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Challenges from PDE-constrained optimization and
some methodsto circumvent these issues

Sue Thorne (née Dollar)
STFC Rutherford Appleton Laboratory
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In collaboration with
Nick Gould (STFC Rutherford Appleton Laboratory)
Tyrone Rees (Oxford)
Andy Wathen (Oxford)
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Given f and boundary condition, calculateu, where

ou

%:gonﬁﬂ

Lu=Ff au—+ as

on some domaif

Suppose giveg and an approximatiofi to « on some domaif C Q.
Want to calculatef such thatu ~ « : distributed control

Suppose giverf and an approximatiof to « on some domaif C Q.
Want to calculateg such that: ~ « : boundary control
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Distributed control

1 .
min o f|w(z) (U - )5+ B I 113
subject to
Lu = finQ
u = gonofl
Here
{ 1 z e
w(x) = |
0 otherwise
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Distributed control

Discretize:
uh:ZUj¢j, fh:ij¢j
1 112 2
{liufrj 5 jw(z) (un — )5 + B || £all3
subject to
_v2uh — fh in 2
u, = (onof)
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Distributed control

(@) (s — D)2 = /Q w(2) (un — B)?
_ . o . A ~2
— zi:zj:uzujfngw]@@ Q;UJ/Qw]@qu/Qu

— wI'Mu—u'b+c
Itull; = fIMf
Ku = Mf

where)M is the mass matrixk is the stiffness matrixd/ = W MW and
W = diag(w;)
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Distributed control

1

min —u! Mu —ulb+c+ B MSf
u,f 2
subject to
Ku—Mf = d
26 0 -M | [f] [O]
0 M KT u | =1 b
M K 0 || A | d ]
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A BT
B 0

H =

If Ais symmetric and positive definite, thewiA) € I~ U I, where

= bt ) 1 ).
= P g (1Al 1R 4812 |

[Rusten and Winther 1992]
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A BT
B 0

H =

If Ais symmetric and positiveemidefinite, thenl\(H) € I~ U I, where

- _ %( in \/)\mm +4HBH) 1(\AH \/HAH +40m1n(B))]’
[+ :l(A,B),% (HAH /141 + 41517

[(A, B) defined in Dollar 2009 (revised)
Previously thought thd( A, B) = Z1" AZ (Simoncini talk 2008)
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[ 28M 0 —M |
Hz = 0 M KT
M K 0
[ 28M 0 0 |
= Ho+| 0 0 0
0 0 0|
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10™ | | |
" ——h=1/8
===h=1/16

1015 ‘ ‘ ‘
—h=1/8 K
-==h=1/16 12| \*>

2

O Ql Q2 w(x,y) o i(z,y) Qo
Q1 U [0,1]? Q/Q1 | (22 —1)2 (2y — 1)? 0
MU | {(@y):(@z-32+@w-3)2<L} 00 2 0
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Spectral properties of linear system

Q=0 Q£ Q
0w 10° ,
107 o 10 g
.7 p
o 4
3 e & &
S 107} i & 102 i
(] [O) P4
::E / HE ¢ V4
S / S PR
S Py SR .. .:'
£ 10 ‘/"' = 10 "¢ '\':' ¢
E" /-/‘I' ---h—2‘4 @ '\-." "'h_2_4
R = e =
10 & /! © h=27 104 o - h=27
'\'.' " ''''' h= 2_6 " ''''' h= 2_6
) h=27" . h=2"
y 2 I 10 I
10" 10° 10° 10" 10° 10°
B B
Q 0 Q9 ’U,(QZ, y) Q4 fu’(aja y) Qo
2 2 112 A 2 2
02 UQy 0, 5] Q/ | 2z —-1)°(2y—1) 0
~ ~ . 512 3\2 1
QUQ | {(y):(x—g)°+(y—3)° < 5] of 2 0

ICFD, April 2010 — p.6/18
.




iheord Appeion Spectral propertiesof linear system

@ Rutherford Appleton Laboratory

10™ | | |
" ——h=1/8
===h=1/16

1015 ‘ ‘ ‘
—h=1/8 K
-==h=1/16 12| \*>

2

O Ql Q2 w(x,y) o i(z,y) Qo
Q1 U [0,1]? Q/Q1 | (22 —1)2 (2y — 1)? 0
MU | {(@y):(@z-32+@w-3)2<L} 00 2 0
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Distributed control

1

min —u! Mu —ulb+c+ B MSf
u,f 2
subject to
Ku—Mf = d
oM 0 —M | [ F] [o]
0 M KT u | = 1|0
M K 0 _)\_ L a |
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A BT r | b
B 0 w | | d
Write
r=Yx,+ Zx,,

where columngsZ span nullspace aB and|Y, Z] spansR”

