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[
A BT

B 0

] [
x
y

]
=

[
a
b

]
Assumptions:

▶ B full rank

▶ saddle point matrix is invertible

Want to use a constraint preconditioner[
G BT

B 0

]
with a Krylov method
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We know that:

▶ If A is spd on ker(B), we can use projected conjugate
gradients. [Lukšan, Vlcek, 1998] [Gould, Hribar, Nocedal, 2001]

▶ Otherwise use a non-symmetric solver, e.g. GMRES/biCGstab
[Rozlozǹık, Simoncini, 2002]

Q: Can we use the projected ‘trick’ in other cases?
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A class of indefinite problems[
A BT

B 0

] [
x̂
y

]
=

[
a
b

]

Let Z span the nullspace of B (i.e. BZ = 0)

BZ = 0 ⇒ x = Zx̄

ZT

AZx̄ =

ZT

c

If A symmetric, ZTAZ symmetric, but (possibly)
indefinite - apply MINRES!

Use as a preconditioner ZTGZ , where G is positive
definite on the null space of B.

.
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B
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A class of indefinite problems[
A BT

B 0

] [
x + x0

y

]
=

[
a
b

]

Let Z span the nullspace of B (i.e. BZ = 0)

BZ = 0 ⇒ x = Zx̄

ZT

AZx̄ =

ZT

c

If A symmetric, ZTAZ symmetric, but (possibly)
indefinite - apply MINRES!

Use as a preconditioner ZTGZ , where G is positive
definite on the null space of B.

..

x̂ = x + x0
Bx0 = b

..

A

.

B

. Z.

ZTAZ

4



Projected Krylov Methods Gould, Orban, Rees

A class of indefinite problems[
A BT

B 0

] [
x
y

]
=

[
c
0

]

Let Z span the nullspace of B (i.e. BZ = 0)

BZ = 0 ⇒ x = Zx̄

ZT

AZx̄ =

ZT

c

If A symmetric, ZTAZ symmetric, but (possibly)
indefinite - apply MINRES!

Use as a preconditioner ZTGZ , where G is positive
definite on the null space of B.

..

c = a− Ax0

..

A

.

B

. Z.

ZTAZ

4



Projected Krylov Methods Gould, Orban, Rees

A class of indefinite problems[
A BT

B 0

] [
x
y

]
=

[
c
0

]
Let Z span the nullspace of B (i.e. BZ = 0)

BZ = 0 ⇒ x = Zx̄

ZT

AZx̄ =

ZT

c

If A symmetric, ZTAZ symmetric, but (possibly)
indefinite - apply MINRES!

Use as a preconditioner ZTGZ , where G is positive
definite on the null space of B.

.

..

A

.

B

. Z

.

ZTAZ

4



Projected Krylov Methods Gould, Orban, Rees

A class of indefinite problems[
A BT

B 0

] [
x
y

]
=

[
c
0

]
Let Z span the nullspace of B (i.e. BZ = 0)

BZ = 0 ⇒ x = Zx̄

ZT

AZx̄ +

ZT

BT y =

ZT

c

If A symmetric, ZTAZ symmetric, but (possibly)
indefinite - apply MINRES!

Use as a preconditioner ZTGZ , where G is positive
definite on the null space of B.

.

..

A

.

B

. Z

.

ZTAZ

4



Projected Krylov Methods Gould, Orban, Rees

A class of indefinite problems[
A BT

B 0

] [
x
y

]
=

[
c
0

]
Let Z span the nullspace of B (i.e. BZ = 0)

BZ = 0 ⇒ x = Zx̄

ZTAZx̄ + ZTBT y = ZT c

If A symmetric, ZTAZ symmetric, but (possibly)
indefinite - apply MINRES!

Use as a preconditioner ZTGZ , where G is positive
definite on the null space of B.

.

..

A

.

B

. Z.

