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1 Introduction

Interpolation spaces arise naturally in the formulation of many modeling applications ranging
from domain decomposition methods (Dryja 1982), (Brezzi and Marini 1994), (Bertoluzza and
Kunoth 2000), (Quarteroni and Valli 1999), (Toselli and Widlund 2005) and multilevel meth-
ods (Bramble, Pasciak and Vassilevski 2000), (Burstedde. 2007), to image processing (Natterer
1980), (Neubauer 1988), (Hegland 1995), (Tautenhahn 1996), (Egger and Neubauer 2005), (Egger
2006), advection-diffusion problems (Sangalli 2003, Sangalli 2005, Sangalli 2008), and elasticity
(Glowinski and Pironneau 1979). It is therefore desirable to characterise the corresponding dis-
crete spaces with the aim to enable new numerical approaches and algorithms. In particular,
we are interested in defining discrete norm representations for projections of interpolation spaces
onto suitable finite dimensional subspaces. As a major application we derive discrete norms corre-
sponding to conforming finite element discretisations of fractional Sobolev spaces. In particular,
we show that they involve fractional powers of products of certain Grammian matrices associated
with the bases of the finite element spaces employed. For the case where wavelet spaces are of
interest, some recent results can be found in (Burstedde. 2007), (Burstedde 2005), where matrix
representations in wavelet bases are given for Sobolev spaces of non-integer orders.

One limitation associated with discrete interpolation norms is that for large scale computations
they are seemingly expensive to compute. We show that this need not be so in the case of finite
element norms for which inexpensive factorisations can be devised using some standard approxi-
mation procedures such as projection onto Krylov subspaces.

The paper is organised as follows. In section 2 we introduce the concept of interpolation between
abstract Hilbert spaces as described in (Lions and Magenes 1968). We also consider the projection
onto finite dimensional subspaces and derive expressions for the associated norm representations.
In section 3 we derive the discrete norms resulting from projection onto finite element spaces of
fractional Sobolev spaces. The following section contains a brief review of existing algorithms
for computation of matrix non-integer powers which arise in the definition of discrete interpola-
tion norms; we also include in this section the details of a Lanczos procedure employed for the
computation of interpolation norms. Section 5 includes applications arising in preconditioning of
domain decomposition methods and methods for the biharmonic equation. The paper concludes
with some numerical experiments.

2 Interpolation spaces

We review here the presentation from Lions and Magenes (1968). Let X,Y denote two Hilbert
spaces with X C Y, X dense and continuously embedded in Y. Let (-,-)y,(-,-)y denote the
corresponding inner products, and ||-||x, |||y the respective norms. By the Riesz representation
theory (see for example Riesz and Sz-Nagy, 1956) there exists an operator J : X — Y which is
positive and self-adjoint with respect to (-,-)y such that

(u’ U)X = (’LL, jv)Y . (1)

Using the spectral decomposition of J we define the operator £ = J/2: X — Y, which in turn
is positive self-adjoint. Moreover (see Lions and Magenes, 1968, Chapter 1, Section 2.2 ), the
space X can be defined to be the domain D(E) of £ and the norm of X is equivalent to the graph
norm || - ||¢

1/2
lullx ~ ulle = ([} + [Eulls) ™.



Similarly, the spectral decomposition of £ can be used to define any real power of £. Let 6 € [0, 1]
and let || - [|[o denote the scale of graph norms

B 1/2
leallo = (Jlully + 1€~ ul}) (2)
One can then show that the domain of £'~% endowed with the inner-product

(u,v)y = (u,v)y + (u,é’l_ev)y

is a Hilbert space (Lions and Magenes, 1968). This is an interpolation space of index 0 for the
pair [X,Y] and is denoted by [X, Y]y

[X,Y]s := D(EYY), 0<6H<1.
Note that [X,Y]p = X and [X,Y]; =Y. Moreover, if 0 < 6; < 03 < 1 then
X C [X7 Y]Gl - [X7 Y]Gz cY. (3)

Let now L(A; B) denote the space of continuous linear operators from A into B. The following
classic interpolation theorem can be found in (Lions and Magenes 1968, Theorem 5.1).

Theorem 2.1 Let X,Y be defined as above and let X,Y satisfy similar properties. Let m €
L(X;X)NL(Y;Y). Then for all 0 € (0,1),

7€ L([X,Y]g; [X, V]p).

We turn now to the case where the spaces generating the scale of interpolation spaces are finite-
dimensional. In particular, we are interested in the discrete norms associated with these spaces.

2.1 Finite dimensional interpolation spaces.

Let H € R™ " be a Diagonalisable matrix with a real Positive-definite Spectrum (DPS). Let the
eigenvalue decomposition of H be denoted by H = V~'DyV where Dy is a diagonal matrix
with entries A; which satisfy

D<M < <...<\<... \

The following definition (Lancaster and Tismenetsky, 1985, and Higham, 2008) will be useful in
the subsequent discussion.

Definition 1 Let § € R. The 0 power of a DPS matric H = V" 'DgV is defined via the
decomposition
HY =v~DY%V.

If H is symmetric, then H = HY2H'? where H'/? = V_lD}fV is also a symmetric and
positive-definite matrix and V~' = V7. We also remark that a DPS matrix H is a self-adjoint
operator in the scalar product (, )y and that Dy is also the spectrum of the positive definite
pencil {VIV,VTDyV}.

Furthermore, H induces a vector-norm || - ||z with dual-norm || - ||z defined as ((Horn and
Johnson. 1985, p. 275))

VTZ

max —— = ||Z|g-1. 4
vER™ {0} HVHH H ||H ( )

12l g =



Remark 2.1 Let z be defined to be the vector of coefficients of a function z = ;| z;; expanded
in a given basis {1;i} i<, Let {di} <;<, be another linearly independent set defined via

¢i=> Ky,
=1

n

n
with K € R™™™ nonsingular. Then z = Z Z;); = Z w;¢; so that z= Kw and
i=1 i=1

12l = (KW -1 = [|Wlgr -1k (5)

The matric KTH VK is the representation of H' with respect to a new basis which is related to
the original basis via K.

Given two symmetric and positive-definite matrices Hy € R™ "™, Hy € R™*™ we define the
following matrix norm for matrices M € R™*" (see (Horn and Johnson. 1985, p. 311))

M V|,
Mgy ,m, = max  ———> (6)
D verm\{o} ||V,

Finally, we define the H-condition number of a matrix M to be the quantity
k(M) = M| gg— 1M g1 a0

Let now X, C X, Y, C Y denote two finite-dimensional subspaces of X,Y respectively, with n =
dim X}, = dimY)}. They are Hilbert spaces when endowed with the inner-products (-,-) x, (-, ")y
We can similarly define corresponding positive, self-adjoint operators Jy, & 1 X — Ya

(un,vn) x = (un, Thvn)y  un,vn € Xp (7)
where J}, is positive self-adjoint and &, = j; /2 We define the discrete interpolation spaces

(X1, Yalo := D(&9).