BYz, = d,
7t AZz, = Z'(b— AYaz,),
YIBw = Y1(b- Az).
If Z1' AZ is SPD, then use PCG with preconditioer GZ.
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Remove references t6 by making substitutions (Gould, Hribar, Nocedal, 2001):
Choose initial pointc satisfyingBx = d

Computer = Az — b
Solve
G BT g B r
B 0 v | | o0

Setp = —g
repeat
Seta = rTg/pTAp
Setxr = x + ap andrt = r + aAp

Solve
G BT g+ B rT
B 0 ot || 0
Setg = (r)" gt /rlyg

Setp = —gT + Bp,r =rtandg = g+
until converged
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Remove references t6 by making substitutions:
Choose initial pointe satisfyingBx = d

Computer = Az — b
Solve
G BT g B r
B 0 v | | o0

Setp = —g
repeat
Seta = rTg/pTAp
Setxr = x + ap andrt = r + aAp

Solve
G BT g+ B rT
B 0 ot || 0
Setg = (r)" gt /rlyg

Setp = —gT + Bp,r =rtandg = g+
until converged

ICFD, April 2010 — p.8/18



Science & Technology Facilities Council

o | B
@ Rutherford Appleton Laboratory Pr OJ eC‘ted Pr eCOnd [ t| Oned CG M et hOd

Solve

Computer = Az — b
Solve

Setp = —g
repeat
Seta = rTg/pTAp
Setx = x + ap andrt = r + aAp

Solve
G BT g+ B rT
B 0 ot || 0
Setg = (r)" gt /rlyg

Setp = —gT + Bp,r =rtandg = g+
until converged
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Qi rereontzberzoy - Prof ected Preconditioned CG Method
Hinay
repeat

G BT g B T
B 0 v | |0
Seta = rTg/pTAp

Setx = x + ap andrt = r + aAp

Solve
G BT g+ B rT
B 0 ot || 0
Setg = (r)" gt /rlyg

Setp = —g+ + Bp, r = rt — BTU+,y — y—v"“ andg = g+
until converged

Solve

Computer = Az — b
Solve

Setp = —gandy = —v

ICFD, April 2010 — p.8/18
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(Dollar 2005) Can be generalised to

ICFD, April 2010 — p.8/18
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G Bt
B 0

A Bt
B 0

A =

Theorem ( Keller, Gould, Wathen, 2000):4, G € R™*™ are symmetric
andB € R™ " has full row rank, therP~! A has

2m eigenvalues at 1
remainingn — m are defined by
ZVAZx = 721G Zx,

where the columns of € R™"*(®=™) gpan nullspace aB. If G is
nonsingular, then these eigenvalues interlace the eijg@wsafG 1 A.
The Krylov subspace wP~!.4 has dimension at most— m + 2
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[ 23M 0  —M | i
A= 0 M KT Z = ;
 -M K 0

ZTAZ =2BKTM 'K + M

ICFD, April 2010 — p.10/18
S



Science & Technology Facilities Council

% Rutherford Appleton Laboratory Pr econ d I t | oner

[ 23M 0  —M |
_ M-1K
A = 0 M KT 7 = ;
| -M K 0 |

ZTAZ =2BKTM 'K + M

—h=1/8 —h=1/8
- = =h=1/16 - = =h=1/16
‘‘‘‘‘ h=1/32- == h=1/32]]
N 0\ e eeemmemm e
<
N
x
o™
10° 10°
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Preconditioner

[ 23M 0  —M |
_ MK
A= 0o M KT Z = ;
M K 0 |
ZTAZ =2BKTM 'K + M
[ 203M 0 M |
P = 0 o KT |7
| -M K 0
Z'GZ =28KT MK
M=M M#M
ch? C C
1+ 20 S)\_< + 33 1+ S)\S + 23
c<c<C<(C A=1

Biros and Ghattas (2000)
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Preconditioner

[ 23M 0  —M |
_ M-1K
A= 0 M KT 7 = ;
| -M K 0 |

ZTAZ =2BKTM 'K + M

0 0 —M
P=] 0 28K"M~'K K" |7
| —M K 0 |

Z'GZ =28KT MK

M=M M#M

; _

1+ 85 <A<1+45 | 1+4 SAS + 55
c<e<C<C A=1
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Using bilinearQ1 elements and setting = 5 x 10~ ° :

26M 0 —M 0 0 —M
A= 0 M KT |, P= 0 26KTM 'K KT
-M K 0 —M K 0

Solves withM : Direct method HSL_MA57) or 20 Chebyshev semi-iterations

Solves withK : Direct method ASL_MA57) or two(three) V-cycles of AMGHKSL _M 20)
PPCG: relative toleranced ~® for »* Z(Z* GZ)~ 1 Z* r, HSL_M 27 (soon to be released)
Fortran 95, NAG f95 compiler