ZTAZ

4



Projected Krylov Methods Gould, Orban, Rees

A class of indefinite problems[
A BT

B 0

] [
x
y

]
=

[
c
0

]
Let Z span the nullspace of B (i.e. BZ = 0)

BZ = 0 ⇒ x = Zx̄

ZTAZx̄ = ZT c

If A symmetric, ZTAZ symmetric, but (possibly)
indefinite - apply MINRES!

Use as a preconditioner ZTGZ , where G is positive
definite on the null space of B. .

..

A

.

B

. Z.

ZTAZ

4



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system
v̄1 = ZTc− ZTAZ x̄0
z̄1 = (ZTGZ)−1v̄1

β1 =
√

z̄T1 v̄1
η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

z̄j = z̄j/βj

αj = z̄Tj Z
TAZ z̄j

v̄j+1 = ZTAZ z̄j −
αj

βj
v̄j −

βj

βj−1
v̄j−1

z̄j+1 = (ZTGZ)−1v̄j+1

βj+1 =
√

z̄Tj+1v̄j+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
w̄j+1 = (z̄j − γ3w̄j−1 − γ2w̄j)/γ1
x̄j = x̄j−1 + cj+1ηw̄j+1

η = −sj+1η

▶ xk = Z x̄k
▶ ZTvk = v̄k
▶ zk = Z z̄k
▶ wk = Z w̄k
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MINRES applied to the reduced system
ZTv1 = ZTc− ZTAx0
z̄1 = (ZTGZ)−1ZTv1

β1 =
√

z̄T1 Z
Tv1

η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

z̄j = z̄j/βj

αj = z̄Tj Z
TAZ z̄j

ZTvj+1 = ZTAZ z̄j−
αj

βj
ZTvj−

βj

βj−1
ZTvj−1

z̄j+1 = (ZTGZ)−1ZTvj+1

βj+1 =
√

z̄Tj+1Z
Tvj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
w̄j+1 = (z̄j − γ3w̄j−1 − γ2w̄j)/γ1
xj = xj−1 + cj+1ηZ w̄j+1

η = −sj+1η

▶ xk = Z x̄k
▶ ZTvk = v̄k

▶ zk = Z z̄k
▶ wk = Z w̄k

5



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system
v1 = c− Ax0
z̄1 = (ZTGZ)−1ZTv1

β1 =
√

z̄T1 Z
Tv1

η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

z̄j = z̄j/βj

αj = z̄Tj Z
TAZ z̄j

vj+1 = AZ z̄j −
αj

βj
vj −

βj

βj−1
vj−1

z̄j+1 = (ZTGZ)−1ZTvj+1

βj+1 =
√

z̄Tj+1Z
Tvj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
w̄j+1 = (z̄j − γ3w̄j−1 − γ2w̄j)/γ1
xj = xj−1 + cj+1ηZ w̄j+1

η = −sj+1η

▶ xk = Z x̄k
▶ ZTvk = v̄k

▶ zk = Z z̄k
▶ wk = Z w̄k

5



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system
v1 = c− Ax0
z̄1 = (ZTGZ)−1ZTv1

β1 =
√

z̄T1 Z
Tv1

η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

z̄j = z̄j/βj

αj = z̄Tj Z
TAZ z̄j

vj+1 = AZ z̄j −
αj

βj
vj −

βj

βj−1
vj−1

z̄j+1 = (ZTGZ)−1ZTvj+1

βj+1 =
√

z̄Tj+1Z
Tvj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
w̄j+1 = (z̄j − γ3w̄j−1 − γ2w̄j)/γ1
xj = xj−1 + cj+1ηZ w̄j+1

η = −sj+1η

▶ xk = Z x̄k
▶ ZTvk = v̄k
▶ zk = Z z̄k

▶ wk = Z w̄k

5



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system
v1 = c− Ax0
z1 = Z(ZTGZ)−1ZTv1