Furthermore, we define the scale of discrete norms

~—

1/2
2 1-6, 2
lunllon == (lunlid + NEx—unlly) (8
We are interested in describing the set of symmetric and positive definite matrices
{Hy e R"™:neN0<6<1}

which induce norms equivalent to || - [|g,, with constants of equivalence independent of n. Let
Hx, Hy denote the Grammian (or Riesz) matrices corresponding to the inner products (-, ) x , (+, ")y,
respectively. More precisely,

(Hx)ij = (¢is05) x »  (Hy)ij = (0, 05)y >, 1<4,5<n,

where {¢;},.,., denotes a basis of X}, so that

lunllx = lallay,  luslly = lallay



where u denotes the vector of coefficients of uy, expanded in the basis {¢;}. We first note that
the discrete Riesz representation (7) becomes

uTHXV = uTHyJV

so that J = Hy, 'Hy is a product of two symmetric and positive definite matrices. The matrix J
is self-adjoint and positive definite in the discrete Hy-inner-product, as
(W,Tv)y, = u'Hy(Hy'Hx)v = v Hxu = v Hy (Hy ' Hx)u = (v, Tu)

Y

and
(w, Ju)y, = u’Hxu >0 forallu#0.

One can also write explicitly the eigenvalue decomposition of J : since Hx, Hy are symmetric
and positive-definite, there exists a matrix @ such that ((Horn and Johnson. 1985, Cor 7.6.2))

HX = QTDQa HY = QTQ7
where D is a diagonal matrix with positive entries, so that
J=Hy'Hx =Q'DQ.

Note that this implies that J is DPS, so that real powers of J can be defined via Definition 1.
It is evident that the matrix representation of &, in the basis {¢;} is the DPS matrix

E=Q 'DV?Q;
furthermore, the matrix representation of 5,1;9 is similarly
El—@ — Q_lD(l_e)/2Q.

We now turn to the matrix representation of the norm ||- ||y 5, which we denote by Hy ;. Definition
(8) yields
2 2 1-6112
[allr, ,, = l[allm, + 127 g,

so that

Hypp=Hy +(EV)THyE'"™ = Hy + Q"D'"°Q = Hy + HyJ'? = Q" (1 + D' ?)Q.
Now, by definition, the norm of X} is equivalent to the discrete graph norm (8) with 6 = 0:

Q"DQ = Hx ~ Hyj, = Hy + HyJ = QT(I + D)Q.
Hence, there exist two positive real constants a1, o independent of n such that
a1D;; < (14 Dj) <Dy 1<i<n.
It follows that, setting a3 = 1, &2 = max {aw, 2}, there holds
@D <(1+D; %) <aDi’ 1<i<n

and we deduce that
Hpp ~ Hy:= QTD'0Q = Hy J' 7. (9)

The matrix Hy is the reduced form of Hp ), and is equivalent to it.
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Remark 2.2 If the matrices Hx, Hy are simultaneously diagonalisable, one can derive a simpler
expression for Hgp, Hg. Assuming there exists an invertible matriz Z such that

Z'HxZ =Dx, Z 'HyZ= Dy,

we find
J=Hy'Hx =ZDy'Dx 27", J'" 0 =H) ' HY?
and thus
Hpp = Hy + HyJ' = Hy + HyHY'HY = Hy + HVHY?
and

Hy=H{H? = HYPH P HY?,

Let now iy, : L(Xp; X)NL(Yy;Y) denote the continuous injection operator between the indicated
spaces. By Thm 2.1,

ih S ﬁ([Xh, Yh]g; [X, Y]g) (10)

In particular, for all uj, € [ Xy, Yz]g,

linunlle = [lunllo < Cillunllo,n-

Assume now that there exists an interpolation operator I such that I, : £(X; X,) N L(Y;Y},)
and Ipu = uy, for all up € Xp,. Again, by Thm 2.1,

In € L([X,Y]g; [Xn, Ynlo) (11)
and we have for all u € [X, Y]y,
[Znullo,n < Collullp.

Since [Xp, Yalo C [X,Y]g (the set inclusion follows from X;, C X and Y, C Y), Equs (10), (11)
yield

1
o lunlle < llunlion < Collunlle-
1
We summarise this result in the following Lemma.

Lemma 2.2 Let X, C Y, X C Y be Hilbert spaces with inner-products (-,-)y , (-, )y and let
Il - llo, || - lo,n be defined by (2), (8), respectively. Let us assume that there exists an interpolation
operator Iy, such that I : L(X; Xp) N L(Y;Y) and Inu = uy, for all up, € Xy. Then the norms
Il - llo, | - llo,n are equivalent on [Xp, Yyl for all 8 € (0,1).

Corollary 2.3 Let the assumptions of Lemma 2.2 hold. Let Hy be defined as in (9). Then the
norms || - |, || - ||z, are equivalent on [Xy,Yyle for all 6 € (0,1).

Finally, we end with the following result concerning the conditioning of Hy.

Lemma 2.4 Let k := kg, (Hx) denote the Hy -condition number of Hx. Then

Ky (H@) =k,



Proof: Using the decompositions Hx = QT DQ, Hy = QTQ, we find

T Trr—1 -1
v Hxv D IH=! _ vH v (e
ax = max D, | H ”H;l,Hy = = | min Dy

Hx 1= m max
H HHY7HY veR™\ {0} vHyv veR™\{0} VH1_1V

so that
HHy(HX) = H,g(D).

Similarly we find

T T -1 -1
v Hgv v H v
|Heollf., g=1 = max 9% _ max Dili_e, HH(;lHHq g, = Max 7_01 = [ min Dili_e
v, Hy veRm\{o} VHyVvV i Yy U veRm\{0} VH{ vV i
so that
Ky (Hg) = (k2(D))' ™7,
which is the stated result. ]

2.2 Dual spaces

The dense inclusion (3) leads to the following inclusion corresponding to the respective dual
spaces:

Y C[X,Y]yc X' (12)
Moreover, the following duality result can be found in (Lions and Magenes 1968, Thm 6.2)
[X7 Y]{Q = [Y/7 X/]1—9' (13)

Let X; C X'Y) C Y’ denote two finite-dimensional subspaces of X’,Y” respectively. They are
Hilbert spaces when endowed with the inner-products (-,-)y/,(-,-)y,. We can similarly define
corresponding positive, self-adjoint operators J;,&; : Y, — X}

(unsvn)yr = (un, Tpon) - un,vn € Yy, (14)

1/2

where 7] is positive self-adjoint and & = (J;)/". We define the discrete interpolation spaces

Vi, Xplo == D((£)"7).