Hardware: Dell Precision T340, single Core2 Quad Q9550¢gswar (2.83GHz, 1333MHz FSB, 12MB L2
Cache), 4GB RAM

ICFD, April 2010 — p.11/18
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Numerical Example

Using bilinearQ1 elements and setting = 5 x 10~ ° :

26M 0 —M 0 0 —M
A = 0 M KT |, P= 0 26KTM 'K KT
-M K 0 —M K 0

Solves withM : Direct method HSL_MA57) or 20 Chebyshev semi-iterations

Solves withK : Direct method ASL_MA57) or two(three) V-cycles of AMGHKSL _M 20)
PPCG: relative toleranced ~® for »* Z(Z* GZ)~ 1 Z* r, HSL_M 27 (soon to be released)
Fortran 95, NAG f95 compiler

Hardware: Dell Precision T340, single Core2 Quad Q9550¢gswar (2.83GHz, 1333MHz FSB, 12MB L2

Cache), 4GB RAM

2D 3D
N n Direct PPCG(direct) PPCG(approx)

8 147 0.002 0.001 (8) 0.003 (9) N n Direct PPCG(direct) PPCG(approx)
16 675 0.01 0.006 (8) 0.011 (9) 4 81 0.001 0.002 (7) 0.002 (7)
32 2883 0.04 0.025 (8) 0.044 (9) 8 1029 0.04 0.02 (8) 0.05 (8)
64 11907 0.19 0.12 (8) 0.17 (8) 16 10125 1.25 0.33(8) 0.64 (8)

128 48487 1.59 0.55(7) 0.72 (8) 32 89373 38.0 6.61 (7) 7.32(7)
256 195075 8.82 3.27 (6) 3.18 (8) 64 750141 1000+ 217 (5) 59.0 (6)
512 783363 53.5 21.5(6) 14.2 (8)

ICFD, April 2010 — p.11/18
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Using bilinearQ1 elements and setting = 5 x 10~ ° :

26M 0 —M
A= 0 M KT
M K 0

0

,P=| o0

—M

0 —M

286KTM 'K KT

K 0

Solves withM : Direct method HSL_MA57) or 20 Chebyshev semi-iterations
Solves withK : Direct method ASL_MA57) or two(three) V-cycles of AMGHKSL _M 20)
PPCG: relative toleranced ~® for »* Z(Z* GZ)~ 1 Z* r, HSL_M 27 (soon to be released)

Fortran 95, NAG f95 compiler

Hardware: Dell Precision T340, single Core2 Quad Q9550¢gswar (2.83GHz, 1333MHz FSB, 12MB L2

Cache), 4GB RAM

N n Direct PPCG(direct) PPCG(approx)
8 147 0.002 0.001 (4) 0.002 (4)
16 675 0.01 0.005 (4) 0.007 (4)
32 2883 0.10 0.02 (4) 0.03 (4)
64 11907 0.35 0.10 (4) 0.13 (5)
128 48487 2.78 0.50 (5) 0.53 (5)
256 195075 16.8 3.11 (5) 2.36 (5)
512 783363 147 20.5 (5) 10.3 (5)
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Behaviour of preconditioner with

M=M M # M
4 —14 ~
ch C ch C
1+2ﬁ§)\§1+26 1+2ﬁ<)\<1+26
c<c<C<C A=
100 ° : 20 :
90 p=10" 18 — p=10""
= = = B=5x10"° = = = B=5x10"°
gor  Niaa= B=10"° wer e p=10"°
- —e— 3=5x10"|] 14! —e— 3=5x10 1]
7)) 60’ 7)) 127 \
c c
2 fe
g 50f g 10 mmrmemrmimimimimimim e “a
g g .
= 401 - 8 s
‘/
30} 6l
201 a4t _\ SN e ===
10t ol SN———
0 Il Il 0 Il Il
10° 10 10" 10° 107 10"
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1 112 2
min o jw(z) (u=T)|lz + Bllgll3
subject to
Lu = finQ
0
8_;1 = g onofl
Here
{ 1 T € Q)
w(z) =
0 otherwise
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Discretize:
W= Y wid+ Y Uidi. gn = gids fw= Y fidi+ Y [0

1

. ~\ 12 2
min o flw(z) (un — @)l + B llenll2
subject to
,C'U_h — fh in Q
8uh
SE— o gh on aQ
On

ICFD, April 2010 — p.14/18
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(@) (m — D)2 = /Q (@) (p — )’

Mpr Mpgp U
enls = 9" Myg
d o K[[ K]B u B 0
d Knr Kpgp | | @ M, |7
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eton La boratory