β1 =
√

zT1 v1
η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

zj = zj/βj

αj = zTj Azj

vj+1 = Azj −
αj

βj
vj −

βj

βj−1
vj−1

zj+1 = Z(ZTGZ)−1ZTvj+1

βj+1 =
√

zTj+1vj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
Z w̄j+1 = (zj − γ3Z w̄j−1 − γ2Z w̄j)/γ1
xj = xj−1 + cj+1ηZ w̄j+1

η = −sj+1η

▶ xk = Z x̄k
▶ ZTvk = v̄k
▶ zk = Z z̄k

▶ wk = Z w̄k

5



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system
v1 = c− Ax0
z1 = Z(ZTGZ)−1ZTv1

β1 =
√

zT1 v1
η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

zj = zj/βj

αj = zTj Azj

vj+1 = Azj −
αj

βj
vj −

βj

βj−1
vj−1

zj+1 = Z(ZTGZ)−1ZTvj+1

βj+1 =
√

zTj+1vj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
Z w̄j+1 = (zj − γ3Z w̄j−1 − γ2Z w̄j)/γ1
xj = xj−1 + cj+1ηZ w̄j+1

η = −sj+1η

▶ xk = Z x̄k
▶ ZTvk = v̄k
▶ zk = Z z̄k
▶ wk = Z w̄k

5



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system
v1 = c− Ax0
z1 = Z(ZTGZ)−1ZTv1

β1 =
√

zT1 v1
η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

zj = zj/βj

αj = zTj Azj

vj+1 = Azj −
αj

βj
vj −

βj

βj−1
vj−1

zj+1 = Z(ZTGZ)−1ZTvj+1

βj+1 =
√

zTj+1vj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
wj+1 = (zj − γ3wj−1 − γ2wj)/γ1
xj = xj−1 + cj+1ηwj+1

η = −sj+1η

▶ xk = Z x̄k
▶ ZTvk = v̄k
▶ zk = Z z̄k
▶ wk = Z w̄k

5



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system
v1 = c− Ax0
z1 = Z(ZTGZ)−1ZTv1

β1 =
√

zT1 v1
η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

zj = zj/βj

αj = zTj Azj

vj+1 = Azj −
αj

βj
vj −

βj

βj−1
vj−1

zj+1 = Z(ZTGZ)−1ZTvj+1

βj+1 =
√

zTj+1vj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
wj+1 = (zj − γ3wj−1 − γ2wj)/γ1
xj = xj−1 + cj+1ηwj+1

η = −sj+1η ...

▶ xk = Z x̄k
▶ ZTvk = v̄k
▶ zk = Z z̄k
▶ wk = Z w̄k

5



Projected Krylov Methods Gould, Orban, Rees
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z = Z(ZTGZ)−1ZTv

⇒
[

G BT

B 0

] [
z
g

]
=

[
v
0

]

▶ xk = Z x̄k
▶ ZTvk = v̄k
▶ zk = Z z̄k
▶ wk = Z w̄k
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v1 = c− Ax0[
G BT

B 0

] [
z1
g1

]
=

[
v1
0

]
β1 =

√
zT1 v1

η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

zj = zj/βj

αj = zTj Azj

vj+1 = Azj −
αj

βj
vj −

βj

βj−1
vj−1[

G BT

B 0

] [
zj+1

gj+1

]
=

[
vj+1

0

]
βj+1 =

√
zTj+1vj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
wj+1 = (zj − γ3wj−1 − γ2wj )/γ1
xj = xj−1 + cj+1ηwj+1

η = −sj+1η

Projected MINRES
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v1 = c− Ax0, u1 = −Bx0[
G BT