Furthermore, setting #/ = 1 — 6 we define the scale of discrete norms

—g 1/2
lanllorn = (llunliZe + 11ED" " wnllZe) (15)

Since the matrices corresponding to norms || - ||y, || - ||x» are Hy = Hy' and Hj = H,',
respectively, we find
J'=(Hy)'Hy = HyHy' =Q"D7'Q™"

and hence
(J/)l—tg — QTDg_lQ_T.
As before, the norm || - ||g/ 5, with matrix representation Hy ' > can be shown to be equivalent to a
reduced norm with matrix representation H, which in turn can be seen to be simply the inverse
of Hg
Hpyy = Hy + Hy(J)'7 ~ Hy = Hy(J) " =@ 'D '@ " = H,".
Hence
Hg_l — Q—lDG—lQ—T — Je—ngl

can be taken to be the matrix representation of a norm on [Xp, Y3]j.



3 Fractional Sobolev spaces

In this section we consider the case where X,Y are Sobolev spaces. In particular, we are interested
in deriving the matrix representations of fractional Sobolev norms with a view to designing
optimal iterative solution methods for finite element discretisations of PDE. We start by reviewing
some standard definitions and results.

Let € denote an open bounded subset of R with smooth boundary I' and let a denote a multi-
index of order m where m is a positive integer. Let

H™Q) = {u: D € L*(Q), |a| <m}

denote the usual Sobolev space of order m, with the convention that H°(2) = L?(). Sobolev
spaces of real index 0 < s < m are defined as interpolation spaces of index # = 1 — s/m for the
pair [H™(Q), HY(Q)):

H*(Q) = [H™(Q), H*(Q)]p.

One can use this definition to characterise interpolation spaces for pairs of Sobolev spaces of
real-index:

[H(Q), H*(Q)]g = HIZ17052(Q), (16)
Let now C3°(€2) denote the space of infinitely differentiable functions with compact support in

and let H;(€2) denote the completion of C§°(€2) in H™(2), where s > 0. Then

H§(Q) =H() s<1/2
{ H5()) Cc H5 () s>1/2

In fact, given 0 < s < s1, one has the following characterisations based on interpolation

[HSH(Q), HE2(Q)]g = HS V51052 (q) if (1—0)s1 +0sy £ k+1/2 (keN),
[HZH(Q), H? ()], = HE (@) ¢ HITY? i (1—0)s1 + 0sp = k+1/2 (k € N).

Finally, we define for s > 0
H=(@) = (H}()) .

Hence if (1 —60)s1 +0s2 #k+1/2 (k€ N)
[H=*1(Q), H*2(Q)]g = H~(0170%2(Q),
while if (1 — 8)s; +8so = k+1/2 (k € N)

@), H2 @) = (1 ()

3.1 Special domains

The open €2 can be replaced by a regular manifold and the Sobolev spaces are built using a
variational formulation based on the Laplace-Beltrami operator. The resulting Hilbert spaces
can be used to build by the same techniques presented in Section 2 the corresponding fractional
Sobolev spaces (see Lions and Magenes, 1968[page 42]).

An other choice for €2 is to be a metric graph (in the literature these are also named quantum
graphs). This choice will be used in Section 6.1 (see Remark 6.1). A metric graph is a graph
® = (U, &) made of vertices v € Y and edges ¢ € € where at each edge ¢ is associate its lenght
(e). For sake of simplicity, we assume that ¢(¢) < co Ve and that number of vertices and edges
is finite.



The degree of a vertex is the number of incident edges on it and the boundary of & consists
of the vertices of degree one. Moreover, an edge can be identified with a finite segment of the
real line such that we can introduce a coordinate x(¢) and a preferred direction of the edge. This
define a natural topology on the graph and makes it a 1D simplicial complex. As a consequence
the points on the graph are not only is vertices but all the intermediate points = on the edges
and, thus, we can define a function f(x) on & as a function defined on all points of the graph
and not only on its vertices.

Having the coordinate x, we can define the Lebesgue measure on & and, then, the concept
of integrability. This allows the introduction of some standard Sobolev function spaces on the
graph.

Definition 2 The space L?(®) consists of all measurable and square integrable functions on each
edge ¢ and such that
1126y = D IIF1172() < oo

ece

Definition 3 The Sobolev space H'(®) consists of all continuous functions on & that belong to
H(e for each edge ¢ and such that

DIl < oo

ece

We can also define the space H}(®) adding the condition that the functions f(z) € HY(®)
take zero values at the boundary vertices.

A friendly but accurate introduction and survey on quantum graphs is given by Kuchment
2006. In (Kuchment 2006) is also observed that there is no natural definition of Sobolev spaces
HF¥(®) of order k higher than 1, due to the lack of natural conditions at vertices. For the Laplace
operators and the case k = 2 is possible to introduce Neumann-Kirchoff conditions at the internal
vertices that allow a consistent definition of the eigenvalue problem (see Friedlander, 2005).

However, taking into account the two previous definitions and the Hilbert structure of L?(®)
and H'(®) we can still introduce the corresponding fractional Sobolev spaces by the interpolation
method.

3.2 Discrete fractional Sobolev norms

The results from the previous section can be used to derive discrete Sobolev norms for some
standard pairs. We consider below some examples which arise naturally in the formulation
of elliptic PDE. In particular, Sobolev spaces of index ’integer+1/2’ will be the focus of our
discussion since they arise naturally as codomains of boundary operators.

We start by deriving the matrix representation of a norm defined on a discrete subspace of the
interpolation space

Hy () = [HEH(Q), B Q) 2.

Let X = Hi™(Q),Y = HF(Q) and let X), C X,V;, C Y. Let {#it1<i<n € Xn be a spanning set
for Y}, and let Ly € R™™ denote the Grammian matrices corresponding to the (,-) Hg(m—inner
product:

(Lk)ig = (90 ) iy () -

Using the results of section 2 we find J = L,;lLkH and a norm for the discrete interpolation
space [Xp, Yo is given by

Hyyo= Ly J" ™% = Li(L ' Lis1)' .



In particular, if 6 = 1/2, we find
Hyy1j2 = Li(Lj Lyyr)'/?
which simplifies in the case when the matrices Lj are simultaneously diagonalisable to

1/2 Li/4-

1/4
Hyy1)2 = Lk/ L

Note that different choices of L lead to different discrete norms, though they are all equivalent
with constants of equivalence independent of n. Let us consider some examples to illustrate the
above derivation.

