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EL/Tl"i/6 
Trapping of Electron Bunches in the Electron Synchrotro~ 

N.I.N.A. (without beam loading) 

The investigation will be solely concerned with the R.F. 

system except insofar as the results obtained will influence the 

design specification of the Linac injector. 

The parameters concerning the magnet and vacuum vessel are 

already fixed. Parameters which are fixed or almost certain are 

given below: 

Orbit compaction factor = <X = dL;.9£ 
L. p = 0.0453. 

Injection energy = 40 MeV. 

Equilibrium energy gain per turn ~ 74 KeV at injection. 

Allowed energy deviation for synchrotron oscillations;.: 2%. 

Let us first consider the case of phase oscillations under 

conditions of continuous interaction with an R.F. field. 

We shall start from the equation of motion given by Livingood 
in his bool{ 
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"Cyclic Accelerators". 
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where ws = synchronous angular revolution frequency 

h = Harmonic number of R.F. 
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Number of R.F. accelerating gaps 
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Synchronous energy of particles 
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As Es = 40 HeV and E0 A:- 0.5 MeV, H's ,!):, 80 :. r' ~ 0( 
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Now 

If dEs is very small compared 
dt 

with d20 
dt2 
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+ canst. 

( - cos 0 - 0 sin 0s) + canst. 

(cos 0 + 0 sin 0s) = canst • 

2 _, '-" ,_., 2 v 
where~ = -N q V h w ~ cos 0s m S· 
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If d0 
a:t = ~~)i when !(J = 0i 

{~~y -- (~~) ~ -c~ 0 
~ s 

(cos 0 + 0 sin 0 s - cos 0i - 0 i sin 0 s) = 0. 

We shall first find the limits of phase oscillations for a 

given 0s· 

For the extreme values of 0 during phase oscillation d0 = 0. 
dt 

If electrons are injected at this extreme value and 

.. CAE)- = o = (d0\ 
~ dt )i 

( d0)
2 

2.si-
a:t = COS (ZJS 

(cos 0 + 0 sin 0s - cos 0i - 0i sin 0s) 

For the limits of oscillation d0 = 0 
dt 

:. (cos 0 + 0 sin 0s - cos 0i - 0i sin 0s) = 0 
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cos 0 = c~ 0 sin 0s + cos 0. + 0. sin 0 ) 
. l l s 

cos 0 = -0A + B 

vlhere A = sin 0s 

B = + cos 0. + 07 cos 0 
l l s 

Graphs of cos 0 and - 0 A + B ae;ainst 0 are shown in Figure (1). 

If the particle is injected with angle 0 corresponding to 

position A , it will change in phase until position B is reached 

and d0 again equals zero. It will then return to position A. 
dt 

Similarly if injected with 0 corresponding to position B, 

the other limit of oscillation will correspond to position A. 

For constant 0s and other angles of injection thelimits 

of oscillation may be found by lines drawn parallel to AB. 

A limiting case CD is found where the line is tangential 

to the cosine curve at C. Beyond this the particle is lost to 

the stable region. 

It will be found that the value of 0 corresponding to posi

tion C is given by 0 = (IT- 0 ). s 
For CD to be tangential at C 

d (cos 0) = - sin 0 
~ s 

. 
•• sin 0 = 

0 = 

- sin 0s 

C-rr- 0s) 

If we inject at 0. = -rr 
l 

- 0s the other limit of oscillation 

may be found by the expression 

cos 0 = - 0 sin 0s - cos 0s + (Ti- 0s) sin 0s· 

AE 
Maximum Values of if 

From Livingood I}.E 

E~ 
= 1 d0 

wsrh· dt 

The maximum value of d0 occurs when 0 = 0 i.e. when 
dt s 

2 
d 0 = o. 
dt~ 

: • .6E (max) 
Ir s 

= 1 ..n.f_g_ (cos0s + 
hv;siil.. lcos0s 

0 sin0 -cos0.-0.sin0 )]i· s s l l s 

For the case of a particle which is just stable 

4E (max) = 
E 

s 

lA 
hws OC. 
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(2 cos 0s + (2 0s --;'\') sin 0s) J ~. 
Calculation of Injection Parameters 

For values of 0s between 920 and 178° we shall calculate the 

following. 

(1) Trapping angles limited by phase slip. 

For 01 

For 02 

cos 0 = 

01 = TT 0s 

we solve for 0 

0 sin ~ - cos 0 + ('Ti - 0 ) sin 0 s s s s 

· (2) Peripheral voltage • 

(3) 

(4) 

. If the synchronous energy increment per turn AEs is known 

AEs = Vc sin 0s, hence Vc = flE6 /sin 0s 

Maximum valu<;s of A E for particles which are 

tiE (max) 
1r 

~, 

=E~c'-,~- (2cos0 +(20 --rr") 
. h .. E' s s ' «1T ;) 

just stable 

sin 0s)l i, 
_, 

I I j·$y 
using Vc as found above, and measuring Es in electron volts. 

Injection angles such that .1E (max) 
Es 

where EPSILON is known. 

= EPSILON 

l>E (max) 
E 

= s[_N q Vm (cos0s+0 sin(Z -cos0.-0. sin0 )Ji · 
ho(E S s ll s. 

ir s 

=l .... _ Vc (cos 0 + 0 sin 0 - cos 0. - 0·· sin 
,_ .• :T:\ s s s ]. J. 

0s) l i 
i 
~ 

Results 

The results are given in the Table and in Figure 2. 

0s = Stable phase angle. 

0
1

, 0
2 

are maximum and minimum injection phases for trapping. 

Vc = peak cavity voltage, for a nominal energy increase 

'per turn of 74 KV 

4 



4E max. =Maximum energy excursion of the trapped particles, 

expressed as a fraction of the injection energy, 

(4D MeV). 

0m shows the maximum and minimum injection phases for 

trapping and not exceeding 2% energy excursion. 

M. DONALD 

4th f1arch, 1963 
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