B 0

] [
z1
g1

]
=

[
v1
u1

]
β1 =

√
zT1 v1 + gT1 u1

η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

zj = zj/βj , gj = gj/βj

αj = zTj (Azj+BTgj )+yTj Bzj[
vj+1

uj+1

]
=

[
Azj+BTgj

Bzj

]
−

αj

βj

[
vj
uj

]
−

βj

βj−1

[
vj−1

uj−1

]
[
G BT

B 0

] [
zj+1

gj+1

]
=

[
vj+1

uj+1

]
βj+1 =

√
zTj+1vj+1 + gTj+1uj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1[
wj+1

pj+1

]
=

1

γ1

([
zj

gj+1

]
− γ3

[
wj−1

pj−1

]
− γ2

[
wj

pj

])
[
xj
yj

]
=

[
xj−1

yj−1

]
+ cj+1η

[
wj+1

pj+1

]
η = −sj+1η

MINRES with (indefinite)
constraint preconditioner

...

zTj Azj + zTj B
Tgj + yTj Bzj

7
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Tgj + yTj Bzj

.

= zTj Azj

...

.. uj+1 = 0.
Bzj+1 = 0
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v1 = c− Ax0, u1 = 0[
G BT

B 0

] [
z1
g1

]
=
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v1
0

]
β1 =

√
zT1 v1
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=
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−

αj

βj

[
vj
0

]
−

βj
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[
vj−1

0

]
[
G BT

B 0

] [
zj+1

gj+1

]
=

[
vj+1

0

]
βj+1 =

√
zTj+1vj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj
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βj+1 =

√
zTj+1

(
Azj + BTgj −

αj

βj
vj −

βj

βj−1
vj−1

)
=

√
zTj+1

(
Azj −

αj

βj
vj −

βj

βj−1
vj−1

)
=

√
zTj+1v

PPMINRES
j+1
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Numerical Comparison
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Krylov-Subspace methods

Ax = c

Petrov-Galerkin approximation:

▶ trial space SR
▶ test space SL

Find xk = SRz where

ST
L ASRz = ST

L c

or equivalently
rk = c −Axk ⊥ SL
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Choosing SR/SL

SR/SL based on the Krylov subspace

Kk := span{r0,Ar0, . . . ,Ak−1r0}

and the related

KT
k := span{r0,AT r0, . . . , (AT )k−1r0}

have proved effective.

We want these bases orthogonalized (or bi-orthogonalized) by
Arnoldi/Lanczos.
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Lanczos Bi-Orthogonalization

Finds Tk,k tridiagonal such that

AVk = Vk+1Tk+1,k , W T
k Vk = I , W T

k AVk = Tk,k .

Set v0 = w0 = 0, t0,1 = t1,0 = 1
Set v1 = c −Ax0. Set w1 such that ⟨v1,w1⟩ = 1.
for k = 1, 2...until convergence

vk+1 = Avk , vk+1 = ATwk

tk,k = ⟨vk+1,wk ⟩
vk+1 = vk+1 − tk,kvk − tk−1,kvk−1

wk+1 = wk+1 − tk,kwk − wk−1

tk,k+1 = ⟨vk+1,wk+1⟩
if tk,k+1 ̸= 0

wk+1 = wk+1/tk,k+1

end
tk+1,k = 1

end

Ax = c
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Lanczos Bi-Orthogonalization

Finds Tk,k tridiagonal such that

AVk = Vk+1Tk+1,k , W T
k Vk = I , W T

k AVk = Tk,k .
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wk+1 = wk+1 − tk,kwk − wk−1

tk,k+1 = ⟨vk+1,wk+1⟩
if tk,k+1 ̸= 0

wk+1 = wk+1/tk,k+1

end
tk+1,k = 1

end

Use a pos. def.
preconditioner
P = LLT .

L−1AL−T (LT x) = L−1c
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Lanczos Bi-Orthogonalization

Finds Tk,k tridiagonal such that

AVk = Vk+1Tk+1,k , W T
k Vk = I , W T

k AVk = Tk,k .