Example 3.1 Let X = H}(Q),Y = L*(Q). We wish to derive the matrix representation of a
norm defined on a discrete subspace of the interpolation space

Hyp*(9) = [HY (), L2(2)), o

Let X}, C X denote the finite element space spanned by a basis {¢i}1§z’§n of piecewise polynomials
defined on a subdivision of Q). Using the notation introduced above we let L1, Lo € R™ ™ denote
the Grammian matrices with respect to the set {¢;} corresponding to the following inner products:

(L1)ij = (Vi Vo) 12y, (Lodij = (06 85) 120 -

The matrix Lg is known as the mass matrixz, while the matriz Ly is a discrete Dirichlet Laplacian.
Therefore, T = LglLl and a norm for the interpolation space [ X, Yy]e is given by

Hopg = LoT" ™" = Lo(Lg ' Ly)* 7.

If Lo, L1 are simultaneously diagonalisable (as is the case for a uniform subdivision of 1), the

expression for Hy becomes

Hy=LiL~0 = LIri-01%2

In particular, if 0 = 1/2, we recover the expression derived by Burstedde., 2007:
1/4,1/2,1/4
Hyjp = Ly 020"

Example 3.2 Let X = H3(Q),Y = H}(Q). We can derive in a similar way the matriz repre-
sentation of a norm for a discrete subspace of

Hy)*(9Q) = [H2(Q), HH ()1 /2.

Working as before with subspaces Xy, Yy, of X, Y respectively, which are spanned by a set {¢i}1§z’§n
of suitable piecewise polynomials we define the following Grammian matrices

(L2)ij = (A¢i, Adj) o), (L1)ij = (Vi, V) 2q) -

The matriz L1 is a discrete Dirichlet Laplacian while the matriz Lo is the discretisation of a
biharmonic operator with homogeneous boundary conditions. A discrete norm is therefore induced
by the matrix

Hivg = Li(Ly ' Lo)' "
If 0 = 1/2 we find

Hyjo = Ly (L7 Ly)'2.

which, in the case of simultaneous diagonalisation simplifies to

Hyy = L1,



Remark 3.1 In both examples above, the choice of norms for the spaces H(’]“(Q) 18 not unique.
One could choose to define Ly in terms of the (equivalent) full norm of H(Q)

(L1)ij = (6, 95) 1200y + (Vi Vj) 12 -

The same can be said about Lo. The resulting discrete norms will therefore be different from, but
equivalent to, the norms derived above.

We consider now the case of fractional Sobolev spaces of negative index and the corresponding
discrete norms. Consider the dual of the interpolation space Hg(;r Y 2(Q):

/

(@) = (40 (@), T @) = (115 (@), HE©@)]12)

Let X3,Y) be defined as above. We are interested in deriving a matrix representation for a norm
on [Xp, Y], with respect to the basis {¢i},<;<,- Let Y] C X; = span{1;} ., where ¢; are
basis functions dual to ¢;, i.e.,

(Vi 65) g (yxmE () = i

If we let . . .
Yisz=) za=Y wigi, d1=) Kyl
i=1 i=1

i=1
we can use the above duality property to deduce that

n

8ij = (Wi i) vy wmt(e) = D Kt (908 iy = D Ky (Layg
=1

=1

so that z = Lyw and (cf. Remark 2.1)

Il = IWllgos el = 1l s,

and the matrix representation of Hy,, H are respectively Lj and LkL,;ilLk.
The matrix representation for a norm on [Xp,,Y3]) is therefore (see also section 2)

Hpo=LpJ" " = Li(Li ' Li1)? ™" = Hi—140.
In particular, in the case § = 1/2 we find
Hyypy = Le(Ly L)) ™% = Hi_y o

Example 3.3 Let X = H}(Q),Y = L*(Q) and let XY}, be defined as above. Then a discrete
norm on [Xh,Yh]’l/2 C H-Y2(Q) is given by

Hi = H_yy3 = Lo(Ly'L1)~?, (17)
which in the case of simultaneous diagonalisation of Lo, L1 can be written as
3/4,—1/2 1 3/4
H_ypp =LY L7703

We end this section with a remark which will be useful in the context of preconditioning appli-
cations.
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Remark 3.2 Let the basis functions {¢;}, <, for X, C Y}, be continuous piecewise polynomials
defined on a given subdivision of a polyhedral domain Q into simplices of mazimum diameter h.
In this case, it is known (see (Brenner and Scott 1994)) that the piecewise polynomial interpolant
I, for which Iyv = vy, for ve X C H™(Q) satisfies

v = Invl| gmq) < Cllvl|gm @)

so that
[ 1nv]l m@) < (14 C)|Jvl| gm(q)

and therefore I, € L(X,X}). Setting X, ¢ X € HFYQ), YV, ¢ Y c H* it follows that
I, € L(X,Xy) N L(Y,Y,) and hence Lemma 2.2 applies for general conforming finite element
discretizations under standard regularity conditions on 0 and its corresponding subdivision into
simplices. In particular, the fractional Sobolev scale of norms || - ||k+e is equivalent on [Xp, Yrle
to the discrete norms induced by the family of matrices Hy1g introduced above for 6 € (0,1).

4 Evaluation of Hy

In order to construct and apply in a practical application any of the discrete norms derived in
the previous discussion we are required to evaluate (non-integer) powers of a matrix. This task
may be achieved in different ways for different applications. In general, if the dimension of the
problem is low, one can employ a direct method based on a generalised eigenvalue decomposition.
This approach has complexity of order O(n?). Another direct approach is available in the case
when the matrices involved have a Toeplitz structure; in this case the evaluation can be achieved
via an FFT (see Peisker, 1988) and the complexity is O(nlogn). In both cases the storage
requirements are of order O(n?). For larger problems, iterative techniques may represent a
cheaper alternative. An example in case is Newton’s method which has attractive convergence
properties under a suitable implementation. However, the complexity of the method is that of
a direct method, even if the original matrix is sparse. One expects that for sparse matrices one
can devise efficient techniques for evaluating Hy or its action applied to a given vector. This is
indeed the case. In (Hale, Higham and Trefethen 2008) the authors propose a method based on
representing a function of a matrix as an integral which they go on to evaluate using efficient
quadrature rules. The method can be adapted to provide a sparse algorithm for the evaluation
of Hy. Another approach is to construct approximations of Krylov type which are known to
take advantage of the sparsity of the matrices involved. Several authors have considered this
approach for general matrix functions (Druskin and Knizhnerman 1989), (Cabos 1997), (Druskin
and Knizhnerman 1998), (Druskin, Greenbaum and Knizhnerman 1998), (Saad 1992), (Allen,
Baglama and Boyd 2000), (Eiermann and Ernst 2006) and some convergence analysis is available
for certain algorithms proposed for the computation of the matrix square root function (Druskin
and Knizhnerman 1989). We illustrate below the Krylov subspace approximation for the case

9 =1/2.
4.1 A generalised Lanczos algorithm

Given a pair of symmetric and positive-definite matrices (M, A), the generalised Lanczos algo-
rithm constructs a set of M-orthogonal vectors v; such that

AVy = MV, Ty, + BrpiMviaef, Vi MV =1,

where the columns v; of Vi, = [v1,va ..., vi] are known as the Lanczos vectors and I}, € REXE ig
the identity matrix with kth column denoted by ey, while the matrix T}, € R¥*¥ is a symmetric
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and tridiagonal matrix (Parlett 1998). The standard algorithm corresponds to the case M = I.
Note that Tp can be seen as a projection of A onto the space spanned by the M-orthogonal
columns of Vj,

VIAV, =Ty, ViIMV, = IL. (18)

In exact arithmetic, when k = n, the algorithm can be seen as providing simultaneous factorisa-
tions of the matrix pair (M, A) as

A=v,Tnvt Mm=v Tyt
We recall the algorithm below (Parlett 1998).

