p; =0
if and only if u; lies in the null-space of A—for these (4.28) implies that a further
Nullity(A) of the required eigenvalues have the value 1, while there are Nullity(A)
eigenvalues at —1. Because of (4.29), the remaining nonzero, non-unit eigenvalues p;
of K satisfy
Au; = —H BT By,
L= p

But the generalised eigenvalue problem Au = wB” Bu is equivalent to
YTAY YTAZ] [s] " LTL 0] [s
ZTAY ZTAZ| ([t| 0 0] [t]’
where s = YTy and t = ZTu, and the result follows immediately on eliminating ¢. [

Notice that as 7 increases the eigenvalues of P(7) "M cluster around the two values
+1.

We also remark that for P(7) positive definite, spectral interval bounds may be obtained
for the preconditioned matrix P(7)"2MP(7)~2, by applying the results of sections 2 and
2.1 to the preconditioned blocks.

Example 4.6. Consider the data, A = QDQT, D = diag[—1;0;1;2;3;4], Q = I —
2007 JvTw, vT =[1,2,3,4,5,6] and

L0001 0 00

B_02 0 0.01 0 0]

Thus A is similar to D (and hence singular with nullity 1). Furthermore A + 7BT B is
positive definite for all 7 larger than (roughly) 1.075. We see in Table 4.2 the predicted
n —m + Nullity(A) = 5 eigenvalues at 1, Nullity(A) = 1 eigenvalue at -1 and a remaining
pair of eigenvalues which converge to +1 as 7 increases.
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T eigenvalues
1.075 | -2665.05 -1.0 3.75-107* 1.0 1.0 1.0 1.0 1.0
10.75 | -1.05707 -1.0  0.94600 1.0 1.0 1.0 1.0 1.0
107.5 | -1.00506 -1.0  0.99496 1.0 1.0 1.0 1.0 1.0
1075 | -1.00051 -1.0 0.99950 1.0 1.0 1.0 1.0 1.0

Table 4.2: Eigenvalues of P(7)”'M for increasing values of 7.

5 Conclusions

We have generalised many of the known eigenvalue bounds for saddle-point and stabilized
saddle-point matrices with a definite (1,1) block to the indefinite case. We have given
eigenvalue bounds for the augmented formulation, also giving a sufficient condition for the
(1,1) block to be definite. We have also provided eigenvalue estimates for a number of block
preconditioners, although the cases considered are somewhat idealized in that they assume
inversion of “exact” diagonal blocks. It remains to consider how best to approximate these
blocks while retaining the excellent clustering predicted from the exact case.
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