Set v0 = w0 = 0, t0,1 = t1,0 = 1

Set v1 = L−1c − L−1AL−T x0. Set w1 such that
⟨v1,w1⟩ = 1.
for k = 1, 2...until convergence

vk+1 = L−1AL−T vk , vk+1 = L−1AL−Twk

tk,k = ⟨vk+1,wk ⟩
vk+1 = vk+1 − tk,kvk − tk−1,kvk−1
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Lanczos Bi-Orthogonalization

Finds Tk,k tridiagonal such that

AVk = Vk+1Tk+1,k , W T
k Vk = I , W T

k AVk = Tk,k .

Set v0 = w0 = 0, t0,1 = t1,0 = 1
Set s = c −Ax0. Set w1 such that ⟨s,w1⟩ = 1.
Solve Pv1 = s for v1
for k = 1, 2...until convergence

s = Avk , u = ATwk

Solve Pvk+1 = s and Pwk+1 = u
tk,k = ⟨s,wk ⟩
vk+1 = vk+1 − tk,kvk − tk−1,kvk−1

wk+1 = wk+1 − tk,kwk − wk−1

tk,k+1 = ⟨s,wk+1⟩
if tk,k+1 ̸= 0

wk+1 = wk+1/tk,k+1

end
tk+1,k = 1

end

vj = L−T vj

wj = L−Twj
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Apply to the null space

[
A BT

B 0

] [
x
y

]
=

[
c
0

]
Let Z span the nullspace of B (i.e. BZ = 0)

ZTAZx̄ = ZT c

Use ZTGZ as a preconditioner, where G is positive
definite on the null space of B.

..

A

.

B

.

Z

.

ZTAZ
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Preconditioned Lanczos Bi-Orthogonalization

Set v0 = w0 = 0 t0,1 = t1,0 = 1

Set s = ZT c − ZTAZx0 . Set w1 such that ⟨s,w1⟩ = 1.
Solve ZTGZv1 = s for v1
for k = 1, 2...until convergence

s = ZTAZvk and u = ZTAZ
T
wk

Solve ZTGZvk+1 = s and ZTGZwk+1 = u
tk,k = ⟨s,wk⟩
vk+1 = vk+1 − tk,kvk − tk−1,kvk−1

wk+1 = wk+1 − tk,kwk − wk−1

tk,k+1 = ⟨s,wk+1⟩
if tk,k+1 ≠ 0

wk+1 = wk+1/tk,k+1

end
tk+1,k = 1

end
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Preconditioned Lanczos Bi-Orthogonalization

Set v0 = w0 = 0 t0,1 = t1,0 = 1
Set s = c − Ax0 . Set w1 such that ⟨s,w1⟩ = 1.
Set v1 = Z(ZTGZ)−1ZT s
for k = 1, 2...until convergence

s = Avk and u = ATwk

vk+1 = Z(ZTGZ)−1ZT s and wk+1 = Z(ZTGZ)−1ZTu
tk,k = ⟨s,wk⟩
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tk,k+1 = ⟨s,wk+1⟩
if tk,k+1 ̸= 0

wk+1 = wk+1/tk,k+1

end
tk+1,k = 1

end

ZT s = s
wj = Z wj

vj = Z vj
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Preconditioned Lanczos Bi-Orthogonalization

Set v0 = w0 = 0 t0,1 = t1,0 = 1
Set s = c − Ax0 . Set w1 such that ⟨s,w1⟩ = 1.
Set v1 = Z(ZTGZ)−1ZT s
for k = 1, 2...until convergence

s = Avk and u = ATwk
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tk,k = ⟨s,wk⟩
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.....

v = Z(ZTGZ)−1ZT s

⇒
[

G BT

B 0

] [
v
g

]
=

[
s
0

]

13



Conclusions

▶ Any well-defined Krylov method can be converted to a
projected form

▶ There is an equivalence between projected methods and
Krylov subspace methods applied with a constraint
preconditioner

▶ Known methods such as MINRES, SYMMLQ, are well-defined
when used with a constraint preconditioner

Gould, N.I.M., Orban, D. and Rees, T., Projected Krylov Methods for Saddle Point

Systems, (RAL-P-2013-006)

14