Algorithm 1. Generalised Lanczos Algorithm
Input: A, M € R"*"(spd),v € R"
Output: Vj, € R T) € RF*F

Set 81 =0,vo =0,vi = v/||v|um
fori=1:k
w; = M~YAv; — Biviq
a; = (Wi, Vi) pr
W; = W; — Q;V;
Bir1 = [[willmr
if ﬁi-l—l =0 stop
Vig1 = Wi/ Biv1
end
Ty = tridiag|8, a, B3]

The explicit form of T} is given below

ar B 0
Ty, = tridiag[B,0, 8] = | 2
0 Br

Consider now the generalised Lanczos factorisation for the matrix-pair (Hy, Hx):
HxV = HyVT, VTHyV =1 (19)
where we used the notation V =V,,,T = T,,. We can immediately derive the following result.

Lemma 4.1 Let (19) hold and let Hpj, = Hy + HyJ'=% and Hy = Hy J'0 with J = H;lHX.
Then .
Hy = (VT9—1VT> = HyVT VT iy (20)

and
-1
Hop = (VI +T)7VT) - = By V(I + TV Hy. (21)

4.2 Sparse evaluation of Hyz

The complexity of the full (k = n) generalised Lanczos algorithm is in general O(n?). However, in
many applications of interest we do not need to compute Hy, but simply apply it (or its inverse)
to a given vector z € R™. In such cases, a truncated version of the algorithm is used in practice
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with only k Lanczos vectors being constructed. As we are interested in approximations of Hyz
we note first that if we start the Lanczos process with v = z then

Vil Hyz = ei|z|

where e; € R¥ is the first column of the identity I;. This leads us to consider the following
approximations of the matrix-vector products:

Hyz ~ HkaT]i_eeleHHy

and
Hopz ~ Hy Vi(Iy + T )er |||y -

Similarly, if we wish to apply the inverse of Hy to a given vector z we first note that if we start
the iteration with v = Hy !z then

Viz =V Hy(Hy) 'z = ei| Hy 2l| 1, = ei]z] -
This leads us to consider the following approximations (cf. Lemma 4.1)
H9_1Z ~ VkTg_lvaZ = VkTg_lel”ZHH;1

and
~1 -1
HG_JILZ ~ V (Ik —I-Tkl_e) VkTZ =V (Ik + Tkl_e) el”ZHH;l.

The complexity of the above operations depends on the complexity corresponding to the applica-
tion of the inverse of Hy. If this operation can be achieved in O(n) operations, then the overall
complexity of computing Hyz, H, 7 is of order O(kn) for k < n, with storage requirements of
the same order.

5 Applications

5.1 Preconditioners for the Steklov-Poincaré operator

Domain decomposition methods (DD) require the resolution of a problem which involves a pseudo-
differential operator defined on the set of boundaries defined by the decomposition of the domain.
This operator is generally known as the Steklov-Poincaré operator or the Dirichlet-Neumann map,
though this definition was introduced for DD methods applied to second-order problems involving
the Laplacian operator. A great number of iterative approaches have been proposed in the
literature over the last two decades; classical algorithms include Dirichlet-Neumann, Neumann-
Neumann, FETI methods, Scharwz methods together with two-level and overlapping variants.
Complete descriptions and analyses can be found in a range of references, see, for example, (Toselli
and Widlund 2005), and (Quarteroni and Valli 1999). We present below an alternative which has
not been considered to date and which is based on preconditioning in a fractional Sobolev space
of index 1/2.

5.1.1 A model problem

Let Q be an open subset of R? with boundary 9§ and consider the model problem

—Au =f in Q,
{ U 0 on 0N). (22)
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Given a partition of 2 into two subdomains = 2y U Qs with common boundary I" this problem
can be equivalently written as

—Aul = f in Ql, —AUQ = f in Qg,
up =20 on 0\ T, uy =20 on 0 \ T,

with the ‘interface conditions’
Uy = U2
{ ouir . Ous on I
ony Oona

Let now A, Ao € H30/2(F) and, correspondingly, let 11,19 denote the harmonic extensions of
A1, Ao respectively into 1, s, i.e., for ¢ = 1,2, 1; satisfy

—A¢Z =0 in Qi,
1/Ji = )\z on F,
P =0 on 9Q; \T.

Let H1/2(I‘) = [H{(T), Lo(T)]1 /5. We define the Steklov-Poincaré operator S : H(%2(F) —
H~'2(T) via
(SA1,A2) ey = (V1, Vo) 2y =1 (A1, Ag). (23)

Note that we also defined a bilinear form s(-,-) : HéO/Z( I') x H0162( I') — 0 which can be seen to be

symmetric and positive-definite. One can show further that this bilinear form is also HO/ 2( I)-

elliptic, i.e., there exist constants c;, co such that for all A € H0162( I,
Cl”)‘”H1/2(F) ()‘ )‘) < 02”)‘”[{1/2({‘) (24)

With this definition of S our model problem can be recast as an ordered sequence of three
decoupled problems involving Poisson problems on each subdomain together with a problem set
on the interface I'.

i) “Autt = f in
ul{l} =0 on 09,

B au{l} au{l}
ii e N )
(i) { SA o s on I,
—AutP =0 inQ
(iii) {2} v
u, =\ on 99;.