: [ T AT} M Mip u
min U U — — N
u, i, f Mpr Mpgg U
subject to

K[[ K[B U B O

Kgpr Kgp U Mg

- 26M, 0 0 0 —M,

0 M Mg | K1 Kip

0 Mpr Mpp | Kpr KBgB

0 K Kip 0 0

M, Kpr Kpp| 0 0O

S

> >

Neumann boundary control

Q, Q, o> O
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o BT
G1 BY
B:1 Bs 0
[ 28M, 0 0 0 —M, | [ 28M, 0 0 0 | —M, |
My Mg | Kir  Kis 0 My Mg K1 | Kis
Mpr Mg | Kpr Kpp | & Mpr Mpp Kpr | Kes
K Krp 0 0 0 Krr Krs 0 0
| -M, Kg; Kpp| O o | | =M, Kpr Kgs O 0o |

ICFD, April 2010 — p.15/18



Science & Technology Facilities Council

@ Rutherford Appleton Laboratory

[ 28M, 0 0 0o —-M, ] [ 28M, 0 0 0 | —M, ]
My Mg | Kir  KisB My M K | KiB
Mpr Mg | Kpr K | © Mpr Mpp Kpr | Kss
K Krp 0 0 Krr Krp 0 0

| -M, Kp; Kpp | O o | | -M, Kpr Kss O 0 |
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28M, 0 0 0 —M, 28M, 0 0 0 | —m,
My Mg | Kir  KisB My M K | KiB
Mpr Mpp | Kpr Kpp | & Mpr Mpp Kpr | Kss
K Krp 0 0 Krr Krp 0 0

| -M, Kp; Kpp | O o | | -M, Kpr Kss O 0 |

Kgpp

g BT], AZQﬁ[ Ko ]M_l[KBI KBB}"‘M, B:[KII KIB}

ZT AZ indefinite=- avoid PPCG
SoveZz? AZx, = Z* (b — AY x,) with BICGSTAB, MINRES, SQMR or...
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28M, 0 0 0 —M, 28M, 0 0 0 | —m,
My Mg | Kir  KisB My M K | KiB
Mpr Mpp | Kpr Kpp | & Mpr Mpp Kpr | Kss
K Krp 0 0 Krr Krp 0 0

| -M, Kp; Kpp | O o | | -M, Kpr Kss O 0 |

Kgpp

g BT], AZQﬁ[ Ko ]M_l[KBI KBB}"‘M, B:[KII KIB}

ZT AZ indefinite=- avoid PPCG
SoveZz? AZx, = Z* (b — AY x,) with BICGSTAB, MINRES, SQMR or...

Solves with
_ ~M, | 0 0 0 0| -MF]
G Krp 0 1 0 0 Krp
Kpgpg and 0 0 1 O | Kpp
0 0 0 0 1 0
| -M, Kp; Kz 0| 0 | | -M, Kg; Kgs 0| 0
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PMINRES and Distributed Control

1

2

(1—\/5+2%) g,\gé<1—\/5+

2a1h4
B

26M 0 —M
A = 0 M KT
-M K 0
MINRES PMINRES
286M 0 0 0 —M
P = 0 M 0 P = 0 28KTM 'k KT
0 0 KM K —M K 0
5 1+\/5+2gh>§/\§%(1+\/5+272) 14+ 95 <A< 14 55

2 solves withM

2 solves withK
5 matrix-vector multiplications withl\/
2 matrix-vector multiplications with<

2 solves withM
2 solves withK
3 matrix-vector multiplications with\/

3 matrix-vector multiplications with<

ICFD, April 2010 — p.16/18



Science & Technology Facilities Council

@ Rutherford Appleton Laboratory

10° ' ' ' '
— M INRES
= = =PMINRES (all)
102 | . 0\ L PMINRES(nullspace) ||
3
— ‘/
o] ™™=
5 104t ‘\ |
2]
) \J
.
e \
o 10 1 ‘* |
O -
10° t , I
Y
10_10 I | L - L I :
0 5 10 15 20 25 30 35
iterations
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Conclusions and Future Wor k

PDE-constrained problems difficult to solve

Avoid any solves with discretized PDE

Use block structure

Constraint preconditioners lead to projected iterativéhmes
Mesh size independent convergence

Regularization parameter independent convergence?
Nonlinear PDEs

Time-dependent PDEs

HSL_M 20 is part ofHSL2007, which is now free for academics
HSL_M 27 will be part of HSL2007
‘Optimal solvers for PDE-constrained optimization’ Rebs]lar, Wathen, SISC 2010

‘Properties of linear systems in PDE-constrained optitiora Part |: Distributed control’ Dollar
RAL TR-2009-017

‘Properties of linear systems in PDE-constrained optitiora Part |I: Boundary control’ Thorne
(in preparation)

‘PDE-constrained optimization and constraint precondgirs’ Thorne (in preparation)

ICFD, April 2010 — p.18/18
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