The resulting solution is

ulg, = u{ } + u{z}

5.1.2 Discrete formulation

Let P,(t) denote the space of polynomials in two variables of degree r defined on a set t C R2.
Let
V=V = {we CQ) 1wl € B, Vte T} C HY(Q), (25)

be a finite-dimensional space of piecewise polynomial functions defined on some subdivision ¥,
of  into simplices t of maximum diameter h. Let further VIh7 V£ C V" satisfy Vlh e Vil =vh
where VIh = {w eV wlpg = 0}. Let Xj, C H}(T') denote the space spanned by the restriction
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of the basis functions of VIh to the internal boundary I'. The discrete variational formulation of
model problem (22) reads

Find uy, € VIh such that for all vy, € VIh
{ a(up,vp) = f(vn)
where
a(v,w) = (Vu,Vw), f(v)=(v,f).
This formulation give rise to a linear system involving a matrix which is structured in the following
way

Arra 0 Ar ur fr1
0 Amp Arpo urs | =1 fio
T T

Aip1 Alp2 A1+ ABB2 up 5

where Ayy;,% = 1,2 are discrete Laplacians corresponding to the interior nodes of the computa-
tional domain €); and App;,% = 1,2 are the corresponding interior boundary contributions from
each domain. The above system can be ‘decoupled’ into three problems

(i) AII,iu;'{l} = fr4,

(i)  Sup :2fB - A?B,lug} - A?B,2u§2}’
(iii) AII,iu;;{ g —ACIFB,luB - ACIFBQUB’

where S is the Schur complement corresponding to the boundary nodes
S=51+5, S = ABB,Z’ — A?BJAI_IIJAIBJ'
The resulting solution is (ur 1, ur2, ug) where

uy; = ul{l} + u;-m.

It is evident that these algebraic problems are finite element discretisations of the three continuous
problems listed above (see Quarteroni and Valli, 1999 for full details). In particular, the Schur
complement S is the finite element discretisation of the variational definition (23) of the Steklov-
Poincaré operator S. Since s(-,-) is Hééz(F)—elliptic, we deduce that for any A\, € X there
holds

1| Bz < 5w < 2 MulBpavegry- (26)

Note that if we denote by A the vector of coefficients of A;, when expanded in a finite element
basis, then

s(An An) = ATSA.

5.1.3 Héf—preconditioners

For large problems, constructing and applying the inverse of the Schur complement S in step (ii)
above is computationally prohibitive. Instead, the problem can be solved using a preconditioned
iterative technique. For symmetric and positive-definite problems it is known that optimal ac-
celeration of an iterative method is achieved when a spectrally-equivalent preconditioner Pg is
employed. We show below that the matrix representation of a Héoﬂ—norm has this property
and can therefore be employed as a preconditioner for domain decomposition methods of scalar
elliptic problems.

The inequalities (26) describe essentially the spectral equivalence between the discrete operator
induced by the bilinear form s(-,-) acting on a finite-dimensional subspace of H(%2(F ) X H(%2(F )

and a discrete representation of the Héf—norm. We make this statement precise below.
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Proposition 5.1 Let X}, = span{¢;,1 < i < m} be defined as above and let (Ly)i; = (¢s, gbj)H(I)“(F)
for k=0,1. Let
Hyjp = Lo(Ly ' L1)'?.
Then for all X € R™\ {0}
ATSA
k1 < T, L > R2
AT Hy oA

with k1, Ko independent of h.

Proof: Since Lemma (2.2) holds (see Remark 3.2) there exist constants 7y, 12 such that for all
A € Xy,

mlAnlliyz < Anllon < m2llAnlly/e-
The norm || - [|p,, has matrix representation H /o which, by (9), is spectrally equivalent to Hj .
Hence, there exist constants 71,72 such that

MmlAnllz < Al H, ., < T2l An]l1/2-
Using the Héé2—ellipticity (26) of s(-,-) we get

a 2 T €2 2
ﬁ—%H)‘HHW <ASAL ﬁ—%H)\HHU2

which is the required result. |

Remark 5.1 The matriz Hy/ is the reduced version of the matriz representation for the norm
Il - lij2,n- It is evident that the above result holds with H /o replaced with Lo + LO(LalLl)l/Q.

The above result indicates that S and H/; exhibit the same spectral properties. In particular,
the following result holds.

Proposition 5.2 Let Ly, L1 € R™ be defined as in Proposition (5.1). Then
Kro(Hyyo) = O(h_l) and kr,(S) = O(h_l).

Proof: Since Lg is a mass matrix and L; is a discrete Laplacian, by the Poincaré inequality
there exists a constant v independent of i such that

IXzo < A7 I, -
Furthermore, the following standard discrete inverse inequality is assumed to hold
2 —2)1y 112
ANz, <2k AL,

where 7, is also independent of h. Hence,

and therefore xr,(L1) = O(h~2). Hence, by Lemma (2.4),
Ko (Hijs) = (ko (L1)"? = O(A7Y).

The second statement follows from the spectral equivalence of Hj/, and S derived in Proposition
5.1. [ ]
Since || - ||, is equivalent to the Euclidean (lo-) norm, we conclude that xo(S) = O(h™!) which is
the standard result on the condition number of the discrete Steklov-Poincaré operator (Quarteroni
and Valli 1999). This indicates that an iterative technique which ignores the Schur complement
problem will be suboptimal. We verify in the numerics section below that this is indeed the case
and we demonstrate that Hy; is a suitable preconditioner in this sense.
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5.2 Boundary preconditioners for the biharmonic operator

Consider the biharmonic problem in a polygonal convex open domain 2 C R? with boundary

I =uUk T,
A2y =f in Q,
{ u=0u/on =0 on I (27)
A standard approach to solving (27) is to introduce another variable v = —Aw and solve the
resulting system:
Ay =f in Q,
v+Au =0 in Q, (28)
u=0u/on =0 on I

There is a considerable literature on the topic of this model problem, both from the approximation
point of view (Monk, 1987, Glowinski and Pironneau, 1979, Osborn, Babuska and Pitkaranta,
1980, Brezzi and Raviart, 1976, Ciarlet and Raviart., 1974, and Falk, 1978) and also an algorith-
mic one (Glowinski and Pironneau, 1979, Peisker, 1988, Braess and Peisker., 1986, and Silvester
and Mihajlovié., 2004). A notable approach is provided by Glowinski and Pironneau 1979; this
approach was made efficient by Peisker 1988 who suggested for the first time preconditioning
with a discrete H~'/2(I')-norm. We review briefly this approach below.

5.2.1 The Pironneau-Glowinski method

The following re-formulation of the biharmonic problem was introduced in (Glowinski and Piron-
neau 1979). Let A\ = v |p. The solution (u,v) of system (28) can be obtained by solving the
following three problems

. —Avyy =f in €, —Aug =1y in Q,

® { vg =0 on I, { upg =0 on I, (29)
(ii) S\ = Juy/ov on T, (30)
—Avy =0 in Q, —Aup =1 in Q,
(iif) { v = A on I, { up =0 on I, (31)

the final solution being (u,v) = (ug + u1,vg + v1). The aim of considering this formulation is
to split the problem into smaller, easier to solve problems. While (i) and (iii) may indeed be
classified as easy from a computational point of view, the crux of the problem becomes equation
(ii). As in the case of domain decomposition methods, S is a boundary operator which is defined
on H=Y2(I') and which induces a bilinear form s(-,-) : H~Y2(I') x H=Y2(T) via

(SA1, A2) = (A, Atpa) = s(A1, A2).

The functions 1); are biharmonic extensions of \; € H~1/ 2(T) into €, i.e., they are solutions of
the biharmonic problems
A%y, =0 in Q,
v =0 on I, (32)
—81%/871 = )\z on I'.

It is shown in (Glowinski and Pironneau 1979) that the bilinear form s(-, ) is symmetric, positive-
definite and H~'/2(I")—elliptic, i.e., there exist constants c;,cp such that for all A € H—1/2(I),

AR 1z < SOWN) < 2 A1z (33)

17



5.2.2 Discrete formulation

Consider now the following standard mixed finite element method for (28). Let V" VI V2 be
defined as above (see (25)). The discrete weak formulation is then

Find (up,vp) € V{* x VP such that ¥(wp, 2) € V) x V!

{ l(up, zn) — m(vp, 2z) =0

where
l(z,w):=(Vz,Vw), m(z,w):=(z,w).

As described in (Glowinski and Pironneau 1979), (34) is equivalent to the discrete versions of
(29-31) given by the following three weak formulations

(i) Find (uon,von) € V§* x V] such that V(wp, 23) € VI x V]

L(von, wp) = (f,wn)
{ U(uon, 2n) — m(von, zn) =0 (35)

(ii) Find A\, € V2 such that VY, € V}

{ s, mn) = —s(Xon, n) (36)
(iii) Find (u1p,v1n) € VIh X VP o — A € VIh, such that V(wp, zp) € VIh x VI
l(vlhvwh) =0
37
{ l(uin, zn) — m(vin,2n) =0 (37)

Let now span{¢;, 1 < i <n} = V" so that wy, € V", 2, € VIh can be written

n nr
wp, = E Wi, zp = E Z;Q;
—1 i=1

where n = |V!|,n; = |V}|. Problem (34) is then equivalent to the following linear system of
equations

L]] —M]] _MIB \Ji = 0 (38)
LT, —M]; —Mgp Vi 0

where
(Lir)ij = (s, 0i),  (LiB)ix = Uk, Pi),

and

(Mr1)ij = m(9j,¢i), (MiB)ik = m(dk, ¢i), (MpB)r = m(¢r, dr)

for 1 <i,7,<m, 1 <k,l <n—njy. We also write (38) in the more compact form

(o it ) ()= () )
L:<L€I —LMHH>’ ZZ(—IE\??B)7 X:<3§>
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It can be seen (see for example (Arioli and Loghin 2008)) that the discrete problems (35-37)
represent a boundary Schur complement approach to solving (38). As before, the task is therefore
the efficient solution of problem (ii), and in particular the derivation of optimal preconditioners
for this step. The Schur complement associated with L in the matrix of (39) is

S=—-Mpp—2Z"L"'Z.

Let X;, ¢ H'(I') denote the space spanned by the restriction of the basis functions of VIh to
the boundary I'. As in the case of domain decomposition methods, the Schur complement is the
matrix representation of the bilinear form s(-,-) with respect to the basis {¢;}. In particular, if
An € X3, has a vector of coefficients A, then

s(An, An) = ATSA.

5.2.3 H~'/?(I')-preconditioners

A discrete H Y2-norm on X}, can be defined as a sum of norms corresponding to each open
segment of the polygonal boundary I':

K 1/2
H)‘hHH*l/?(I‘) = (Z H)\hH?{uz(Fi)) .
i=1

In particular, H—'/2(T;) is understood here to be the dual of Holéz(Fi). For this space, a matrix
representation for its norm was derived in section 3 (see (17)). However, Peisker uses a differ-
ent, algebraic, definition of the norm-matrices corresponding to each boundary segment, based on
linear and uniform discretisations of Laplacian and mass matrices. This results in a matrix repre-
sentation for the discrete norm || - || -1 /2(ry which is a direct sum of norm-matrices corresponding
to the interior of each boundary segment. There are two drawbacks to this approach. First, the
linear case (r = 1) does not yield stable mixed finite element discretisations of the biharmonic
problem, (Shaidurov 1995). Second, the resulting preconditioner is not defined for non-uniform
meshes. Following the presentation from Section 3 we introduce the following representation of
a discrete H—1/2(I") norm which is based on the above broken norm

H)\h”i[*l/?(f‘) = ”A”%’I{,l/z}

for A\, € X}, where

K
_ {i}
Hi 1o =@HY,, (40)
i=1
where '
HY ) = Lo(Lg}Lis) 712

with (Lgr)ij = (¢4, ¢j)H§ ) ,k = 0,1 discrete operators defined on the interior of each boundary
I';. The following result can be proved immediately.

Proposition 5.3 Let X}, = span{¢;,1 <i < m} be defined as above and let H¢_1/2y be defined
as in (40). Then for all A € R™ \ {0}

K1 < AT 5A <K
1S 57— S k2
A Hi_1mA
with constants k1, ke independent of h.
Proof:  Similar to the proof of Proposition (5.1). ]
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6 Numerical experiments

We present in this section numerical experiments corresponding to the two applications of the
previous section. In both cases the solutions are obtained using preconditioned iterative methods
with a combination of 2D and 1D preconditioners. The latter type are norm-matrices for fractional
Sobolev spaces of index 1/2 which are constructed on the boundaries of the computational domain.

6.1 Domain decomposition for elliptic problems

We solve the test problem (22) as well as the following convection-diffusion problem

{—VAU+5'VU =f in £, (41)

u =0 on Of).

We note here that Proposition 5.1 only applies in the symmetric case (22). However, one can
derive suitable convergence results for the nonsymmetric case also which we did not include here.
We refer the reader to (Arioli, Kouronis and Loghin 2008) for further details. The domain is the
unit square which was subdivided into squares. We used the finite element method to discretise
the problems as well as the norm-matrices required. The choice of finite-dimensional space was
V" defined in (25) with » = 1 and also » = 2. The choice k = 2 is relevant in the context of
preconditioning discrete convection-diffusion operators arising from so-called P2-P1 discretisa-
tions of the Stokes (Silvester and Wathen 1994), (Golub and Wathen. 1998), and Oseen problems
(Elman and Silvester 1996), (Kay, Loghin and Wathen. 2002) which employ quadratic piecewise
polynomial spaces for the approximation of the momentum equations.

Due to non-symmetry, we choose to work with nonsymmetric iterative methods (flexible GM-
RES), coupled with nonsymmetric preconditioners of the form

p_ < A Ars >
0 Ps

with A;;y = vLj; + Ny; where Ly is the direct sum of Laplacians assembled on each subdomain
and Njy is the direct sum of the convection operator b -V assembled also on each subdomain.
This choice of preconditioner is known to be useful provided we have a good approximation Pg
to the Schur complement. Thus, if Pg is replaced by S convergence is achieved in 2 iterations
(Murphy, Golub and Wathen 2000). Our choice of preconditioner will never achieve this, since the
norm-matrices derived above do not approximate S itself but are equivalent operators. However,
we will see that the resulting performance remains attractive.

The Schur complement preconditioner Pg is chosen to be each of Hy/, and Hyy ), the discrete
HY 2(T")-norms defined in Proposition 5.1 and Remark 5.1, respectively. We also chose to work
with a simplified version Hy/, of H;/, obtained by replacing the mass matrix Lo by a lumped

version EO: R R
Hyjp = Lo(Ly'L1)',

The action of the inverses of Hy /3 j,, Hy /2, H 1/2 was computed using the iterative method presented
in section 4.2 which uses the Lanczos algorithm with k = O(m!/2).

Remark 6.1 In the case where the domain is subdivided into several subdomains the boundary
T will be the union of internal faces or boundaries (a so-called skeleton or wirebasket)

K
r={Jr.
=1

20



One can generalize the definition of a HY?(T)-norm to a broken HY?(T)-norm which results
i a direct sum of norm-matrices as in 40 for the biharmonic problem. However, we choose
to work with a related generalization which involves assembling the Grammians Lo, L1 on the
whole wirebasket I'. In particular, L1 will incorporate Dirichlet conditions corresponding to the
set OQNT and will include additional contributions at each internal vertex. The resulting matrix
is a norm-matriz on [Xp, Yp]1/2 C HY2(T) with improved spectral properties (Arioli et al. 2008).

6.1.1 The Poisson problem

The number of iterations is displayed in Table 1 for the cases r = 1, = 2 (linear and quadratic
finite elements) respectively. The size m of the skeleton is also displayed; it is obvious that a direct
calculation of the matrix square-root function is becoming prohibitive for an increasing number
of domains and an increasing mesh-size. As expected, the number of iterations is independent of
the size of the problem. Moreover, the preconditioning procedure appears to be quasi-scalable
with only a slight, possibly logarithmic dependence on the number of subdomains. A notable
result is the performance of the preconditioner H 1/2 Which is a simplified version of the other two
which employs a lumped approximation of the mass matrix.

r=1 r=2
F#dom n m H1/2,h H1/2 ﬁl/Q Hl/z,h H1/2 ﬁl/z

45,377 449 10 9 9 11 11 11

4 180,865 897 10 10 10 11 11 11
722,177 1793 11 11 11 11 11 11

45,953 1149 13 12 12 13 13 13

16 183,041 2301 13 13 13 13 13 13
730,625 4605 13 13 13 13 13 13

66,049 3549 16 14 14 16 15 15

64 263,169 7133 16 15 15 16 15 15
1,050,625 | 14,301 17 16 15 17 15 15

Table 1: FGMRES iterations for model problem (22) for r =1,2.

6.1.2 The convection-diffusion problem

We solved test problem (41) for the choice of ‘rotating wind’
b= (2(2y — 1)(1 - 2z — 1)), =22z — 1)(1 - (2y — 1)*)).

We chose to approximate only the action of H 1_/12 using the generalised Lanczos process with the
same choice of k. The range of diffusion coefficients was v = 1,0.1,0.01. The results are displayed
in Table 2. In all cases the number of iterations is independent of the size of the problem, though
it grows with reducing v. The dependence on the number of subdomain also grows with reducing
v. This reflects the inability of our symmetric preconditioner to remain equivalent in some sense
to an increasingly more nonsymmetric Schur complement.
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r=1 r=2
#dom n m v=1|v=01|v=001|lv=1|v=01|rv=0.01

45,377 449 10 12 21 12 13 20

4 180,865 897 11 11 20 12 13 19
722,177 1793 11 11 19 12 12 18

45,953 1149 12 17 37 13 17 35

16 183,041 2301 13 17 35 13 16 32
730,625 4605 12 15 32 12 15 30

66,049 3549 16 22 55 17 21 51

64 263,169 7133 17 22 52 16 20 46
1,050,625 | 14,301 15 19 47 16 19 43

Table 2: FGMRES iterations for model problem (41) for r = 1,r = 2, v = 1,0.1,0.01 and
Ps = Hyp.

6.2 Biharmonic problem

We solved the biharmonic problem using the formulation (28), which was discretised using the
weak formulation (34), where V" is the finite element space defined in (25) with r» = 2 (quadratic
approximation). This is known to be a stable mixed finite element method for the biharmonic
problem (Shaidurov 1995). As the Glowinski-Pironneau method is a boundary Schur complement
approach, we choose to work again with a block-triangular preconditioner of the form (cf. (39))

L Z
P_< %>
where Pg = Hy_y/5) was defined in (40). We ignore the symmetry of our problem and use again

flexible GMRES given the changing nature of our preconditioner due to the Lanczos approxima-
tion. As in the case of the previous example, we consider an approximation Hy_; /9 resulting

from replacing the mass matrix Lg with a lumped version Eo. The results are displayed in Table
3. As expected, the number of iterations is independent of n; moreover, the preconditioner re-
duces greatly the iteration count compared to the case where no preconditioner is employed. We
notice that in the unpreconditioned case the dependence on h is evident as predicted by Braess
and Peisker. (1986), though mild (O(h'/2)); we also notice that in this case there is a consider-
able additional computational effort, particularly compared to the minimal effort that the above
preconditioners require. The same behaviour can be noticed for un-isotropic meshes. Table 4
displays the iteration count corresponding to a finite element discretisation on an exponentially
stretched mesh, with nodes clustered near the boundary and mesh aspect ratio ranging from 1
to 20.

7  Summary

We presented a derivation of norm representations of norms associated with interpolation spaces.
In particular, we focused on projections onto conforming finite element spaces of fractional
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n m 1 Hi1popy | Hioapoy | Hiovp
84,610 | 640 26 10 12 12
337,154 | 1,280 30 9 11 11

1,346,050 | 2,560 36 9 11 11

Table 3: FGMRES iterations for model problem (27) for a range of preconditioners Pg.

n m 1 Hi1popy | Hioagoy | Hiovp
31,250 | 496 37 8 9 9
128,018 | 1008 43 8 9 9
518,162 | 2032 52 7 8 8

Table 4: FGMRES iterations for model problem (27) for a range of preconditioners Ps.

Sobolev norms. A notable result is that interpolation norms can be represented as products
of generally real powers of Grammian matrices associated with the pair of spaces generating the
scale of interpolation spaces. The issue of algorithmic complexity in the construction of discrete
interpolation norms was also considered with the presentation of some sparse matrix algorithms
for the approximation of real powers of matrices. Some applications arising from PDE modeling
were considered to illustrate the usefulness of interpolation norms in large-scale computing.
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